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A General Linear Systems Theory on Time Scales:
Transforms, Stability, and Control

Billy Joe Jackson, Ph.D.
Advisor: John M. Davis, Ph.D.

In this work, we examine linear systems theory in the arbitrary time scale set-
ting by considering Laplace transforms, stability, controllability, observability, and
realizability. In particular, we revisit the definition of the Laplace transform given
by Bohner and Peterson in [10]. We provide sufficient conditions for a given function
to be transformable, as well as an inversion formula for the transform. Sufficient
conditions for the inverse transform to exist are provided, and uniqueness of this
inverse function is discussed. Convolution under the transform is then considered.
In particular, we develop an analogue of the Convolution Theorem for arbitrary time
scales and discuss the algebraic properties of the convolution. This naturally leads
to an algebraic identity for the convolution operator, which is a time scale analogue
of the Dirac delta distribution.

Next, we investigate applications of the transform to linear time invariant sys-
tems and before discussing linear time varying systems. The focus is on fundamental
notions of linear system control such as controllability, observability, and realizabil-
ity. Sufficient conditions for a system to possess each of these properties are given
in the time varying case, while these same criteria often become necessary and suf-
ficient in the time invariant case. Finally, several notions of stability are discussed,

and linear state feedback is explored.
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CHAPTER ONE

A Review of the Time Scales Calculus

1.1 Differential Calculus
The time scales calculus was first introduced in the Ph.D. thesis of Stefan
Hilger in 1988 (see [32] and [31]). He begins by defining a time scale to be an
arbitrary closed subset of the reals, where R is given the standard topology. There
is no reason to assume that a time scale be unbounded from above, but we shall
make this blanket assumption since all of the results in the following chapters deal
with time scales of this type.

Let T be a time scale. Define the forward jump operator o : T — R by
o(t):=inf{s € T:s > t},
and the backward jump operator p: T — R by
p(t) :==sup{s € T : s < t}.

Here, inf() = supT and sup® = inf T. We define the graininess function as the
distance function between successive points in the time scale, and we denote it by
pw:T — R, where u(t) = o(t) —t.

The forward derivative or delta derivative of f : T — R (provided it exists)
is then defined as the number f2(t) with the property that given any € > 0, there

exists a neighborhood U of t (i.e., U = (t — d,t 4+ 0) N'T for some & > 0) such that

[f(a(8)) = f(s)] = fA(D)[o(t) — s]| < elo(s) —t] forall s € U.
It is worth noting that this definition is equivalent to the limit

Ay i @) = f(s) _ flo(t) = f(t)
f2(t) = lim N s

s—t 0‘( ) -

1



as long as the difference quotient is interpreted in the limit sense if o(t) — t. Points
t € T with p(t) = 0 are termed right-dense, while points with p(t) > 0 are called
right-scattered. This framework includes two very important cases: namely T = R
and T = Z. It is easy to verify that in these two cases, we have o(t) =t and o(t) =
t+ 1, respectively. In each case, the corresponding derivatives are f2(t) = f/(t) and
fA(t) = Af(t), where Af(t) := f(t+1) — f(t) denotes the usual forward difference
operator. Thus, in this sense, any result concerning the time scales calculus will
unify the two classically studied cases.

However, there are many other time scales that can now be studied as well.
For example, any hybrid set can now also be examined. That is, any set containing
points some of which are right-dense with others right-scattered easily fit within the
framework. Thus, Hilger’s calculus will extend the results beyond the cases T = R

and T = Z. The time scale

oo

Poy = | Jlk(a +b),k(a +b) +al

is an example of a hybrid set since

t, if te G[k:(a+b),k(a+b) +a),
o(t) = i~
t+0b, if t €| J{k(a+0)+a},
k=0

and therefore
0, if t e |Jk(a+b),k(a+Db)+a),

p(t) = 2
b, if te | J{k(a+b)+al}.
k=0
Besides hybrid sets, Hilger’s framework also handles sets which are nonuniformly

spaced unlike T = Z. Indeed, one of the most important examples of a time scale

besides R and Z is the set T = ¢Z, which is defined for ¢ > 0 as

T=¢%:= {q":nEZ}U{O}.



This set is commonly referred to as the quantum time scale, and it has a quantum
calculus that has been studied in the literature (see [7], [6], and [14]). Notice that
this time scale does indeed exhibit hybrid features since t = 0 is right dense and
every other point is right scattered and nonuniformly spaced.

In what follows, we shall give the most pertinent results from the time scales
calculus that will be needed in later chapters. We will focus on the matrix case,
as the scalar case will of course be a special case of the matrix case. A complete
treatment of the calculus can be found in Bohner and Peterson in [8] and [9].

We begin by developing the geometry of the Hilger complex plane. For pu(t) >
0, the Hilger complex numbers, the Hilger real axis, the Hilger alternating axis, and

the Hilger imaginary circle (or simply the Hilger circle) are all respectively defined

as
C eC:z+# !
= VA 2 —_
g 1u(t)
R eC cRand 2z > 1
= z Lz and z > ——— »,
s : ()
A eC cRand 2z < 1
= VA A ana z —— (>
. g pu(t)
1 1
H, = <2€C,:|z+ —’ =— 7,
g { g p(t) u(t)}

and for pu(t) = 0, define Cy := C, Ry := R, Hj := iR, and Ay := 0. For any z € C,,
the Hilger real part of z is given by

_ ) 1) -1
Re,(z) == o) :

while the Hilger imaginary part of z is defined as

_Arg(zp(t) +1)
Im,,(2) := ) :

where Arg(z) is the principal argument of z. For u(t) = 0, define Re,(2) = Re(z)

and Im,(z) = Im(z). The Hilger purely imaginary number iw is defined for —a <
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Figure 1.1: The Hilger Complex Plane. Points exterior to the circle have positive Hilger
real part, while points interior have negative Hilger real part. Points on the circle have
zero Hilger real part, and are thus called the Hilger purely imaginary numbers.

w < ﬁ and is given by
elwn(t) _ 1
(1)

For u(t) = 0, define iw := iw. Hilger’s description of the complex plane is shown in

w =

Figure 1.1.
The set C, is endowed with a group structure if we define the circle plus
addition on C, as

a®b:=a+b+ abu(t).

In fact, (C,, @, ©) is an Abelian group, with

z

6z=———.
1+ p(t)z

We then have the following:

Theorem 1.1 ([8]). For z € C,, we have z = Re,(2) @ iIm,(z).

1

Next, we review a few basics of the time scales (matrix) calculus. We use the

notation A?(t) to denote the matrix of functions A(c(t)). A matrix is right-dense



continuous (abbreviated rd-continuous) if every entry of A is right-dense continuous.
In the scalar case, we say a function is right-dense continuous if it is continuous at
right-dense points of T and its left-sided limits exist as finite numbers at left-dense

points in T. The set of all such matrices is denoted by
Crq = Ciq(T) = Crg (T, R™™).

A(t) is a delta differentiable matrix if each entry of A is delta differentiable, in which

case we define

I e R

We shall need to make frequent use of the next identity, so we state it as a theorem:
Theorem 1.2 ([8]). If A is differentiable at t € T, then A%(t) = A(t) + u(t)A2().

The following theorem establishes the delta derivative as a linear operator and

the analogue of the product rule on an arbitrary time scale:

Theorem 1.3 ([8]). Suppose A and B are delta differentiable n x n-matriz-valued

functions. Then
(i) (A+ B)® = A® + B%;
(ii) (aA)® = aA® if a is constant;
(iii) (AB)® = AAB° + AB” = A°B” + A®B;
(iv) (A71)2 = —(A7)TARA™ = —A7LAR (A7) L if AAY is invertible;

(v) (AB™)2 = (45> — AB~'BA)(B°)! = (A® — (AB~1B2)B~" if BB” is

mvertible.

In this work, we wish to study solutions of systems of dynamic equations on

the (unbounded) time scale T. That is, we wish to examine solutions of the equation

yr (1) = Ay +f(1). ylto) =yo, tto €T, yo € R™™,  A(t) € R(T,R™™).



To do this, we will need to make appropriate assumptions on the matrix A(t).
We say the matrix A(t) is regressive if the matrix I + u(t)A(t) is invertible for all
t. In the scalar case, a function f(t) is positively regressive if f is regressive and

14 pu(t)f(t) > 0 for all t € T. The collection of all regressive matrices is denoted by
R = R(T) = R(T,R™™),
while the positively regressive functions are denoted by
RT =R"(T) =R"(T,R).
We define the operation @ on R as
(A® B)(t) = A(t) + B(t) + u(t)A(t)B(t) for all t € T,
and the operation © by
(©A)(t) = —AW@)[I + u(t)A#)] " for all ¢t €T.
With these operations defined on R, we have the following:

Theorem 1.4 ([8]). (R(T,R™™),®,0) is a group. Furthermore, in the scalar case,

(RT(T,R), ®,0) is a subgroup of the regressive group.

Theorem 1.5 ([8]). Let A € R be an n x n matriz-valued function on T and suppose
that f : T — R"™ is rd-continuous. Let tyo € T and yo € R™. Then the initial value

problem (IVP)
y2 () = Ay () + f(t), y(te) = vo,

has a unique solution y : T — R™.

Thus, the preceding theorem establishes existence and uniqueness of solutions

to our dynamic equation. If A is time varying, we shall denote the solution of

YA() = AWY (1), Y(to) = 1.



as Y(t) = ®a(t,tg), while if A is time invariant, we denote the solution of the
system as e4(t, ty). There are important distinctions between the two notations, as
D 4(t,tg) = ealt,to) if and only if A(t) = A is constant. The usefulness of these two
characterizations can easily be seen on T = R, in which case e4(t,ty) = eA—t) It
is known that on R, there are many differences between solutions of autonomous
systems versus nonautonomous systems which amount to the differences between
P 4(t,to) and e=%) in general.

In the scalar case, for p € R, the solution of

y2 () = p(ty(t), yto) =1,
is denoted by y(t) = e,(t, ). Hilger proved that the closed form of e, (¢, o) is given
by

/t Log(1 + pu(7)p(7)) A¢> 7
to /’[’(T)
where the At in the integral is used to denote that this is a time scale integral, whose

ep(t,to) = exp (

treatment follows. Before discussing the integral, however, it is worth stating the
following two theorems from Bohner and Peterson [8] which discuss the sign of the
exponential function in the scalar case. In particular, note that the theorems tell us
that e, (¢, o) is positive if p is positively regressive, a fact which we will make use of

later in the discussion on stability.
Theorem 1.6 ([8]). Assume p € R and ty € T.

(1) If 14+ pup >0 on T, then e,(t,ty) >0 for allt € T.

(11) If 14+ pp < 0 on T, then e,(t, ty) = a(t, to)(—1)™ for allt € T, where

a(t, o) = exp (/tt log |1 Zé‘g)p(”’m) >0

and

[to, )|, if t > to,
ny =

|[t,t0)|, if t <t.



Note that 1 + u(t)p(t) < 0 for all ¢ € T implies that T contains no right-

dense points. Hence, |[to,t)|, which represents the number of points in the indicated

interval, will be finite.

Theorem 1.7 (Sign of the Exponential Function, [8]). Let p € R and ty € T.

(i)
(#4)

(iii)

(iv)

If p e RT, then ey(t, to) >0 for allt € T.

If 14+ p(t)p(t) < 0 for somet € T, then

€p<t, t(])ep(O'(t), to) < 0

If 1+ p(t)p(t) < 0 for allt € T, then ey(t,ty) changes sign at every point
teT.
Assume there exist sets T = {t;, : k e N} C T and S = {s, : ke N} C T

with

<S5 <t St <t <

such that 1+ u(t)p(t) < 0 for allt € SUT and 1+ u(t)p(t) > 0 for all
t € T—{SUT}. Furthermore, if |T| = oo, then lim t,, = 0o, and if |S| = oo,

then 71113010 Sp=—o00. If T # 0 and S # 0, then
ep(-,t0) >0 on [o(s1),t1).
If |T| = oo, then
(=1)*e,(-,t0) > 0 on [o(tg),tps1] for all k€ N,
If|T| = N €N, then

(=1)*e,(-,t0) > 0 on [o(tg), tp] forall 1 <k < N—1

and

(—=1)Ne,(+,t0) > 0 on [o(ty),00).



IfT =0 and S # 0, then
ep(-, ) >0 on [o(s1),00).
If |S| = oo, then
(=1)*ey(-,t) > 0 on [0(sg41), 8] for all k € N.
If|S| = M €N, then
(=1)*e,(,t0) > 0 on [0(sky1),s%) forall 1<k <M —1

and

(—=1)Me,(t,t0) > 0 on (—o0, sy

If S=0 and T # 0, then

ep(+,t0) >0 on (—o0,t].

In particular, the exponential function e,(-,to) is a real-valued function that is never

equal to zero but can be negative.

1.2 Integral Calculus
To talk about solutions of the equation, we need to develop an integral process
that will act as inverse of the A-differential operator. There are many different
ways in which one can integrate: for example, we can use any one of the Cauchy,
Riemann, or Lebesgue integrals, among others. Of most importance to this work is
the Lebesgue integral; we will present its development in the time scale setting here.
We follow the construction given by Guseinov in [26].
Denote by F; the family of all left closed and right open intervals of T of the
form

[a,b) ={t € T:a<t<b},
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with a,b € T and a < b. We understand [a, a) to be the empty set. The collection F;
forms a semiring of subsets of T. Let m; : 71 — [0, 00| be the set function defined

on JF; that assigns to each interval [a, b) its length:
mi([a,b)) = b —a.

my then becomes a countably additive measure on F;. We denote the Carathéodory
extension of the set function m, associated with F; by pua, and we call pua the
Lebesque A-measure on T.

It is worth examining the Carathéodory extension pua of m;. We begin by
generating an outer measure m; on the collection of all subsets of T as follows. Let
E be any subset of T. If there exists at least one finite or countable system of

intervals V; € F; for j € N such that £ C U;Vj, then we set
mj = infz ma(V;),
J

where the infimum is taken over all such Vitali coverings of E by a finite system or
countable system of intervals V; € F;. If there is no such covering of £, then we set
mi(E) = oo.

Next, we define the family M(m?) of all m}-measurable subsets of T. A subset

A of T is said to be mj-measurable (or A-measurable), if
mi(E) =mi(ENA)+mi(EnNAY),

holds for all £ C T, where A = T — A denotes the complement of A. Note that
the collection M(m7) of all mj-measurable subsets of T is a o-algebra. Finally, we
take the restriction of mj to M(m7), which we denote by pa. This measure is then
a countably additive measure on M(mj).

Note that if the time scale is finite, then the time scale will have infinite pa
measure from Guseinov’s construction. As a consequence, every time scale will have

infinite measure. We will revisit this issue in the next chapter when we discuss the
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uniqueness of the inverse. For now however, we examine some consequences of this

definition:

Theorem 1.8 ([26]). For each ty € T — {maxT}, the single point set {to} is A-

measurable, and its A-measure is given by

pa(fto}) = a(to) —to = plto).
Theorem 1.9 ([26]). If a,b € T and a <b, then
paa,8) =b—a and pa((a,b)) = b - o(a).
Ifa,b € T — {max T} and a < b, then

(@) = o(b) — o(a) and pa(la,b]) = o(b) - a.

The Lebesgue integral associated with the measure pa on T is called the
Lebesque A-integral, and for a measurable set £ C T and a measurable function

f: E — R, the integral of f over E is denoted by

[E F(HAL

Thus, in terms of the measure theory involved, all of the standard theorems of
general Lebesgue integration theory (including the dominated convergence theorem)
hold also for the Lebesgue A-integral.

The next theorem connects the Riemann and Lebesgue integrals. Although
we will not give the treatment of the Riemann A-integral here, the interested reader

can find this treatment in [9] or in [26].

Theorem 1.10 ([26]). Let [a,b] be a closed bounded interval in'T and let f be a bounded
real-valued function defined on [a,b]. If f is Riemann A-integrable from a to b, then

f is Lebesgue A-integrable on |a,b), and

/f par=t [ swa

where R and L indicate the Riemann and Lebesgue integrals, respectively.
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For completeness, we now state the fundamental theorem of calculus for the
time scale setting. The utility of the preceding theorem then becomes clear, since
when they all exist, the Lebesgue integral agrees with the Riemann integral which

in turn agrees with the Cauchy integral.

Theorem 1.11 (Fundamental Theorem of Calculus, Part 1, [26]). Let f be a function

which is A-integrable from a to b. Fort € [a,b], define

F(t) = /atf(T)AT.

Then F is continuous on [a,b]. If ty € [a,b) and if f is continuous at ty provided t,

is right-dense, then F is A-differentiable at ty and

F2(to) = f(to)-

Theorem 1.12 (Fundamental Theorem of Calculus, Part II, [26]). Let f be a A-

integrable function on [a,b]. If f has a A-antiderivative F' : [a,b] — R, then

b
/ F(OAL = F(b) — F(a).

For computational purposes, it is often easiest to compute the Riemann inte-
gral, and so it is worth knowing necessary and sufficient conditions under which the

Riemann A-integral will exist. The familiar condition is as follows:

Theorem 1.13 ([26]). Let f be a bounded function defined on the finite closed interval
la,b] of T. Then f is Riemann A-integrable from a to b if and only if the set of all

right-dense points of [a,b) at which f is discontinuous is a set of A-measure zero.

We conclude our remarks on the time scale integral with two theorems. The
first one gives is the familiar parts formula and the second is an analogue of the

Leibniz rule in a special case.
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Theorem 1.14 (Integration by Parts, [8]). Let u and v be continuous functions on

[a, b] that are A-differentiable on [a,b). If u® and v® are integrable from a to b, then

/ u®(t)v(t) At + / u ()0 (1) At = u(b)v(b) — u(a)v(a).

Theorem 1.15 (Leibniz Rule, [8]). If f and 2 are continuous, then we have the
following:
t Ay t
[stons] = o0+ [
1.3 The Time Scale Exponential Function

With integration now defined, we can examine the exponential in both the
scalar and matrix cases for the time scales T =R and T = Z. On R, where y = 0,
the A-integral is the usual Lebesgue integral, so that in the scalar case,

e,(t,t0) = lim exp < /t ' log(1 ”“)pm)m) ~ exp ( /t: p(T)czT) ,

s P\ T )

while in the matrix case for A constant, e4(,ty) = eA¢=%). On Z, where p = 1, the
scalar exponential is

(1. to) = exp ( [ 1osta +p<r>>m) — exp (i log(1 +p<7>>> — [T+ o).

to to T=1o

and in the matrix case for A constant, e4(t,ty) = (I + A)¢~%). Notice that in the
scalar case, if o is constant, then e, (t,t) = @) and e, (t,t5) = (1 + )t~
respectively.

We now return to the fundamental problem of finding solutions to dynamic
equations on time scales. We begin with a theorem on properties of the system
transition matrix ®4(¢,t). (Note that these properties also hold for e4(t,ty) since
this matrix is simply the transition matrix when A is time invariant.) In what

follows, for a matrix A, A* denotes the conjugate transpose of A.
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Theorem 1.16 ([8]). If A, B € R are matriz-valued functions on T, then
(i) Oo(t,s) =1 and Pu(t,t) =1;
(ii) ©a(o(t),s) = (I + p(t)A(t))Pa(t, s);
(iti) ©4'(t,s) = PL 4. (t,5);
(iv) @alt,s) = @4’ (s,t) = P au(s,1);
(v) Qalt,s)Pals,r) = Palt,7);
(i) BA(t,s)Pp(t,s) = Pagp(t,s) if Dalt,s) and B(t) commute.
Theorem 1.17 ([8]). If A€ R and a,b,c € T, then
[@ale, )] = —[@afc,))"A
and
/b D y(c,o(t)A(t)At = Py(c,a) — Palc,b).

With this foundation, we can present a useful result for solving first order

dynamic [VPs:

Theorem 1.18 (Variation of Constants, [8]). Let A € R be an n X n-matriz-valued
function on T and suppose that f : T — R"™ is rd-continuous. Let to € T and

Yo € R™. Then the initial value problem

y2(t) = At)y(t) + (1), y(to) = wo,

has a unique solution y : T — R™. Moreover, this solution is given by

y(t) = D a(t, to)yo +/ Gu(t,o(T))f(T)AT.

to
The next concept that we will use frequently in later chapters is the notion of
exponential stability. We will begin with the results obtained by Potzsche, Siegmund,

and Wirth in [38]. In their work, they define exponential stability as follows:
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Definition 1.1 ([38]). For ¢,ty € T and xy € R", the system

z2(t) = A()x(t), x(to) =0, A(t) € Crg(T,R™™), (1.1)

is said to be

(i)

(i)

(iii)

exponentially stable if there exists a constant o > 0 such that for every tq € T

there exists a K = K(ty) > 1 with

[ D 4(t,to)]] < Ke@t0) for t > tg,

uniformly exponentially stable if K can be chosen independently of ¢y in the

definition of exponential stability,

robustly exponentially stable if there is an € > 0 such that the exponential
stability of (1.1) implies the exponential stability of x2(t) = B(t)x(t) for
any rd-continuous B : T — K™*" with sup ||B(t) — A(t)|| < e. (Here, K
is the complex or real field.) In particulfrqf if A is constant, we call (1.1)
robustly exponentially stable if for all matrices B in a suitable neighborhood

of A the corresponding system is exponentially stable.

Potzsche, Siegmund, and Wirth show that the three definitions are in fact

necessary: that is, the three notions do not have to coincide with each other even

in the time invariant case. They then proceed to prove a very powerful theorem in

time scale stability theory:

Theorem 1.19 ([38]). Let T be a time scale which is unbounded above and let A € C.

The scalar equation

22 (t) = Mx(t), wx(ty) =z, M€C,

1s exponentially stable if and only if one of the following conditions is satisfied for

arbitrary ty € T:
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(i) v(\) ;= limsup

T—o0 — o

T
1 1 A
/ i 8L g
to SN\A() S

(i) VI' € T : 3t € T witht > T such that 1 + pu(t)A =0,
where we use the convention log0 = —oo in (i).
In light of this theorem, they define the set of exponential stability.

Definition 1.2 ([38]). Given a time scale T which is unbounded above, we define for

arbitrary ¢ty € T,

Sc(T) :={X € C: limsup

T—o0 — to

T
log |1 A
/ lim log |1+ sA| At < 0},
to sN\p(t) S

and
Sr(T) :={AeR|VT € T: 3t € T with ¢t > T such that 1+ p(t)A = 0}.
Then the set of exponential stability for the time scale T is defined by
S(T) = Sc(T) U Sr(T).

This set can often be very difficult to compute for an arbitrary time scale T.
Thus, while in theory the theorem is strong, in practice it has limitations. With
this difficulty in mind, Hoffacker and Gard proved in [22] that there is a particularly
nice subset of S(T) to work with regardless of the time scale. We call this region

the Hilger circle, denote it by H, and define the region as

1
H:{ZE(CZ <m}

(Observe that in this region, the Hilger real part of z is negative.) Strictly speaking,

zZ+ L
(1)

this definition is an abuse of the language as the set H is the interior of the Hilger cir-
cle previously defined. It is worth noting if we choose A € R™, then by Theorem 1.6
and Theorem 1.7, the exponential will decay in a positive, monotonic manner to the

zero state. If we choose A € (Hyy, — RT) NR, where Hy,, is the smallest Hilger
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circle (that is, the Hilger circle corresponding to fimay), then the exponential will be
real-valued, alternate in sign, and tend to the zero state. Every other A € H will
cause the exponential to be complex-valued in general and go to the zero state as
t — oo.

There are a few things worth noting here. First, the set Sg(T) is really the set
of nonregressivity for the exponential, and since we will only concern ourselves with
the regressive case, we only need to focus on S¢(T). Second, Potzsche, Siegmund,
and Wirth with this theorem have shown that elements of the stability set really
only need to lie in the Hilger circle on average and not necessarily for all time t¢.
Third, notice that the members of S(C) have negative real part of necessity since
their Hilger real part is negative on average. (If the real part of A\ were positive,
then it would be impossible for the Hilger real part to be negative on average.)
Finally, although not obvious, the stability region in general can be disconnected,
but Potzsche, Siegmund, and Wirth do show that connected components are in fact
simply connected (see [38]).

Potzsche, Siegmund, and Wirth next define a function A : T — R to be

uniformly regressive if there exists a v > 0 such that
Y > 1+ p(t)At)] for t € T.
This leads to the following result.

Theorem 1.20 ([38]). Let T be a time scale that is unbounded above and let A € K™*"

be regressive. Then the following hold:
(i) If the system (1.1) is exponentially stable, then spec(A) C Sc(T).
(11) If all eigenvalues X of A are uniformly regressive, and if spec(A) C Sc(T),
then (1.1) is exponentially stable.

As is evidenced by the preceding discussion, Potszhe, Siegmund, and Wirth

only deal with the autonomous case, in which they show that eigenvalue placement



18

is sufficient for exponential stability of the system. DaCunha, in [15], was more

interested in the regressive time varying system
22 (t) = A)x(t), x(te) = zo, A(t) € R(T,R™™), (1.2)

where eigenvalue placement in general is not enough to guarantee stability. However,
he takes as his definition of exponential stability the special case of the stability set
given by Potzsche, Siegmund, and Wirth in which all eigenvalues are positively
regressive, a restriction which always places the eigenvalues in the Hilger circle H.

This is evidenced in the following definition taken from [15]:

Definition 1.3 (DaCunha, [15]). The regressive time varying system
22(t) = A(t)z(t),  x(to) = w0, A(t) € R(T,R"™"),

is called uniformly exponentially stable if there exist constants v, A > 0 with —\ € R*

such that for any tg and z(ty), the corresponding solution satisfies

|z < [lz(to)llne-x(t, o), t = to.

Thus, DaCunha’s definition of exponential stability is much weaker than that
of Potzsche, Siegmund, and Wirth in the sense that the latter implies the former
but not conversely. However, DaCunha’s definition allows for many standard theo-
rems concerning stability to follow through into the time scale case. DaCunha uses
the second method of Lyapunov to gain his results. He begins by examining the
derivative of the scalar function ||z(¢)||?> which plays the role of the energy of the
system. Upon taking the delta derivative of this function, DaCunha investigates
the existence of a regressive symmetric matrix Q(t) that will make the symmetric

form (xQ(t)zT)? negative definite in turn giving stability of the system. This line

of reasoning yields the following theorem.
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Theorem 1.21 (Lyapunov Stability Criterion I, [15]). The regressive time varying

linear dynamic system
S (t) = AB)a(t),  w(to) =z0, A(t) € R(T,R™™),

is uniformly exponentially stable if there exists a symmetric matriz Q(t) € CL (T, R™ ")

such that for all t € T

(i) nl < Q(t) < pl,

(i) AT(Q() + (I + pt)AT()(Q (1) + QA(E) + n(t)Q2(HA()) < —vI,
where v,1,p > 0 and —% € R*.

Although DaCunha did not address the following versions of the previous

theorem, their proofs are the same.

Theorem 1.22 (Lyapunov Stability Criterion II). The regressive time varying linear

dynamic system
22(t) = A()a(t),  wlt)) =30, A(t) € R(T,R™™),

is uniformly exponentially stable if there exists a symmetric matriz Q(t) € CL (T, R™ ")

such that for all t € T

(i) nI < Q(t) < pl,

(it) AT)Q(o(t))[I + p(t)A[)] + Q)T + () A)] + Q1) A(t) < —vI,
where v,n,p > 0 and —% € R*.

Theorem 1.23 (Lyapunov Stability Criterion III). The regressive time varying linear

dynamic system
22(t) = A()z(t), x(to) =0, A(t) € R(T,R™™),

is uniformly exponentially stable if there exists a symmetric matriz Q(t) € CL (T, R™™)

such that for allt € T
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(1) nI < Q(t) < pl,
(ii) [(I+ u()AT(0)Q(o () + n(t)At)) — Q)] /u(t) < v,
where v,n,p > 0 and =% € R*.

It is this last version of the result that we will need in the section on control.

Note that if ;1 — 07, then in the limit, the expression

(T + n(O AT (£)Qe (1) (I + pn(t)A(t)) — Q)] /u(t),

reduces to
ATHQ(t) + Q) A(L) + Q'(t),

a familiar expression for stability in the continuous case. If u = 1, the expression

becomes
(I +AT(1)Q(t + 1)(I + A1) — Q(1),

which is a shifted version of the corresponding result in the discrete case. Thus, the
result does unify the two cases and extends them to other time scales as well.
We will also need the following results from DaCunha in [15] to prove various

theorems in the chapter on control.

Theorem 1.24 ([15]). The regressive dynamic equation
) = A@Da(t), alts) =10, A(t) € R(T,R™™)

is uniformly exponentially stable if and only if there exist A,y > 0 with —\ € R

such that

| |q)A(t7 to) || S 76—)\(1’-7 t0)7

for allt > tg with t,ty € T.
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Theorem 1.25 ([15]). Suppose there exists a constant o such that for allt € T, ||A(t)|] <

a. Then the regressive linear state equation
() = A)a(t), a(to) =m0, A(t) € R(T,R™™),
s uniformly exponentially stable if and only if there exists a finite 3 > 0 such that
t
[ st o@)las < s,
for all t,7 with t > o(T).

The last two theorems of DaCunha that we need can be found in [17]. The
first result relies on the time scale polynomials hg(t,0). These functions are defined

recursively for k € Ny by

ho(t,s) = 1 forall s,;t €T,

t
hit1(t,s) = / hi(7,s)AT for all s,te€T.

Theorem 1.26 ([17]). Suppose that A is a constant matriz. Then the transition matriz
for (1.1) is

q)A(t7 to) = €A(t, to),

where the matriz exponential is defined by the power series

GA(t, to) = Z Alhl(h tU)?
i=0

which converges uniformly on [T, Ty for any T > 0.

Theorem 1.27 ([17]). For the system (1.1) with A constant, there exist scalar func-
tions Yo(t,to), .., Yn-1(t,to) € CF(T,R) such that the unique solution has represen-

tation
n—1

ealt,to) =Y Ay(t,t).

1=0
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1.4 Other Time Scale Functions
We conclude this chapter by introducing a few of the elementary functions on
arbitrary time scales and the dynamic equations that they solve. We have already
discussed the exponential function and the first order IVP that it solves. We gave
the definition of the polynomials hy(t,ty) above. The critical thing to observe about

these functions is that for each k € N, hy(t, o) is the unique solution to the IVP

yA(t) = hi_1(t, to), y(t) = 0.

The time scale trigonometric functions sing(t,ty) and cos,(t,tg), for a € Ciq and

pua? € R are defined as

Qo t,t —ta t7t . 1o’ tvt - C—ia t>t
cosq(t, tg) = ialt:to) + €ialt, to) and sin,(t,tg) = Cia(t; o) .e ( 0).
2 21

Bohner and Peterson in [8] show that these functions form a fundamental solution

set of the second order dynamic equation
yo2 () + a?y(t) = 0.

As a consequence of the definition of the two functions, Fuler’s formula remains true

on the arbitrary time scale: that is,
€ia(t,to) = cosy(t,tg) + i sing (¢, to).
Further, the following theorem holds.
Theorem 1.28 ([8]). Let p € Cra. If up* € R, then we have
cos;‘(t,to) = —p(t)sin,(t,tp) and sinﬁ(t,to) = p(t) cos,(t, to),

and

COSZ(t, to) + sinf?(t, to) = eup2(t, to).
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The time scale hyperbolic functions sinh,(t,ty) and cosh,(t, ty), for a € Ciq

and pa? € R are defined as

ot to) — e ot t
and Sil’la(t,t(]):e( 0) 26 ( O).

ea(ta tO) + e—oc(ta tO)
2

cosh,(t,tg) =
The hyperbolic functions will form a fundamental solution set for the equation
yoA(t) — a®y(t) = 0.
Their calculus is as follows.
Theorem 1.29 ([8]). Let p € Ciq. If —pup* € R, then we have
coshﬁ(t,to) = p(t) sinhy,(t,tp) and sinhpA(t, to) = p(t) cosh,(t, tp),

and

cosh(t,to) — sinh3(t, to) = e_2(t, o).

With the necessary time scale preliminaries now established, we are in position

to begin with the first focus of this dissertation which is the Laplace transform.



CHAPTER TWO

Laplace Transform

2.1  An Overview of the Cases T =R and T = Z

The Laplace transform is a tool that has been to study differential equations
for almost two centuries, although when Laplace first used the transform he did not
use it in this fashion. (It is not commonly known that it was actually Euler who
discovered it, and Lagrange who fitted the integral into probability theory for which
Laplace used it.) The tool has become quite popular in engineering because of its
ease of use and utility in understanding and manipulating LTI systems. Indeed, the
transform will “algebratize” the problem in the sense that it allows the analyst to
understand sophisticated phenomena occurring by examining what is happening in
the frequency domain through investigating the system’s transfer function rather
than thinking about solutions in the state space, which is given in the time domain.
This allows one to design systems with favorable attributes such as stability in the
frequency domain by simply effecting things such as pole placement.

In the continuous or (in the engineering vernacular) analogue case, the (uni-
lateral) Laplace transform of f: R — R is defined by

£ = FE) = [ e 2.1)
where z € C is chosen so that the integral converges absolutely. It is known (see
for example [5]) that a sufficient condition for the integral to converge is for f to be
piecewise continuous of exponential order with constant ¢ > 0, in which case if we
choose any z € C with Re(z) > ¢, then the integral will converge absolutely. If we
use the definition of the transform and integration by parts, then it is easy to show
that
L} z) = 2L{f}(2) = £(0),
24
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and using an induction argument,

LUYE) = 2L} (E) = 27 (0) = 272 (0) = -+ = £V (0),

Of course, it is this structure that allows one to solve an n-th order differential equa-
tion with constant coefficients since the transform is a linear operator. Transforms
of many of the elementary functions commonly studied in calculus are readily com-
puted, and so if one is justified in associating a function with its transform, then
one can obtain a solution to the equation in question quite easily.

Surprisingly, the question of the uniqueness of the inverse took a century to
answer. It was not until 1916 when Thomas John I’Anson Bromwich in [11] arrived
at his now famous result after making the methods of Oliver Heaviside (see [27], [28],
and [29]) rigorous in terms of the Laplace integral that this problem was solved when
the right meaning of “uniqueness” was given. In particular, Bromwich was familiar
with Lebesgue’s work in measure theory and the integral, and so Bromwich knew
that for f and g differing on a set of measure zero, then it is possible for f and g
to have the same transform. However, if we redefine uniqueness to mean that f = g
almost everywhere, then Bromwich showed that for any analytic function F(z) in
the half-plane Re(z) > ¢ for some real ¢ > 0, we have that if the integral

1 c+1i00
LRy = / e F(2)d

210 Jolino
converges absolutely, then there exists some real-valued piecewise continuous func-
tion f: R — R with f(¢) of exponential order with constant ¢ > 0 having Laplace
transform of F(z). (For the reader interested in the history of the transform, see
[30] and the references contained therein.)

In this setting, Bromwich indeed showed that it is permissible to associate a
function with its transform. The inversion process is a linear operator, and so in

algebraic terms there is one fundamental question remaining: what function has

transform F(2)G(z)? The answer is clearly not the product of f and g, since we
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know that the integral does not evolve in this fashion. The answer to the question

lies in the convolution product f * g, which is given by

o)) = [ Fwgle =i

It is straightforward to prove that this product is commutative and associative. It is
also well known that the product has an identity element vested in the Dirac delta
functional, which as its name suggests, lives in the space of distributions rather than
the space of functions.

By the late 1940s/early 1950s, the electrical engineering community began
investigating a discrete or digital version of the (unilateral) Laplace transform; that
is, when the domain of the function is not R but rather Z. The first appearance of
the transform in its modern form was given by Jury in [34]. This transform is now
commonly known as the (unilateral) Z-transform and is given by

o0
Z{f}(2) => f(k):
k=0
The Z-transform is a linear operator as well, and the shifts of functions have trans-
forms that are related to the transforms of the unshifted functions, much in the same
manner as the Laplace transforms of derivatives are related the transforms of the

original functions in the continuous case. Indeed,

ZIf(k=1)) = =" Z[f(k)],
ZIf(k+ 1] = 2Z[f(k)] = 2£(0).

It is well known (see for example [36]) that if |f(¢)] < Ka' for K,a > 0 constant,
then the Z-transform of f will exist. By using the shifting property of the transform
previously mentioned, we can solve constant coefficient linear difference equations,
much in the same manner as we do in using the Laplace transform to solve differential

equations. As for uniqueness in the discrete case, for the unilateral transform it can
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be shown that if f and g have the same transform, then f = g. The Bromwich

inversion formula in this case becomes

F(k) = 2 F(2)} = — ﬁ F(2) 2 dz,

2mi
where C'is a counterclockwise path encircling the origin and lies entirely in the region
of convergence of F(z). (If f is bounded as above, then the region of convergence
will be |z| > o)
Again, it is worth asking what function has transform F(z)G(z). The answer

is found in the convolution product. For f, g : Ny — R, their convolution product is

defined as .
(f = g)(k) =D (k= 5)h()).

j=0

We then have
Z1f * gl = Z[f12]g].

The convolution product on Z is commutative and associative as well, but the prod-
uct has an identity that is a function given by the Kronecker delta function.

Furthermore, there are some striking similarities between the two transforms.
For utility purposes, tables are commonly used in both cases to associate a func-
tion with its inverse instead of using Bromwich’s inversion integrals, which can be
complicated to compute in general. However, even though there are nice relation-
ships between the two transforms, the tables for “corresponding” functions can be

quite different. For example, the Laplace transform of the function f(t) = cos(at)

1—2z"1 cos(a)
1—2z—1—cos(a)+2—2"

is F(2) = z7z. The same function has a z-transform of Z(z) =
Thus, the same function has drastically different transforms corresponding to the
two different domains.

A natural question here is: Does there exist one transform that will give rise
to the usual Laplace transform when the domain is R and to the Z-transform when

the domain is Z? That is, is it possible to unify these two cases? Secondly, we would
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certainly like a transform that would work on any domain that we choose between
these extremes, so that we can extend the transform as well to an arbitrary time

scale.

2.2 Introduction to the Arbitrary Time Scale Setting
In their initial work on the subject, Bohner and Peterson [10] define the Laplace

transform of the time scale function f as follows:

Definition 2.1 ([10]). For f : T — R, the Laplace transform of f, denoted by L{f}

or F(z), is given by

LU} = Flz) = / " Fg° () A, (2.2)
where g(t) = ec.(t,0).

We will assume that T is unbounded above and 0 € T. Bohner and Peterson go
on to state that the transform is defined for some appropriate collection of complex
numbers z € C for which the integral converges and give no inversion formula for the
transform. Instead, they give the transform of the elementary functions and show
the uniqueness of their transforms by using the uniqueness of solutions to ordinary
dynamic equations. Hence, the method is actually a formal one.

We wish to justify the method. Thus, the goal of this chapter is first to quantify
a subset of the complex plane for which the integral converges; that is, establish a
region of convergence in the complex plane for (2.2). Furthermore, we provide a
relatively simple inversion formula and show that inverses are uniquely determined
by it. Finally, a notion of convolution arises and its algebraic structure is explored.
In this process, the identity element is determined to be the appropriate analogue
of the Dirac delta functional.

Before we begin with the justification, it is worth examining the definition for

the cases T =R and T = Z. If T = R, then we know that o(t) = t, es.(t,0) = e
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and the delta integral is the usual continuous Lebesgue integral. Thus, we have that

Lo(f} = / e (t.0)A = / e (tydt = La{ 1),

0

so that for T = R the time scale version agrees with the usual version of the Laplace
transform.
For T =7Z, we have o(t) =t + 1, ec,(t,0) = (1 4+ z)7*, and the delta integral

in this case is simply a sum. Therefore, it follows that

Lalf} = /OOO 2.0 (080 = (14 ) (o) - ZHEEL,

so that for T = Z, the time scale Laplace transform is not exactly the Z-transform
of f, but a shift of it. These computations show that if we can justify the method
in general, we will have accomplished our goal of unifying the two cases. However,
we can also extend the results to any other time scale T (with bounded graininess)
that we wish as our justification will not rely upon the underlying domain.

One question that arises is: Does the time scale Laplace transform preserve an
algebraic structure on derivatives? The answer to this question is affirmative since

an application of the time scales parts formula (Theorem 1.14) reveals

n—1

Ly = / T L) (A = L) - S A ),

§=0

provided the integral converges. For completeness, we state the state and prove the
preceding result for the case n = 1, which can be found in [8] and [10]. An induction
argument then shows the result for arbitrary n € N. (For the theorem, we need
for 22 to be regulated. A time scale function is said to be regulated if all limits
exist as finite numbers at left-dense and right-dense points.) To prove the result, we
shall need a lemma whose proof we shall not give here, but it can be found in the

aforementioned works.

Lemma 2.1 ([10]). If z € C is regressive, then

(©2)(t)

e2.(t,0) = — es:(t,0).
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Theorem 2.1 (Transform of Derivatives, [10]). Assume x : T — C is such that x> is

requlated. Then
L{z%}(2) = 2L{x}(2) - 2(0)

for those regressive z € C satisfying

lim {z(t)es.(t,0)} = 0.

t—o0

Proof. As previously mentioned, by the parts formula and Lemma 2.1,

L{z?}(2) = /OooxA(t)e"e(t,O)At
= fe(t)ens(t,0)]5° / " 2(0)(62) (t)ews(t 0)At

= —z(0) + Z/Ooox(t)egz(t,O)At

= 2L{x}(2) — 2(0),

A

provided the integral converges, which will happen when z= is regulated. Il

It is most likely puzzling at first glance as to why the same algebraic structure
is preserved for the shifted version of the transform on Z compared with the usual
Z-transform in this domain. The answer lies in the fact that the Z-transform is
usually applied to the recursive form of the equation rather than the difference
form. The time scale analysis always deals with the difference form, and so any
transform that we define should take this information into account, as Bohner and
Peterson’s definition does for the Laplace transform.

We begin by giving a sufficient condition that characterizes those functions that
are transformable. We have already seen that on R, the functions of exponential
order are a sufficient class for this purpose, while on 7Z, a sufficient class is given by
the class of functions f(t) with |f(¢)] < Ka'. Thus, in both of the known cases,
functions that are bounded by exponential functions are transformable. As the next

definition and theorem show, this is in fact true in general.
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Definition 2.2. The function f : T — R is said to be of exponential type I if there
exists constants M, ¢ > 0 such that |f(t)] < Me®. Furthermore, f is said to be of

exponential type I if there exists constants M, ¢ > 0 such that |f(t)] < Me.(t,0).

The time scale exponential function itself is type II. In their work on the
stability of the time scale exponential function, Pétzsche, Siegmund, and Wirth [38§]
show that the time scale polynomials hy(t,0) are type L. It turns out that as an easy
application of Theorem 1.26, one can show that type II functions are in fact type L.

Recall that throughout this work, we will assume that T is a time scale that
is unbounded above with bounded graininess, that is, pmin < p(t) < fimax < 00 for
all t € T. We set fimin = e and fipax = p*.

To give an appropriate domain for the transform, which of course is tied to

the region of convergence (ROC) of the integral in (2.2), for any ¢ > 0 define the set
D = {z € C:Re,(z) > Re,(c) for all t € T}.

Notice that this set is nonempty since the collection of all z € C with Re,, (z) >
Re,,(c) is a nonempty subset of D. (This last statement follows since for fixed
z, the function f(u) = Re,(2) is an increasing function of p. In particular, the
set of all complex z with Re(z) > ¢ is a subset of the collection of all z with
Re,,(z) > Re,, (c).) Note that if p, = 0, then this set is a right half plane; see
Figure 2.1. In fact, there are a couple of equivalent formulations of the set D.
Recall from Chapter 1 that under the assumption that T has bounded graininess,
Potzsche, Siegmund, and Wirth [38] as well as Hoffacker and Gard [22] show that

by choosing A € H, where H denotes the Hilger circle given by

< L
pt) |-

we obtain lim; . e)(£,0) = 0. This limit condition will play a crucial role in the

H:Ht:{ze(c: z+

()

analysis of our transform. (Note, however, that the expression for the transform
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Figure 2.1: The region of convergence is shaded. On the left, the pu, = 0 case. On the
right, the u,. # 0 case. In the latter, note our proof of the inversion formula is only valid
for Rez > ¢, i.e. the right half plane bounded by this abscissa of convergence even though
the region of convergence is clearly a superset of this right half plane.

has a slight complication since the function &z is time varying and not constant.
Fortunately, this is only a minor problem to overcome as we shall see.) One can

characterize D in the following ways.

D = {zeC:Re,(z) > Re,(c) for all t € T}

= {ze€C:z¢€ EEM and z satisfies Re,, (z) > Re,, (c)}

X

= {ze€C:ozecH and Re,(z) > Re,(c) for all t € T},

where Eﬁm denotes the complement of the closure of largest Hilger circle correspond-
ing to p.; see Figure 2.2. This last equality is included to highlight the connection
between the Hilger circle and the region of convergence. Furthermore, if 2 € D, then

©z € Hy,;,, C Hy since for all z € D, ©z satisfies the inequality

1
<
I

1
‘@Z—F—*
7

The choice of D is not arbitrary. To make the integral converge, we must choose
a region in which the exponential decays faster than the function being transformed
grows. If f is of exponential type, then our claimed D is precisely the region in

which this happens, as the next theorem establishes.
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Figure 2.2: Time varying Hilger circles. The largest, Hyyax has center —1/pmin while the
smallest, Hyi, has center —1/pmax. In general, the Hilger circle at time ¢ is denoted by H;
and has center 1/u(t). The exterior of each circle is shaded representing the corresponding
regions of convergence (with respect to the transform).

Theorem 2.2 (Domain of the Laplace Transform). The integral [° eZ_(t,0)f(t) At
converges absolutely for z € D if f(t) is of exponential type II with exponential

constant c.

Proof. For z € D, we have

‘ | o At‘ < [Tl orso] a

¥z

M oo
< eozme(t,0)] At
< | leedt0)

o] t
_ L/ exp </ log |1+ p(7)(©z @ ¢ AT) Ay
11+ paz| Jo 0 (1)

1+p(r)e

M 00 t log‘ _p
= —/ exp / $()AT At
114wz Jo 0 ()

M o0
< / e dt
1+ pec Jy

|6@Z(t7 O)ec<t7 0)| At
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The same estimates used in the proof of the preceding theorem can be used
to show that if f(t) is of exponential type II with constant ¢ and Re,(2) > Re,(c),
then lim;_, eo,(£,0)f(t) = 0.

With a ROC for the integral now defined, next we examine transforms of some
of the elementary functions and their corresponding regions of convergence. We start
with the exponential function itself. (Note that the computations that follow can

all be found in [8] and [10]).

Example 2.1. Obviously, e,(t,to) is of type II with a corresponding ROC for the
integral given by Re,, (2) > Re,, (Ja|). Using the group property of the exponential

function in the scalar case yields
L{en(t,0)} = / e, (t,0)eq(t,0)At
0

_ / L (t0)A
0

14 u(t)z
1 C a—z
— T el (t 0)AL
a—z/o 1+u(t)zee( )
1

a—z

= /Ooo(a/ o Z)(t)ea@z(ta O)At

1 -
= E[ea@z(ta 0)]i=s

1

z—a’

with the integral converging in Re,,, (2) > Re,, (|a|).

Example 2.2. The transform of the function f(¢) = 1 can be found by using Lemma 2.1,
once we note that this function is of exponential type II with ROC Re,, (z) >

Re,, (0) = 0. With this information, it then follows that

L{1(z) = /0m1-egz(t,0)m

— _l /Om(@z)(t)e@z<t70)At

z
1 t—o0
- _; [66Z (tv 0)]t:0

1
= -, R 0.
Z? e#* (z) >
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Before examining the transform of the time scale polynomials (¢, 0), we will
need a theorem that relates the transform of the integral of a function with the
transform of the function itself. To this end, the proof of Theorem 2.1 shows that
the ROC of the derivative f® will be the same as the ROC for f. Thus, the ROC
of fA" will be the same as the ROC of f2"" for all n, which implies that f and all

of its derivatives will have the same ROC. Thus, we obtain the following.

Theorem 2.3 ([10]). Assume z : T — C is regulated and transformable with region of

convergence C C C. If

fort € T, then
LX) () = ~L{x)2),

for those regressive z # 0 € C.
Proof. Using the parts formula and Lemma 2.1, we obtain

L{X}(z) = /0 X (e, (£ 0) At

_ _% /Ooo X(t)(©z2)(t)ess(t,0)At

_ _é{ —X(O)—/Ooox(t)e‘éz(t,O)At}

1
provided z # 0 € C. m

We will return to this result when we talk about convolution and give an easier

proof of it.

Example 2.3. For the time scale polynomials hy(t,0), k € Ny, we have

Lt 0)}:) = iy (2.3)
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for all regressive z in the region Re,, (z) > Re,, (0) = 0. This ROC comes from
noting that for ¢ > 0, hx(¢,0) is of exponential type II with constant ¢ for all ¢ > 0.
This can be shown either by using the time scales version of L'Hospital’s Rule (see
[8]), or by using Theorem 1.26 in the scalar case. Using the latter, we see that for

c> 0,

Fhy(t,0) < Z A(t,0) = e(t,0),
so that hy(t,0) < ¢ *e.(t,0). We prove this claim by induction. First note that for
z in the ROC,

lim {hi(t, 0)ec(t, 0)} = 0,

for 0 < ¢ < k. We showed in Example 2.2 that the claim is true for ¢ = 0. Now

assume that 1 <4 < k and (2.3) holds with i replaced by i —1. Then by Theorem 2.3,

L{h;(t,0)}(2) = E{/O hi_l(T,O)AT}(Z)

_ %c{hi_xt, 0)}()
1

Thus, the claim follows for all z in the ROC given by Re,. (2) > 0.

Example 2.4. Since we know the transform of e, (¢,0) by Example 2.1, we can use the
linearity of the transform to find the transforms of the trigonometric and hyperbolic
functions defined in Chapter 1. Our earlier remarks concerning the ROC of a function
and the ROC of its derivative being equivalent imply that we only need to find the
ROC for the functions f(t) = cos,(t,0) and f(t) = cosh,(t, 0) since by Theorem 1.28
and Theorem 1.29, their derivatives are just the functions f(t) = —asin,(¢,0) and
f(t) = asinh,(t,0), respectively. Thus, we first note that an immediate consequence

of Theorem 1.26 in the scalar case is that |e,(,0)| < ejq(¢,0). Hence,

ea(t,0) +e_o(t,0)

ho(t,0)| =
[cosha(t,0) 5

< e}q(t,0),
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and likewise
€ia (ta O) + efia<t7 0)
2

| cosa(t,0)| =

< 6|a|(t, 0).

Consequently, all four trigonometric and hyperbolic functions are of exponential type

IT with constant |a|. Using the linearity of the transform, we see

L{coshu (£,0)}(z) — c{ €a(t,0) + e-a(t,0) }(2)

2

1( 1 1 )
= — +
2\z—a z4+«

z

9
2—Oé2

Gia(t, 0) + €_ia (t, O)
2

1( 1 1 )
= = — + -
2\z—1a 24+«

z
22+ a?’

L{sinh, (£,0)}(2) = c{ ¢a(t,0) — €-a(t,0) }(z)

o

L{cosy(t,0)}(2) =

2

_1 1 1
- 2\z—a z+4a

«

22 _ o2’

L{sing(t,0)}(z) = z{ €ia(t,0) = e-ia(t,0) }(z)

21

1 1 1
2 \z—da  z+ia

a
22 4+ a?’

where all integrals converge in Re,, (2) > Re,, (o).

Example 2.5. We conclude our examples here with the transform of the unit step
function or, as it is sometimes called, the Heaviside function. It is defined for a >

0 €T by

0, if teTn(—o0,a),
uq(t) =
1, if teTnla,oc0).
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The unit step function is obviously of exponential type II with constant ¢ for all

¢ > 0. Thus, the transform is

[ tteestotvone= [ oot oai= 00,

z

which holds for all z in the ROC which is given by Re,, (z) > 0.

We conclude this section by summarizing the transforms in tabular form given
in Table 2.1. There are a couple of things to notice here. First, at this point we
are still lacking uniqueness of the transform so that right now we are not justified in
reading the table as an association between the function and its transform. All we
can do at this point is read the table as saying that for the given functions, applying
the transform to those functions gives the results stated in the table. Second, notice
that the table works for the given functions independent of the time scale involved.
That is, we have one table for the cases R and Z rather than the two we get by
using the usual Laplace and Z-transforms. We need no other table for any other
time scale, and this is an idea we will revisit and try to understand in functional
terms when we discuss the inversion formula. We give the explicit representations
of the functions on R and Z as they are easily computed in these cases. Note that
in doing so, we are demonstrating that these functions are not the same functions

on all time scales.

2.2.1 Properties of the Transform

As we look towards an inverse for the transform, we would like to know which
functions are the transform of some function. To answer this question, the following
properties are needed. The reader familiar with the cases T = R and T = Z will
note striking similarities of the corresponding result in each of these cases, both of

which are special cases of this more general result.
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Table 2.1. Laplace transforms of functions on T and their ROC.
xr(t) xr(t) x7(t) L{x}(2) ROC

1 1 1 1 Re,,(z) >0

" t t % Re,. (2) >0

hi(t,0), k>0 . ( ]i ) e Re,.(z) > 0
ea(t,0) e (1+ )t _ Re,.(z) > Re,, (Ja])
cosh,(t,0) cosh(at) (Ho‘)t;(l*a)t === Rey,, (2) > Rey, (|af)
sinha(t,0)  sinh(af) 0z e Re, (2) > Re,.(|al)
c0s4(t,0) cos(at) (Hm)t;(l_m)t 7rar Reu(2) > Rey. (Jaf)
sing(t, 0) sin(at) (Hio‘)t;i(l_m)t =i Reu(2) > Rey.(Jaf)

uq(t),a € T Uq (1) Uq (1) @ Re,.(z) >0

(unit step)
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Theorem 2.4. Let F denote the generalized Laplace transform for f : T — R.
(1) F(z) is analytic in Re,(z) > Re,(c).
(2) F(z) is bounded in Re,(z) > Re,(c).
(3) \zl|iinooF(Z) = 0.

Proof. For the first, we see

TLNE = [ oo ar

0o t log —1T .
— / d ;exp / MAT F(t) At
0 0

dz \ 1+ p(t)z p(7)

_ /0°° (/0 ﬁm - %) 2. (t,0)f(t) At

00 o(t) 1 A , A
:_/0 (/0 i T> 2. (1,0) f ()AL

= —L{gf}(2),

where ¢(t) = foa(t) T Jml(T)ZAT. The second equation follows from the Lebesgue Dom-
inated Convergence Theorem. Note that on R, this calculation shows that we get
the familiar formula that derivatives of the transform correspond to multiplication
by powers of ¢ in the function. On Z, the calculations show that (in the shifted
version) derivatives of the transform correspond to multiplication by powers of ¢ + 1
in the function.

The second claim is an immediate consequence of the preceding theorem since
it shows |F(z)| < X.

As for the third, a direct calculation yields

o0

lim F(z)= lim el (t,0)f(t) At = /OO lim eZ,(¢,0)f(t) At =0,
0

which follows again from the Lebesgue Dominated Convergence Theorem. [
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Theorem 2.5 (Initial and Final Values). Let f : T — R have generalized Laplace

transform F(z). Then f(0) = lim zF(z) and tlim f(t) = lim zF(z) when the limits

200 z—0
exist.
Proof. o
L 0) = [ P00 A
0
= fOec b0 = [ rE) 0.0 A
— 2F(2) - £(0).
Now z — oo above yields lim h FA)e, (t,0) At =0 = lim [2F(2) — £(0)], i.e.,
zZ—00 0 Z— 00

f(0) = lim zF(z).

Z—00

On the other hand, z — 0 yields

lim /0 N A ()eZ,(t,0) At = /0 h FA() At = lim f(t) — f£(0) = lim [2F(2) — £(0)],

z—0 t—00 z—0

ie., tlim f(t) =lim zF(z). O

z—0

2.2.2  Inversion Formula

Using Theorem 2.4 we can establish an inversion formula for the transform.
As is the case with T = R, these properties are not sufficient to guarantee that F'(z)
is the transform of some continuous function f(t¢), but they are necessary as we have

just seen. For sufficiency, we have the following:

Theorem 2.6 (Inversion of the Transform). Let Fr(z) be a complex valued function

of a complex variable that satisfies the following.
(1) Fr(z) is analytic in the region Re,(z) > Re,(c).
(2) Fr(z) — 0 uniformly as |z| — oo in the region Re,(z) > Re,(c).

(3) Fr(z) has finitely many regressive poles of finite order {z1,z9,...2,}.
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Further, let Fgr(z) be the transform of the function fgr(t) that corresponds to the
transform Fr(z) of fr(t). If fcﬂoo |Fr(2)|dz < oo, then
= Z Res,—, e.(t,0)Fr(z),
k=1

has transform Fr(z) for all z with Re(z) > ¢

Proof. The proof follows from the commutative diagram between the appropriate

function spaces in Figure 2.3.

Lr
Cp_eo(]R, R) C
Lt
o] [0 vl (!
L
C’prd e2 (T7 R) D

Eil :(9o£]§1 oyt

Figure 2.3. Commutative diagram between the function spaces.

Define the sets

C = {Ir(2): Ir(z) = G(z)e "},
D = {Fr(z): Fr(2) = G(2)ec:(7,0)},

for G a rational function in z and for 7 an appropriate constant. Let Cp eo(R, R) de-
note the space of piecewise continuous functions of exponential order, and Cpq.e2(T, R)
denote the space of piecewise right dense continuous functions of exponential type
II.

We now examine the maps between these spaces shown in Figure 2.3. Each

of 0, v, 0~1, v~ maps functions involving the continuous exponential to the time

scale exponential and vice versa. For example, v maps the function Fg(z) = ¢—

z

to the function Fr(z) = M while v~! maps Fr(z) back to Fr(z) in the obvious
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manner. If the representation of Fr(z) is independent of the exponential (that is,

7 =0), then « and its inverse will act as the identity. For example,

1N L/ 1y 1
i 2241 =7 24+1) 2241

0 sends the continuous exponential function to the time scale exponential function

in the following manner: if we write fr(t) € Cpeo(R,R) as

fr(t) = Z Res,—., ¢*' Fr(2),
k=1

then

0(fx(t)) => Res._., e.(t,0)Fp(2).

To go from Fg(z) to Fr(z), we simply switch expressions involving the continuous
exponential in Fg(z) with the time scale exponential giving Fr(z) as was done for ~y
and its inverse. #~! will then act on the collection of all g € Cq.e2(T,R) such that

g can be written in the form

g(t) = Res.—., e.(t,0)Gr(2),

as
07 (g(t) = Res._., e*Gal2).
k=1
For example, for the unit step function fg(t) = u,(t), we know from the continuous
result that we may write the step function as
e—(lZ

fr(t) = us(t) = Res,—o et pod

so that if @ € T, then

Bua(t)) = Res._y e. (t, 0) 2220

z

With these operators defined on these spaces, the claim in the theorem follows.
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For a given time scale Laplace transform Fr(z), we begin by mapping to Fr(z)
via 77!, The hypotheses on Fr(z) and Fg(z) are enough to guarantee the inverse of

Fr(z) exists for all z with Re(z) > ¢ (see [5]), and is given by

fe(t) =) Res.—., e Fi(2).
k=1

Apply 0 to fr(t) to retrieve the time scale function
fr(t) = Res._., e.(t,0)Fp(2),
k=1

whereby (v o Lg o071 (fr(t)) = Fr(z) as claimed. O

Before looking at a few examples, some remarks are in order. First, it is
reasonable to ask if there is a contour in the complex plane around which it is
possible to integrate to obtain the same results that we have obtained here through
a more operational approach. At present, we leave this as a very interesting although
nontrivial open problem. It is well known that there are such contours when T = R
or T = Z. In fact, it can easily be shown that if T is completely discrete, then if we
choose any circle in the region of convergence which encloses all of the singularities
of F(z), we will obtain the inversion formula. However, in general, we do not know
whether or not there exists a contour which gives the formula, and if so, what it
actually is.

Second, it is possible to use the technique we have presented here to define
and find inverses for any time scale transform. These would include the Fourier,
Mellin, and many other transforms. Once the inverse is known for T = R and the
appropriate time scale integral is developed to give the correct transform analogues
for any T, the diagram becomes completed and the inversion formula for any T is
readily obtained.

Finally, notice in our construction, for any transformable function fr(t), there

is a shadow function fr(t). That is, to determine the appropriate time scale analogue
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of the function fg(t) in terms of the transform, we use the diagram to map its Laplace
transform on R to its Laplace transform on T.

Before looking at the examples, it is worth noting that even with the inversion
formula, we are still not justified in viewing Table 2.1 as association between func-
tions and their transforms as we still have not established uniqueness of the inverse.

However, we will do this in the next section.

Example 2.6. Let F(z) = =. F(z) is obviously analytic in Re,(z) > Re,(|a|), and
it certainly tends to zero uniformly in this region. As the function ﬁ is independent

of the exponential function, we see that the function Fi that corresponds to F' = Fr

|ar|+i00 1
dz
la|—ico 7 T &

converges absolutely in Re(z) > |a|, and so we have an inverse of F for z € Re(z) >

is simply Fg = F. The integral

|a| and all regressive « in C given by

f(t) = Res,—a e:(1,0)

— ¢4 (1, 0).
., = Calt,0)
Example 2.7 (New Representation for fy(t,0)). Suppose F(z) = %. For this F, we

have that F' is analytic in Re,(z) > 0 and again tends to zero uniformly in this

region. The correspondence in this case is given by Fg = F', and since the integral

/—z‘oo ;d27
converges absolutely, F' has an inverse for all z with Re(z) > 0 given by

=1.
z=0

LYFY = £(t) = Res._o 20V — ¢ (1.0) /0 mm

Likewise, for F(z) = Z%, we have that F' satisfies all of the conditions in the same

region as above, with the complex integral involved converging absolutely. Thus, F
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again has an inverse for all z with Re(z) > 0 given by

LHF} = f(t)=Res.— eZ(; 0

t T
e:(t,0) ((fo 1+,u, AT) 0 1+N;E(T))ZAT>

2

_ - fo;mAT — ha(t,0).

The last equality is justified since the function

f(t) _ " — fD;(T)AT’

is the unique solution to the initial value problem f2(t) = hy(t,0), f(0) = 0. In
a similar manner, we can use an induction argument coupled with Theorem 2.6 to

show that the inverse of F(z) = —&, for k a positive integer, is hx(t,0).

Example 2.8. Now suppose F' is one of the following: —= < Each

22—a2) 22—q2) 22+a2a z2+a2

of these functions is analytic in the region Re,(z) > Re,(|c|) and approach zero as
|z| — oo in this region. Fr = F in each of these cases, and in each case the integral
|a|+ico
/ Fr(z)dz,
|or] =00
converges absolutely, so that each F' has an inverse. If we use the linearity of the

inverse operator and Example 2.6, then each inverse is given by

) = £7Y
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(67

) = £

(., 1 -1 1
- §<£ {z—a}_£ {Z+a})
= %(ea(t,O) _e—a(tao))

= sinh,(¢,0),
z

f3(t) = £*1{22+a2}

() )

= - (eia(t7 0) + e—ia(tv O))

N = DN =

= c08,(t,0),
«

) = L)

_ 212 (Cialt, 0) — €_ia(t,0))

= sin,(t,0),

for all regressive a € R and z € C with Re(2) > |a|.

Thus, the preceding examples show that in terms of the transform, the elemen-
tary functions defined in Chapter 1 all become the appropriate time scale analogues

or shadows of their continuous counterparts.

Example 2.9. Suppose we would like to determine the appropriate shadow of the
function

1
fr(t) = %t sinat, a>0.

At first glance, a reasonable guess for its time scale analogue might be the function

1

fT(t) = Zhl (t, 0) sina(t, 0)
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However, closer inspection shows that this guess is in fact incorrect. To see this,

note that the Laplace transform of fr(¢) is

z

Fa(z) = ———.
k(2) (22 + a?)?

To find the the proper analogue fr(t) of fr(t), we search for a time scale function

with the same transform as fr(t). To do this, note that

fr(t) = Lo {F}

_iSiH t; T—lCOS tL T
= 505 0) [ Tt~ et [ finae

so that in general the correct analogue involves the cosine function as well.

Example 2.10. A useful Laplace transform property is the ability to compute the
matrix exponential e4(t,0) when A is a constant matrix. This is a property that we
will heavily exploit in the next chapter when discussing control. As in the discrete
and continuous cases, e4(t,0) solves the initial value problem Y = AY, Y(0) = I.
Transforming yields z£{Y} — Y(0) = AL{Y}, so that L{Y} = (21 — A)™', or
equivalently Y = e4(¢,0) = L7 (2] — A)~'}.

1

For example, let A = . Then
0 3
1 1
(Z] B A)_l _ (2—2)  (2—2)(2—3)
1
0 &5

so that
es(t,0) e3(t,0) —eoft,0
) |60 es(t0) = ealt.0
0 63(t,0)
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Example 2.11. Consider the function F(z) = eg.(0(a),0). This function has no
regressive poles, and hence Theorem 2.6 cannot be applied. If a is right scattered,

the Hilger Delta function which has representation

1 _
m, t—a,

0a () =
0, t # a,
has F(z) as a transform, while if a is right dense, the Dirac delta functional has

F(z) as a transform as we shall see later.

2.2.3 Uniqueness of the Inverse

If two functions f and g have the same (unilateral) transform, then are f and
g necessarily the same function? We have already seen that on R, the answer to
this question is affirmative if we define the equality in an almost everywhere (a.e.)
sense, whereas on Z the answer is affirmative. Of course, the biggest difference
between these two sets is that one only contains right-dense points, while the other
only contains right-scattered points. Thus, this might lead one to conjecture that in
the time scale case, it is necessary to consider points that are scattered and dense
separately. This is in fact the case as we show. Thus, the answer to our question on
uniqueness in the time scales case is affirmative when f = g a.e. for our definition
of a.e. on a time scale. Of course, in order to do so, we must first clarify what is
meant by a.e. on a time scale.

Recall from Chapter 1 that in his initial work on the time scale Lebesgue
integral, Guseinov [26] defines the Carathéodory extension of the set function that
assigns each time scale interval its length to be the Lebesgue A-measure on T. To
construct an outer measure, Guseinov does a Vitali covering of subsets of T by finite
or countable systems of intervals of T, and then naturally defines the outer measure
to be the infimum of the sums of the lengths of the intervals that cover the subsets.

If there is no such covering, he defines the outer measure of the set to be infinite.
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Thus, any time scale will have infinite A-measure. However, Guseinov points
out that his choosing the A-measure to be infinite is merely to preserve the mono-
tonicity of the outer measure. The monotonicity will also be preserved if for a subset
E of T that cannot be covered, we define the outer measure of E to be the outer
measure of the maximal coverable subset of E, call it F', plus some positive extended
real number ¢ chosen independently of £. For his purposes, Guseinov chooses ¢ = oo,
but for our purposes, it is convenient to choose ¢ = 0.

By doing this, the Lebesgue A-measure pa can be decomposed nicely. For any

subset F of T, decompose F as E = D U .S, where
D = {t € T:tisright dense}, S ={te T:tisright scattered}.
Since ¢ = 0 above, we may write
pa(E)=m(END)+c(ENS),

where m(D) denotes the usual Lebesgue measure of the set D and ¢(.5) is the measure
given by ¢(S) = > g 1(s).

Notice that with this decomposition, the sets of measure zero can only consist
of right dense points since pua(E) = 0 if and only if m(EN D) =0and ENS = 0.
Thus, to show that a property holds almost everywhere on a time scale, it is necessary
to show that the property holds for every right scattered point in the time scale, and
that the set of right dense points for which the property fails has Lebesgue measure
Zero.

We are now in a position to prove the uniqueness theorem.

Theorem 2.7 (Uniqueness of the Inverse). If the functions f : T —R andg:T — R

have the same Laplace transform, then f =g a.e. on T.

Proof. Suppose

/0 et (L0) () AL = /0 e (1,0)9(t) A,
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so that the function h = f — g has transform of zero. That is, if we let F' denote the
inversion operator given in Theorem 2.6 and G denote the transform operator, then
h € ker G. But, it follows that (F' o G)(h) = F(0) = 0 = h, where we note that the

function h(t) = 0 a.e. also satisfies the equations above. Thus, f =g a.e. on T. [

With uniqueness up to sets of measure zero now established, notice that we are
now justified in using Table 2.1 to associate a given function with its transform, as
long as we agree that any other function that differs from those given in the table on
a set of measure zero will also have the same transform. Indeed, this agrees with the

cases T = R and T = Z with which we are well familiar and have already discussed.

2.2.4  Frequency Shifting
For f € Cprae2(T,R) with exponential type II constant ¢ > 0, define the

function f,(a,t) by

fula,t) := Z Res.— e = (t,0)F(z),
where F(z) is the transform of f(¢).

Theorem 2.8 (Frequency Shifting). For f € Cpreo(T,R) with exponential type 11

constant ¢ > 0,
E{ea(ta())flt(aat)}(’Z) = F(Z - CL),
where F'(z) denotes the transform of f(t).

Proof. First, note that if F'(z) has poles 2, 21, ..., 2,_1, then F(z — a) has poles

Zo+a,z1+a,...,z,_1+ a. Thus,

LHFE ) = Y e 00F— 0
- ZResz:zk xta(t,0)F(2)
_ ZReszzzk eiaa(t,0)F(2)

= ea(t, O)fu(aa t))
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an expression which equivalently says that

L{ea(t,0) fula, ) }(2) = F(z - a).
[l

We now consider a few examples of uses of Theorem 2.8. First, note that if
T =R, then p =0 and fy(a,t) = f(t), and so on R, the frequency shifting theorem
says

Lea(t,0)fula, )} = L{e"f(1)} = F(z — a),

as expected.

Next, notice for the exponential function, the theorem yields

1

L{eats(t,0)} = L{ea(t,0) (i)

(t,0)} =

€_s
1+pa

which was expected from Table 2.1.

Next, we examine the time scale trigonometric functions. We know

g z

L{sing(t,0)} = 21 L{coss(t,0)} = 2452

so that each of these complex functions has simple poles at z = {3i, —i}. Thus,

for f(t) = cosg(t,0), fu(a,t) = cos_s (t,0), and for f(t) = sing(¢,0), fu(a,t) =

14+pa

sin_s (t,0). Applying Theorem 2.8,

C{@a(t70) Sinﬁ(t,())} = m,
L{eq(t,0) COS$(1§,O)} = ﬁ.

Bohner and Peterson show this in [8, 10] by using uniqueness of solutions to certain
IVPs.

Likewise, for the time scale hyperbolic trig functions,

B z

L{sinhg(t,0)} = 2 L{coshs(t,0)} = 2_p
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so that each of these complex functions has simple poles at z = {3, —5}. Thus, for

f(t) = coshg(t,0), fu(o,t) = cosh_s (t,0), and for f(t) = sinhg(t,0), f.(a,t) =

14+ pa

sinh_s (¢,0). Applying Theorem 2.8,

E{ea (t, 0) Sil’lhlfua (t, O)} = ﬁ,
L{ea(t,0) cosh_s_(£,0)} = ﬁ.

Bohner and Peterson also showed this in [8, 10] by using uniqueness of solutions to
certain IVPs.

The preceding examples are special because the poles are simple in each of
these cases, a fact which probably led Bohner and Peterson to their results. However,
they never talk about the analogue of shifting in the frequency domain for the
function f(t) = t*/k! on R. The reason for this is that the poles for the transform
of this function, and thus the time scale polynomials h(t,0) as well, are not simple
anymore. Indeed, the poles are of order k+1 for £ > 0 € Ny. For example, on T = R,
the function f(t) = te® has transform F(z — ) = ﬁ, and so it is quite natural
to wonder what plays the role of this function in general for arbitrary T. Using

Theorem 2.8, we note F/(z) = 2 has a pole of order 2 at z = 0, and since the residue

t log(1+p(r )(<1+uz<T>a>)A7-
w(T)

calculations in this case involve the derivative of the integral f

with respect to z, we see f,(a,t) AT Thus, another application of

fO 1+u

t 1 1
ﬁ{ea(t,())/o mAT} = Goar

2.3 Convolution

Theorem 2.8 yields

We wish to know what function in the time domain is associated with the
product F(z)G(z) in the z domain. We know that on R and Z, these functions
are the convolution products. Thus, in this section, we turn our attention to the

convolution on an arbitrary time scale T via the Laplace transform.
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We begin by noting that on R and 7Z, the convolution is defined by

(f * 9)(t) = /0 F(t — $)g(s)As.

However, on these two time scales, the difference t — s € T whenever s,t € T. This
need not be true on a general T, so that we cannot define the generalized convolution
within this framework. Instead, we need to define an analogue of the delay or shift

of a function on T. Motivated by this, we have the following:

Definition 2.3. The delay or shift of the function x(t) with z € Cpa.e2(T,R) by

o(r) € T, denoted by z(t,0(7)), is given by

Uo(ry()x(t, (7)) = Y Res.—, X(2)e(t,0(7)).

Here, recall that ue(t) : T — R is the time scale unit step function activated at time

t=¢eT.

Notice that uq(,)(t)z(t, (7)) has transform X (z)eZ(7,0). Indeed,
U (t)z(t,o(T)) = Z Res,—,, X(2)e.(t,o(T))
k=1

- Z Reszzzk [X(Z)6%2<7'7 0)} €z (t7 O)

= L7H{X(2)ed.(1,0)}.

This allows us to use the term delay or shift to describe z(t, (7)), since on T = R,
the transformed function X (z)e™*7 corresponds to the function w,(t)z(t — 7). This

definition also allows us to give an analogue of the time shifting theorem in general.

Theorem 2.9 (Time Shifting). For g(t) € Cpra-e2(T,R),

£{uo(s)(t>g<t7 U(S)>} - /Ooo eoez(tv O)UU(S) (t)g<t7 0<S))At = G(Z)€%Z<S, 0)7

with the integral converging in the ROC of g.
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With the delay operator now defined, we define the convolution of any two

arbitrary transformable time scale functions.

Definition 2.4. The convolution of the functions f(t) and g(t), denoted f x g, with

f,9 € Chrae2(T,R) is given by

(f * 0)(t /f Ar

Before stating the and proving the Convolution Theorem, it is worth noting
that on R and Z, the shift g(¢,0(s)) of the function g(t) is given by g(t — s). Thus,
this tells us that the convolution product reduces to the familiar one that is known

foreachof T=Rand T = Z.

Theorem 2.10 (Convolution Theorem). The transform of a convolution product that
1s absolutely integrable is the product of the transforms, with the Laplace integral
converging in the region Re,, (2) > Re,,(¢), where ¢ = max{cys,c,} and c;y and ¢,

are the exponential constants corresponding to f and g, respectively.

Proof. 1f we assume absolute integrability of all functions involved, then by the delay

property of the transform previously mentioned, we obtain

Lifea) = [ 0 o] A
:/ Uf AT}eez(tO)A
- [ [ mg(t,o( ez.(.0) 8| A7
— [ 0Ll gt or)ar
= [ o 6ee.n 0] ar

- / T H)es (. 0) ATG ()
= F(2)G(2).
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For the convergence of the integral, note that for f and ¢ of exponential type II with

constants ¢y and ¢, respectively, we have

(Fg)t)] = / F(r)g(t o () Ar

< / £ - gt o (7)) A
< Mecg(t,O)/O ee; (7,0)ec, (0,0(7))AT

t
< Mecg(t,())/ €Cf(T,0)€@cg(T,O>AT
0

< o< |ecg(t,0) (€cpee, (t,0) — 1))
g
S o —al (e, (t,0) + e, (t,0))
g
2M
< ——e(t,0),
lcr — ¢
so that f * ¢ is of exponential type II with constant c. Il

Example 2.12. Suppose f(t) = f(¢,0) is one of the elementary functions: that is,
f(t) is one of hg(t,0), e,(t,0), sin,(£,0), cos,(,0), coshy(t,0), or sinh,(¢,0). Di-
rect residue calculations show that the delay f(¢,0(7)) of each of these functions
is given by hi(t,0(7)), eu(t,o(7)), sing(t,o(1)), cosa(t,o(7)), coshy(t,o(7)), and
sinh,(t,0(7)). We wish to build a table of convolution products of these functions
since their products commonly arise in the solutions of dynamic equations. We will
demonstrate the computations involved for one of the products; the rest are similar.

Consider the product e,(t, 0)*eg(t,0). By definitions of the convolution prod-

uct and the delay, we have

ea(t,0) x eg(t,0) = /Oea(T,O)eg(t,O'(T))AT

= eg(t,O)/O ea(7,0)es(0,0(7))AT

t
1
= e t,()/ eacs(T,0)AT
a( )01+Mﬁ op(7,0)
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— eg(i’ 2) [1 = eacp(t,0)]
- 3 ! ~ [e(t,0) = ea(t,0)].

The remaining products can be found in Table 2.2.

Example 2.13. Consider g(t,a(T)) = 1. In this instance, we see that for any f €

Cprae2(T, R), the transform of h(t fo T)AT is given by

F(Z)’

L{h} = L{f 1} = F(:)L{1} =

with the integral converging in the ROC of f. Recall that this is a result which we

obtained by (a notably more lengthy) direct calculation earlier.

Example 2.14. Let

1 S ! )
f(t)—%sma(t»())/o WAT—ECOSa(t,O)\/O WA%

for @ > 0, and g(t) = ep(t,0). We wish to compute (f * ¢)(t). By the Convolu-

tion Theorem, we know that the convolution product has transform F(z)G(z). By

Example 2.9,
P =

Thus, we have

(f*9)(t) = LTHF(2)G(2)}

3
" e G oD
= 2022 +ﬁ2 o1 ) ( BMJF D( (2())4(;‘4 +52)AT+ (a—1)3 + 2a3ﬁ) c0osq4(t, 0)

" oa (a® + 52 at + 3?) (/ o 62 s a;()T - ﬁ%AT +a'+ (-’ +a+ 1)52)

g

X sing (t,0) + (RN 52)

es(t,0).



Table 2.2. Convolutions of some of the elementary functions on T.

) 9(t) (f *9)(1)
es(t,0),a # 8 7 [es(t,0) — ea(t,0)]
eq(t,0) fo 1+W(3)A3
a(t, 0) hu(t,0), 7 0 Frealt,0) = Y5 st (8, 0)
sing(t,0),02 + 42> 0 o) - e Pt
cosg(t,0) a;;i%g) + ﬁzjgf_(ﬁtéﬁ) _ aizsﬁg50)

sing(,0),a # 0,0 # 3 %5 sing(t,0) — %52 sin, (¢, 0)

cosg(t,0),a #0,a# 3 %5 cosp(t,0) — ;3% cosa(t, 0)

sing (¢,0), a0 # 0 Lsin, (¢,0) — 1t cosa(t,0)
sing(t,0
(t:0) hi(t,0), k even (—1)*FDEFD2_L cos, (¢, 0)
T (-1
hi(t,0), k odd (—1)kFDEFD2 L sin (¢, 0)
+ I e
coss(t,0),a # 0,0 # 3 —#%2 sing(t, 0) + 55252 sina(t, 0)
084 (t, 0) Lsin, (¢,0) + 2t cosa(t,0)
hi(t,0), k even 1)RHDE+2)/2_L_gin (¢, 0
COSOé(t7O) ( ) ( )Z(k 2 /2( a) hk_gj_(l(t,o))
o2i 1
hi(t,0), k odd (—1)kFDER/2_L cos,(t, 0)

+Zk 1/2( ) hk iéjil(to)

hi(t,0) hy(t, 0) By jir (£, 0)

o8
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It is worth noting that the convolution product is both commutative and as-
sociative. Indeed, the products f * g and ¢ * f have the same transform as do the
products f % (g % h) and (f % g) % h, and since the inverse is unique, the functions
defined by these products must agree almost everywhere.

At first glance, one may think that the identity is vested in the Hilger delta.
Unfortunately, this is not the case. It can be shown that any identity for the con-
volution will of necessity have transform 1 by the Convolution Theorem. But the
Hilger delta does not have transform 1 since its transform is just the exponential.
Thus, we develop an analogue of the Dirac delta in the next section in order to

establish an identity element.

2.4 The Dirac Delta Functional
Let f,g : T — R be given functions with f(x) having unit area. To define
the delta functional, we construct the following functional. Let C2°(T) denote the
C°°(T) functions with compact support. For ¢g° € C2°(T) and for all € > 0, define

the functional F': C°(T,R) x T — R by

IS 0 (x)g” (o(x)) A, if a is right scattered,
F(¢%,a):=
limeo [;° 2f(£)g(o(2)) Az, if a is right dense.

The time scale Dirac delta functional is then given by the symmetric form

(6a,9") :=F(g°,a).

To demonstrate how this functional acts on functions from C°(T), let g : T — R

be such that g7 € C°(T). If a is right dense, consider

%, ifa<x<a-+e,
f(x) =

0, else,
with the understanding that any sequence of €’s we choose will be under the restric-

tion that a 4+ ¢ € T for each ¢ in the sequence. Then for h(x) = ¢°(z), we have (for
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any antiderivative H(x) of h(z)),

F(g7,a) =lim [ f(a)h(z) Az
€— O
a-+te
h(z)A

= lim f“ (v) Az
e—0 €

_ hr%H(a—i-e) — H(a)
€— €

= H*(a) = h(a) = g(o(a)) = g(a),

in the sense of weak limits. If a is right scattered, then

F(g7,a) = /OOO 0q (2)g"(0(2)) Az = g*(a(a)) = g(a).

Thus, in functional terms, the time scale Dirac delta functional acts as

(97,04) = g(a),
independently of the time scale involved. Also, if g(t) = eq.(t,0), then (6T, g°) =
e (a,0), so that for a = 0, the Dirac delta functional 45 (¢) has Laplace transform of
1, thereby producing an identity element for the convolution. However, the present
definition of the delay operator only holds for functions. It is necessary to extend
this definition for the Dirac delta functional. To maintain consistency with the delta
function’s action on g(t) = €Z,(t,0), it follows that for any ¢ € T, the shift of 4, ()
is given by
04 (t, (7)) := & (7).

With this definition, our claim holds:
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Lr
(C(R,R))” Ty (R)
Lt
I |1 vl [yt
Lr
(C(T,R))" Ty(T)

Lt =ToLg oyt

Figure 2.4. Commutative diagram in the dual spaces.

In other words, when we perform the convolution (g, dg (o(t))), we must give
meaning to this symbol and do so by defining & (o(t)) to be the Kronecker delta when
t is right scattered and the usual Dirac delta if ¢ is right dense. While this ad hoc
approach does not address convolution with an arbitrary (shifted) distribution on the
right, this will suffice (at least for now) since our eye is on solving generalizations of
canonical partial dynamic equations which will involve the Dirac delta distribution.

We now turn to uniqueness of the inverse transform of the Dirac delta. We
would like an analogue of the diagram given in the proof of Theorem 2.6 where we
move from the space of continuous functions to its dual space (or at least restricted
to the dual space of those functions that are infinitely differentiable with compact
support). As frequently happens when we move from a space to its dual space, the
diagram also becomes the dual of the original one. Indeed, the diagram in terms of
the dual space is shown in Figure 2.4.

The mappings v and y~! in the dual diagram act on the transform spaces just
as in Figure 2.3. It is worth comparing Figures 2.3 and 2.4 since X C X*. So how do
we reconcile the two diagrams? We first must clarify what is meant by the identity
map between the two dual spaces. The Dirac delta is defined in terms of its action
on any function: in both dual spaces, (0}, ¢°) = g(a). To make this agree with the

map for the function spaces, note that for f € Chae2(T,R) and g € Cpeo(R, R),
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the action of f(t) on h7(t) = eZ,(t,0) should be the same as the action of g(t) on

h(t) = e *'. For example, the function on T that acts on h?(t) with a result of

is the function f(t) = siny(t,0), while the function on R that acts on h(t) with

1
2241
the same result is g(t) = sin(t). As another example, the function on T that acts

on h?(t) with a result of @ is the time scale unit step function, while on R, the

function that results in @ is the continuous step function. Thus, in terms of the
dual spaces, the map on the left hand side of the diagram is the identity map, while
in the function spaces this identity map maps g into f° by the switching of the
exponentials between the two domains.

The preceding discussion provides the basis for the uniqueness of the transform
of the delta functional. Through the diagram we see that if another functional had
the same transform, then there would be two such functionals over C2°(R, R) which
had the same transform, which we know to be false.

Next, we examine more properties of the Dirac delta. We have already noted

that the functional has transform 1 (as desired) since (05,€2,(¢,0)) = 1. Second,

the transform of the derivative of the delta functional is familiar:
A A
£{oTy = / ST (1,0) Al

= Geca b0 = [ ezean .05 A

1=

= z/ eZ,(t,0)0) At
0

= 2L{0y }

227

so that E{égA} is the same as it on R.
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Finally, just as on R, the derivative of the Heaviside function is still the Dirac

(H®, g°) / HA(t)
— H(t / H(t
- / g%)m
=9(0)

- <(5g’ ga>'

delta:

2.5 Applications to Green’s Function Analysis
We now demonstrate a powerful use of the Dirac delta applied to the Green’s
function analysis ubiquitous in the study of boundary value problems.

Consider the operator L : S — Cyq(T,R) given by
La(t) == (px®)2(t) + q(t)a” (t),
where p,q € Cyq, p(t) # 0 for all t € T, and
S :={x € CYT,R): (pz™)> € Cy(T,R)}.

Bohner and Peterson [8] showed that if the homogeneous boundary value prob-

lem
Lz =0, az(a) — Bz>(a) = yx(a?(b)) + 6z (o (b)) = 0,

has only the trivial solution, then the nonhomogeneous boundary value problem

Lz = h(o(t)), ax(a) — Bz (a) = A, y(o?(b)) + d2° (o (b)) = B, (2.4)

where h? € Cq, and A and B are given constants, has a unique solution. If ¢ is the

solution of
Lo =0, ¢(a) = B3, ¢™(a) = o,

and 1 is the solution of

Ly =0,  (o*(b) =6, v (o) = -,
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then the solution of (2.4) can be written in the form

o(b)
x(t) == / G(t,o(s))h(o(s)) As,

where G(t, o(s)) is the Green’s function for the boundary value problem and is given

by

Lo(t)(o(s)), ift<s,
Lp(t)e(a(s)), ift>o(s),

G(t,o(s)) =

where ¢ := p(t)W (¢, 1)(t) is a constant. They further show that the Green’s function
is symmetric.

For any s € [a,0(b)], if h(o(t)) = 53(1&)(5)7 then

o (b)
£(t) = / 5% (5)G(t, o(s)) As = G(t, o(5)),

and therefore,
L(G(t,o(s)) = 53@)(5)-

In fact,



CHAPTER THREE

Linear Systems Theory on Time Scales

3.1 Controllability

We now turn our attention to the fundamental notions of controllability,
observability, realizability, and stability commonly dealt with in control theory.
Our focus here is the time scale setting, but our definitions coincide with those
that appear in the literature for T = R and T = Z. Throughout this chapter,
A(t) e R B(t) € R™™ C(t) € RP*™ and D(t) € RP*™. We will assume the sys-
tems in question are regressive, a restriction which in turn implies that the matrix
I+ p(t)A(t) is invertible. Hence, on Z, the transition matrix will always be invert-
ible, and so we are justified in talking about controllability rather than reachability
which is common (see [12], [19], and [40]) since the transition matrix in general need
not be invertible for T = Z.

We begin with the time varying case, and then proceed to treat the time
invariant case, in which we will get stronger results than from the latter. We remark
here that some of the statements that follow in this chapter can be found in [3], [4],
and [20], but we have found serious errors throughout these works which are not

present in this chapter.

3.1.1 Time Varying Case
When the term controllability is used to discuss dynamical systems, it means
that the solutions of the dynamic equations involved can be driven to some desired

final state in finite time. Thus, mathematically, this notion is defined as follows.

Definition 3.1. Let A(t) € R**", B(t) € R™™, C(t) € RP*™, and D(t) € RP*™ all be

rd-continuous matrix functions defined on T. Here, p,m < n. The regressive linear

65
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state equation
a2 (t) = A@)x(t) + B(t)u(t), x(to) = xo, (3.1)
y(t) = Ct)z(t) + D(t)u(?),
is called controllable on [to, t] if given any initial state z, there exists a rd-continuous

input signal u(t) such that the corresponding solution of the system satisfies () =

l'f.

We begin by giving a necessary and sufficient condition for a regressive linear
dynamic system to be controllable. The result is an analogue of the corresponding
known results for R and 7Z, for which the theorem reduces to the classical results in

each case.

Theorem 3.1 (Controllability Gramian Condition). The regressive linear state equa-

tion

z2(t) = At)z(t) + B)u(t), z(ty) = xo, (3.2)

y(t) = Ct)a(t) + D(t)u(t), (3.3)
is controllable on [ty,ts] if and only if the n x n controllability Gramian matriz

Go(to, ty) = /tf 4 (ty, o(1))B(t)BT ()% (ty, 0 (1)) At,

18 1nvertible.

Proof. Suppose Ge(to,ts) is invertible. Then, given xy and xf, we can choose the

input signal u(t) as
u(t) = =B ()04 (to, o(t))Gc " (to, tr) (xo — Palto. ty)ay), t € [to.ty).

and extend u(t) continuously for all other values of . The corresponding solution of
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the system at ¢t = t; can be written as

LL’(tf) = (I)A(tf,t(])l’o—i‘/tfq)A(tf,U(t))B(t)u(t)At
= @A(tf,tg)xo
- / " ®alty, o(0) BB (1)) (to, 0(1))05 (to, 1) (w0 — Calto,t)zs) At
= (I)A(tf,t(])xo
- <I>A(tf,to)/tf<I>A(to,O(t))B(t)BT(t)fbﬂ(to,U(t)) AtGe(to, tr) (w0 — Palto, tr)zy)

= Palty to)ro — (Palty, to)ro — xy)

= xy,

so that the state equation is controllable on [to, ty].
For the converse, suppose that the state equation is controllable, but for the
sake of a contradiction, assume that the matrix Go(to,ty) is not invertible. If

Go(to, ty) is not invertible, then there exists a vector z, # 0 such that

0 =2l Golto, tf)re = /tf L ® 4 (to, o (1)) B(t) BT (t)®7 (to, o (t))z, Al (3.4)

But the function in this expression is the nonnegative continuous function

[|2I® 4(to,o(t))B(t)||?, and so it follows that
@At o (1)B() = 0, 1€ o). (35

However, the state equation is controllable on [to, ], and so choosing =y = z, +
® 4(to, tf)xy, there exists an input signal u,(t) such that
tr
Ty = @A(tf,to)zo + / (I)A(fo, a(t))B(t)ua(t) At,
to
which is equivalent to the equation

o= — / 7 Balto. o (1) B(Bu(t) AL

to
Multiplying through by xZ" and using (3.4) and (3.5) yields 2%z, = 0, a contradiction.

Thus, the matrix Go (o, t5) is invertible. O
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The controllability Gramian is symmetric and positive semidefinite. Thus,
the preceding theorem states that (3.1) is controllable on [to,?s] if and only if the
Gramian is positive definite. A system that is not controllable on [ty,tf] may be-
come so when either ¢ is increased or ¢y is decreased. Likewise, a system that
is controllable on [to,t¢] may become uncontrollable if ¢, is increased and/or t; is
decreased.

Although the preceding theorem is strong in theory, in practice it has limita-
tions. Indeed, computing the Gramian requires explicit knowledge of the transition
matrix which is generally not known and can even be difficult to approximate in
some cases. Thus, an easier sufficient condition to check is given by the following

definition and theorem.

Definition 3.2. If T is a time scale such that p is sufficiently differentiable with the
indicated derivatives and rd-continuity existing, define the sequence of n x m matrix

functions

Ko(t> = B(t)
Kja(t) = I+ p(o(®)A(o(t) " K (t)
— [+ pulo)Aa(t) (1> () Ala(t))

+ AT + O AD) T+ AT + ) AD) ] K(), =012,

A straightforward induction proof will show that for all ¢, s, we have that

Aa_; [@4(c(t),0(s))B(s)] = Pa(co(t),o(s))K;(s), j=0,1,...

Indeed, note that the claim trivially holds for j = 0, and for j = n, our inductive
hypothesis gives

an
Asn

[@a(o(t),0(5))B(s)] = Palo(t), 0 (s)) Kn(s).
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Hence,

O [BAlo(t).0()B(s)

= L [Balolt). o) Kals)

= 94(o(0). oI + (o) Al () 2 (6)

(U + (oD A () ™ (1 () Al (3)) + () A> )+ n()Al)) ™
FAGS) (I + () A) (5]

= a(o(t),0(s)) Knpa(s).

Evaluation of these matrices at s = ¢ yields a nice relationship between these

matrices and the matrices given in the definition above:

K()= 2 a0 o()BE]| . i=012

s=t

This relationship enables us to establish the following result.

Theorem 3.2 (Controllability Rank Theorem). Suppose q is a positive integer such
that, for t € [to,ts], B(t) is g-times rd-continuously differentiable and both of u(t)
and A(t) are (q — 1)-times rd-continuously differentiable. Then the regressive linear

system

() = At)x(t) + Bt)u(t), z(ty) = o, (3.6)

y(t) = Ct)a(t) + D(t)ul?),

where

) j:O717"'7Q'
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Proof. Suppose there is some t. € [to,tf) such that the rank condition holds. For
the sake of a contradiction, suppose that the state equation is not controllable on
[to,t¢]. Then the controllability Gramian G (t,ts) is not invertible and, as in the

proof of Theorem 3.1, there exists a nonzero n x 1 vector x, such that
zr® (g, o(1))B(t) =0, t € [to,ty). (3.7)
If we choose the nonzero vector z;, so that z, = ®7(tg, o(t.))z,, then (3.7) yields
a2l ®a(o(t.),oc(t))B(t) =0, tE€ [toty).

In particular, at ¢ = ¢., we have z] Ko(t.) = 0. Differentiating (3.7) with respect to
t,

2y Pa(o(te),o(t)Ki(t) =0, tE [to,ty),
so that zf K(t.) = 0. In general,

4’

A_tj [ZL‘E@Z(O‘(TEC), O-<t))B(t)} = mgKJ<tc) =0, J=0,1,...,q.

Thus,
y {Ko(tc) Kite) ... Kyt)| =0

which contradicts the linear independence of the rows guaranteed by the rank con-

dition. Hence, the equation is controllable on [to, t/]. ]

On R, the collection of matrices Kj;(t) is such that each member is the jth
derivative of the matrix ®4(c(t),0(s))B(s) = ®a(t,s)B(s). This agrees with the
literature in the continuous case (see [39] for example). However, while still tractable,
in general the collection K(t) is nontrivial to compute. The mechanics are more
involved even on 7Z, which is still a very “tame” time scale. Thus, the complications
of the extension of the usual theory become self evident.

Furthermore, the preceding theorem shows that if the rank condition holds

for some ¢ and some t. € [to,tf), then the linear state equation is controllable on
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any interval [to,t] containing t.. This strong conclusion partly explains why the

condition is only a sufficient one.

3.1.2  Time Invariant Case

We now turn our attention to establishing results concerning the controllability
of regressive linear time invariant systems. The Laplace transform presented in
Chapter 2 will provide us with results that are not available in the time varying
case. We begin with an analogue of Theorem 3.2 that gives a necessary and sufficient

condition for controllability. We first need the following lemma.

Lemma 3.1. Given A, B € R™" and u = uy,(ty,o(s)) € R™ an arbitrary rd-
continuous function, then

Ly
span{ / ea(s,to)Bug,(ty, 0(3))As} =span{B, AB, ..., A" 'B}. (3.8)

to
Proof. Let {v(t,t0)}}Z5 be the collection of functions that decompose the expo-
nential matrix as guaranteed by Theorem 1.27. This collection forms a linearly
independent set since it can be taken as the solution set of an n-th order system of
linear ODEs. Apply the Gram-Schmidt process to generate an orthonormal collec-

tion {71 (t,%0)}r—y- The two collections are related by

[’Yo(tato) 7t to) .. P)/nl(tato):| (3.9)
-]911 P12 .. pln-

- [%(t,to) Nt te) ... %A_l(t,to)} ? p:m p?" ., (3.10)
_O 0o ... Prn |

where the matrix on the right is the triangular matrix obtained from the QR fac-

torization of the vector consisting of the functions {v4(t,t0)}7— on the left.
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Using the QR factorization, we can write the matrix exponential as

n

-1
ealt,to) = > wlt to)A*

k=0
n—1
. . . k
= > [%(t, to) i(tte) ... Amaltto)| - PrA",
k=0
where py is the k-th column vector of the triangular matrix R. It is worth recalling
here that the entries on the diagonal of this matrix are norms of nonzero vectors
and are thus nonzero and positive. That is, p; > 0 for all 7.
Rewriting the integral from (3.8),

/f ea(5, t0) By (7, 0(5)) As

to

ty n—1
= > (s, to) A" Bug, (g, o(s))As
k=0

to

ty
to

= ZAkB/ 'Yk(S,tO)uxo(tfva(S))AS

n—1 ty
- ZAkB/ [70(3,150) Yi(s;to) - %A—l(satO)}'pk“xo(tf’(f(S))AS'
k=0 to

Let

tr
yk:/ [%(&to) Yi(s:to) - %A—l(S,to)]'pkul“o(tf’a(s))As’ k=0,1,...,n-1L
to

We will show that span{yo,v1,...,yn—1} = R". That is, there exists some u €
Cra(R™1) so that for any arbitrary but fixed collection of vectors {zg, 21, ..., 2,1} €

R™ ! the system

200

& - 201
/ P1170(8, t0) Uy, (tf, 0(8))As == 29 =

to

20(n—1)



ty
/ (Yo(s,t0)p12 + Y18, to)p2a) U (tr, 0(5))As 1= 21 =

to

to

has a solution.

210

211

| “1(n—1) |

ty
/ (/}70(5) tO)pln +...+ /ynA—l(Sa tO)pnn) Uy (tf) J(‘S))AS = Zp-1 =

Z(n—1)0

Z(n—1)1

Z(nfl)(nfl)
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To accomplish this, we use the fact that the collection (s, to) is orthonormal

and search for a solution of the form

uxo<tf’0(5)) = (u]) = (i ﬂf”%(&%)) :

Starting with ug, the equations become

ty n—1
/ Yop11 Z 5?7} As =z
to =0
ty n—1
/ (Yop12 + Yip22) Z B9 | As = 219

to 1=0

to i=0

ty n—1
/ (ﬁﬂpln + leQn +.o..F ’}/nAflpnn) (Z ﬁ?ﬁz) As = Z(n—1)0-

Since the system 7 is orthonormal, we can simplify the equations above using

the fact that the integral of cross terms ¥;7;, ¢ # 7, is zero. After doing so, the system

becomes a lower triangular system that can be solved by forward substitution. (The

observation that p; # 0 is crucial here, since this is exactly what allows us to solve
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the system.) For example, the first equation becomes
ty n-l tf
/ WAOPM Z 610’}71 As = / ’)70268])11AS
t() ’L:O t()

= 58]?11

201,

so that 33 = 20 Using this value for A in the second equation,

ty n—1 ty
/ (Yop12 + V1p22) <Z 5?71’) As = / (Yop12 + V1p22) (58’?0 + 5?7}) As
to i=0 t—0

P12

= —2zn+ ﬁ%pm
b1

= 210,

so that 3) = Iézu — pf’llyfm 201 We can continue solving the system in like manner

by using forward substitutions to find ﬁjo for all 7 = 0,1,...,n — 1, which will in
turn yield ug = Z?;(} (94;. Repeating this process for uy, ug, ..., u, 1, we find the

correct linear combinations of v to solve the system, and so the claim follows. [

Theorem 3.3 (Kalman Controllability Rank Condition). The regressive linear time

mvartant system
() = Ax(t) + Bu(t), z(te) = o, (3.11)
y(t) = Cuz(t) + Du(t),
is controllable on [ty,ts] if and only if the n x nm controllability matriz
[B AB ... A"'B],

satisfies

rank [B AB ... A”_lB} =n.

Proof. Suppose the system is controllable, but for the sake of a contradiction that the
rank condition fails. Then there exists an n x 1 vector x, such that 27 A*B = 0,k =

0,...,n — 1. Now, there are two cases to consider: either zlz; =0 or 27z, # 0.
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Suppose xzlz; # 0. Then for any ¢, the solution at time ¢ is given by

£t) = / e4(t,0(3)) Bz (3) As + ealt,to)o
= ea(t,0) * Bu(t) + ea(t,0)xq
= Bu(t) *xea(t,0) + ea(t,0)xo

t
- / e 4(5,0) Bitay (1, 0()) As + ea(t, to)o,

to
where we observe that the solution is a convolution and is commutative. Choose
initial state xo = By, where y is arbitrary. Then, again by commutativity of the
convolution and Theorem 1.27, we see

¢
ela(t) = xz/ ea(s,to) Bug, (t,0(s)) As+alea(t,to)xo

to

t n—1 n—1
= [ > (s, to)xy A" Buy,(t,0(s)) As+ > yilt, o)zt A*By
o p—p k=0

= 0,

so that xTz(t) = 0 for all ¢, which is a contradiction since zlz(t;) = ala; # 0.
Now suppose 21z, = 0. This time, we choose initial state xo = ;' (¢, t0)Zq.
Similar to the equation above,

t n—1

vla(t) = /Zvk(s,to)xaTAkBuxo(t,a(s)) As+alea(t,to)es (tr,t0)Ta
to k=0

= alea(t,to)e, (ts,to)Ta-
In particular, at ¢ = t;, Tz(t;) = ||z4]|* # 0, another contradiction.
Thus in either case we arrive at a contradiction, and so controllability implies
the rank condition.
Conversely, suppose that the system is not controllable. Then there exists an

initial state o € R™*! such that for all input signals u(t) € R™*! we have that
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x(ty) # xy. Again, it follows from the commutativity of the convolution that

rp#x(ty) = /feA(tf,a(s))Buxo(s) As+ealty, to)xo

to
tr

= / ea(s,to)Bug,(tr,o(s)) As+ea(ts, to)xo

to

ty n—1
= Zyk(s,to)AkBuxo(tf,a(s)) As +ealty,to)zo.
k=0

to
In particular,

ty
to

n—1
S AB [ nsito)un(tr.0(5)) As £y~ ealty.to)an
k=0

Notice that the last equation holds if and only if there is no linear combination of

the matrices A¥B for k = 0,1,...,n — 1, which satisfy
n—1

Z AkBak =Ty — GA(tf,to)Io.

k=0

The fact that there is no such linear combination follows from Lemma 3.1 once we
realize that an argument similar to the one given in the proof of this result holds if

m < n. Thus, the matrix

[B AB ... A"'B],

cannot have rank n, and so we have shown that if the matrix has rank n, then it is

controllable by contraposition. O]

The preceding theorem is commonly called the Kalman rank condition after
R.E. Kalman who first proved it in 1960 (see [33] and [35]) for the cases T = R and
T = Z. Thus, in our analysis, we have again unified the two cases: however, once
again we have also extended the result to the arbitrary time scale with bounded
graininess. However, it is important to point out that the proof here is not the
one that Kalman gave, which is the one classically used for R and Z (see [39] for
example). In these two special cases, an observation about the particular form of
the matrix exponential on R and Z allows one to arrive at the result in a more

straightforward manner.
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Example 3.1. Consider the system

8 1 2 5

A = | " T e+ | e, =0)=| |,
1 1 1 2
45 10

u(t) = |3 4} ().

It is straightforward to verify that

9 _29

rank {B AB} = rank S - 2,
1 -1
90

so that the state equation is controllable by Theorem 3.3.

The next theorem establishes that there is a state variable change in the time

invariant case that demonstrates the “controllable part” of the state equation.

Theorem 3.4. Suppose the controllability matrix for the regressive linear time invari-

ant state equation

2 (t) = Ax(t) + Bu(t), x(to) = o,

y(t) = Cz(1),

satisfies

rank |B AB ...A" 'B| =g,

where 0 < g < n. Then there exists an invertible matriz P such that

~ ~

AP — An AA12 B

Y

O(W—Q)Xq AAQ? 0(n—q)><m

where A1 is q X q, B11 is ¢ X m, and

~ A~ A ~ g—1 ~
rank |B;, A By ... Anq Bi| =4
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Proof. We begin constructing P by choosing q linearly independent columns py, po, . . .

from the controllability matrix for the system. Then choose pgi1,...,pn as n x 1

vectors so that

P=\pi ... pq Pgt1 -+ P
is invertible. Define G so that PG = B. Writing the j-th column of B as a linear
combination of the linearly independent columns of P given by pi,ps, ..., pg, we find
that the last n — ¢ entries of the j-th column of G must be zero. This argument
holds for j =1,...,m, and so G = P~!B does indeed have the desired form.

Now set ' = P71AP, yielding

PF = |Ap;, Apy...Ap,|-

The column vectors Apy, ..., Ap, can be written as linear combinations of py, ..., p,
since each column of A¥B,k > 0 can be written as a linear combination of these
vectors. As for G above, the first ¢ columns of F' must have zeros as the last n — ¢
entries. Thus, P~'AP has the desired form. Multiply the rank-¢g controllability

matrix by P~! to obtain

P'B AB ... A~'B| = |P'B P 4B ... PlAnlB]

= |G FG ... F”_IG]

n—1_«

By AuBu ... An Bu
0 0 0

Applying the Cayley-Hamilton theorem gives

~ N~ A N~ g—1 ~
rank |By, A By ... Allq Bn} =4q.

Theorem 3.5. The regressive linear time tnvariant state equation
®(t) = Ax(t)+ Bu(t), z(ty) = o,

y(t) = Cuz(b),

>pq7
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s controllable if and only if for every scalar A\ the only complex n X 1 vector p that

satisfies pT A = \p?,pTB =0 is p = 0.

Proof. For necessity, note that if there exists p # 0 and a complex A such that the

equation given is satisfied, then it follows that

p'|B AB ... A”lB] = [pTB »TAB ... pTAnlB]
= [pTB \p'B .. A”lpTBla

so that the n rows rows of the controllability matrix are linearly dependent, and
hence the system is not controllable.
For sufficiency, suppose that the state equation is not controllable. Then by

Theorem 3.4, there exists an invertible P such that

~ ~

P_IAP _ All A12 P_lB _ Bll

A~

O(”*Q)Xq A22 O(nfq)xm

with 0 < ¢ < n. Let p7 = 014 qu P~ where p, is a left eigenvector for Ass.

Thus, for some complex scalar A, quAA;Q = )\qu,pq # 0. Then p # 0, and

T [ 1 |Bu
L 410
[ 1 [An A
A = o pf | Pt= {0 quT} Pt =p".
- 110 Axp
Thus, the claim follows. m

We can paraphrase the preceding result as saying that in a controllable time
invariant system, A can have no left eigenvectors that are orthogonal to the columns

of B. This fact can then be used to prove the next theorem.
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Theorem 3.6. The regressive linear state equation

z2(t) = Ax(t)+ Bu(t), z(ty) = o,

y(t) = Cux(b),
1s controllable if and only if
rank {z[—A B} =n
for every complex scalar z.

Proof. By Theorem 3.5, the state equation is not controllable if and only if there

exists a nonzero complex n x 1 vector p and complex scalar A such that

P’ [AI—A B},p#(l

But this condition is equivalent to saying that

rank {)\]_A B} < n,
so the claim follows. O

3.2 Observability
The next notion from linear systems theory that we explore is observability.
As before, we will treat the time varying case first followed by the time invariant

case.

3.2.1 Time Varying Case

In linear systems theory, when the term observability is used, it refers to the
effect that the state vector has on the output of the state equation. As such, the
concept is unchanged by considering simply the response of the system to zero input.

Motivated by this, we define the following.
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Definition 3.3. The regressive linear state equation

z2(t) = A)x(t), z(ty) = xo,

y(t) = CH)z(),

is called observable on [ty,ts] if any initial state z(¢y) = x( is uniquely determined

by the corresponding response y(t) for t € [to,ts).

The notions of controllability and observability can be thought of as dual to
one another. Thus, any theorem that we obtain for controllability should have an
analogue in terms of observability. Thus, we begin by formulating observability in

terms of the Gramian.

Theorem 3.7 (Observability Gramian Condition). The regressive linear system

() = A(t)x(t), x(ty) = x0,

y(t) = Ct)x(),

is observable on [to,ts] if and only if the n x n observability Gramian matriz
ty

Golto, ts) = / DT (t,t)CT () C (1) D A(t, to) At

0

1s invertible.

Proof. If we multiply the solution expression

y(t) = C(t)Pa(t, to)zo,

on both sides by ®%(¢,¢,)C(t) and integrate, we obtain
ty
/ (¢, o) CT (t)y(t) At = Go(to, ts)o.
to
The left side of this equation is determined by y(t) for ¢ € [to,ts), and thus this
equation is a linear algebraic equation in zg. If Go(to,ts) is invertible, then z( is

uniquely determined.
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Conversely, if Go(to,tr) is not invertible, then there exists a nonzero vector z,

such that Go(to, t;)x, = 0. But then X Go(to, tf)x, = 0, so that
Ct)Pa(t,to)xe =0, tE [to,ts).

Thus, z(tg) = xo + x, yields the same zero-input response for the system as z(ty) =

xo, and so the system is not observable on [to, tf]. O

The observability Gramian, like the controllability Gramian, is symmetric pos-
itive semidefinite. It is positive definite if and only if the state equation is observable.

Once again we see that the Gramian condition is not very practical as it re-
quires explicit knowledge of the transition matrix. Thus, we present a sufficient
condition that is easier to check for observability. As before, observability and con-
trollability can be considered dual notions to one another, and as such, proofs of
corresponding results are often similar if not the same. Thus, any result for which
we do not give the proof in observability has a proof that mirrors the proof of the

result for controllability.

Definition 3.4. If T is a time scale such that p is sufficiently differentiable with the
indicated derivatives and rd-continuity existing, define the sequence of p x n matrix

functions

Lo(t) = C(@),

Liwa(t) = Li)A(t) + LY () + p()A(t), j=0,1,2,...

As in the case of controllability, an induction argument shows that

L(0) = 2 1C0@A,5)

s=t

With this, an argument similar to the one before shows the following:

Theorem 3.8 (Observability Rank Condition). Suppose q is a positive integer such

that, for t € [to,ts], C(t) is g-times rd-continuously differentiable and both of u(t)
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and A(t) are (q — 1)-times rd-continuously differentiable. Then the regressive linear

system

2 (t) = A(t)x(t), x(ty) = xo, (3.12)

is observable on [ty,ts] if for some t. € [to,ts), we have

Lo(t.)
Ly(t.
rank 1(f) =n,
| Lyte) |
where
1o .
Li(t) = N [CH)Palt,s)]| , =01,....q

3.2.2  Time Invariant Case
Like controllability, observability has equivalent conditions that become neces-
sary and sufficient in the time invariant case. The first is the Kalman rank condition,

whose statement and proof follow.

Theorem 3.9 (Kalman Observability Rank Condition). The autonomous linear re-

gressive system

o2 (t) = Ax(t), x(to) = o,

y(t) = Cu(t),

is observable on [to,ts] if and only if the nm X n observability matriz

C
CA

A
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satisfies

CA

rank =n.

CAnfl
Proof. Again, we show that the rank condition fails if and only if the observability

Gramian is not invertible. Thus, suppose that the rank condition fails. Then there

exists a nonzero n x 1 vector z, such that
CAFz, =0, E=0,....,n—1.
This implies, using Theorem 1.27, that

Ly
Go(to, tf)re = / el (t,t0)CTCey(t, to)ra At

to

ty n—1
— / eh(t,t0)CT > " lt, to)CAFz, At
to k=0

= 0,

so that the Gramian is not invertible.
Conversely, suppose that the Gramian is not invertible. Then there exists
nonzero x, such that

ngo(tg, tf)l'a = 0
As argued before, this then implies
C@A(t,to)l’a = O, t e [to,tf)

At t = ty, we obtain C'z, = 0, and differentiating k£ times and evaluating the result
at t =ty gives

CA* 2, =0, k=0,...,n—1.
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Thus,
_ . -
CA
ze =0,
CcA!
so that the rank condition fails. ) _ O]

The proof of the preceding result demonstrates an important point about con-
trollability and observability in the arbitrary time scale setting: namely, proofs of
similar results for the two notions are often similar, but can sometimes be very dif-
ferent. (Comparing the proof of the Kalman condition for controllability with the
one for observability shows this stark contrast.)

The following example makes use of Theorem 3.9.

Example 3.2. Consider the system

_—% % 2 5
Al = o)+ | |u®), w0)=]"],

& 2
v®) = |3 4|20

From Example 3.1, recall that the system is controllable. We claim the system is

also observable. This follows from Theorem 3.9 since

3 4
rank = rank = 2.
cal |- -

The following three theorems concerning observability have proofs that mirror

their controllability counterparts, and so will not be given here.

Theorem 3.10. Suppose the observability matriz for the regressive linear time invari-

ant state equation
2 (t) = Ax(t) + Bu(t), x(to) = xo,

y(t) = Cx(1),
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satisfies

CA

rank =/,

A

where 0 < £ < n. Then there exists an invertible n X n matriz ) such that

. An 0 )
QTAQ = . . ) cQ= Ci1 0},
A21 A22

where AAH sl x U/, (fn s px L, and
o
ChAn
rank =/.

Cri A
The state variable change Theorem 3.10 is constructed by choosing n—¢ vectors

in the nullspace of the observability matrix, and preceding them by ¢ vectors that

yield a set of n linearly independent vectors.

Theorem 3.11. The regressive time invariant linear state equation

() = Ax(t) + Bu(t), z(te) = o,
y(t) = Cu(t),

is observable if and only if for every complex scalar X\, the only complex n x 1 vector

p that satisfies Ap = A\p,Cp =10 is p=0.

Again, Theorem 3.11 can be restated as saying that in an observable time

invariant system, A can have no right eigenvectors that are orthogonal to the rows

of C.
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Theorem 3.12. The regressive time wnvariant linear state equation

z2(t) = Ax(t)+ Bu(t), x(to) = zo,

for every complex scalar z.

3.3 Realizability
The term realizability in linear systems theory refers to the ability to char-
acterize a known output in terms of a linear system with some input. A precise

definition of the concept follows.

Definition 3.5. The regressive linear state equation

e = A)x(t) + Bt)u(t),  x(ty) =0,

y(t) = C@)x(t),
of dimension n is called a realization of the weighting pattern G(t, o(s)) if
G(t,o(s)) = C(1)alt,a(s))B(s),

for all ¢, s. If a realization of this system exists, then the weighting pattern is called
realizable. The system is called a minimal realization if no realization of G(t,o(s))

with dimension less than n exists.

Notice that for the system

() = A(t)x(t) + B(t)u(t), x(ty) =0, (3.13)

y(t) = C)z(t) + D(t)u(t),
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the output signal y(¢) corresponding to a given input wu(t) and weighting pattern
G(t,o(s)) =C(t)Pa(t,o(s))B(s) is given by
t
y(t) = /t G(t, o(s))u(s) As + D()ult), t > to.
0
When there exists a realization of a particular weighting response G(¢,0(s),
there will in fact exist many since a change of state variables will leave the weight-
ing pattern unchanged. Also, there can be many different realizations of the same
weighting pattern that all have different dimensions. This is why we are careful to
distinguish between realizations and minimal realizations in our definition.
We now give equivalent conditions for realizability: as before, we begin with

the time variant case and then proceed to the time invariant case.

3.8.1 Time Varying Case

The next theorem gives a characterization of realizable systems in general.

Theorem 3.13 (Factorization of G(t,0(s))). The weighting pattern G(t,o(s)) is re-
alizable if and only if there exist a rd-continuous matriz H(t) that is of dimension

g X n and a rd-continuous matriz F(t) of dimension n x r such that G(t,o(s)) =

H(t)F(o(s)) for allt,s.

Proof. Suppose there exist of the matrices H(t) and F'(t) with G(t,0(s)) = H(t)F(o(s)).

Then the system

is a realization of G(t,0(s)) since the transition matrix of the zero system is the

identity.
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Conversely, suppose that G(t,o(s)) is realizable. We may assume that the

system

is one such realization. Since the system is regressive, we may write
G(t,0(s)) = C(t)Pa(t,0(s))B(s) = C(t)Pa(t,0)4(0,0(s)) B(s),

and so by choosing H(t) = C(t)®a(t,0) and F(t) = ®4(0,0(t))B(t), the claim
follows. O

Although the preceding theorem gives a basic condition for realization of linear
systems, often in practice it is not very useful because writing the weighting pattern
in its factored form can be very difficult. Also, as the next example demonstrates,

the realization given by the factored form can often be undesirable in certain aspects.

Example 3.3. Suppose T is a time scale with 0 < p < 2. Under this assumption,

—1 € R™(T). Then the weighting pattern
G(t,o(s)) = e_1/4(t,0(s)),
has the factorization
G(t,0(s)) = e_1a(t,o(s)) = e_17a(t,0)ec(—1/4(0(s),0).

By the previous theorem, a one-dimensional realization of G is

JZA(t) = e@(,1/4)(t,0)u(t),

y(t) = e_1/a(t,0)x(t).
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This state equation has an unbounded coefficient (note that eg(_1/4)(t,0) = e1/a—p)(t,0)
is unbounded since 1/(4 — p) > 0) and is not uniformly exponentially stable. How-
ever, the one-dimensional realization of G given by

) = —ix(t)jLu(t),

y(t) = =(1),

does have bounded coefficients and is uniformly exponentially stable. Thus, this

realization is the more desirable of the two realizations because of this fact.

Before examining minimal realizations, some remarks are in order. First, note

that inverse and o operators commute:
PN o(t)) = P7H(t)+p(t)(PH(1)"
= P7H(t) + u(t)(—P(a())) PR P(E)
= P7(t) = (P(o(t))""(P(a(t)) = P(t)P7}(1)
= (P(a(t) "
Second, it is possible to do a variable change on the system
w2 (t) = A(t)x(t) + B(t)x(t),

y(t) = C(t)x(t),

so that the coefficient of x(¢) in the new system is zero, while at the same time
preserving realizability of the system under the change of variables.

Indeed, set z(t) = P~1(t)x(t) and note that P(t) = ®4(t,t,) satisfies
(P(a(t) T A@)P(t) = (P(a(t) 7' P2 (t) = 0.

If we make this substitution, then the system becomes
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Thus, in terms of realizability, we may assume without loss of generality that A(t) =
0 by changing the system to the form given above. We shall make frequent use of
this fact when proving the results that follow.

It is important to know when a given realization is minimal. The following
theorem gives a necessary and sufficient condition for this in terms of controllability

and observability.

Theorem 3.14 (Characterization of Minimal Realizations). Suppose the regressive

linear state equation

is a realization of the weighting pattern G(t,o(s)). Then this realization is minimal
if and only if for some ty and ty > ty the state equation is both controllable and

observable on [to,ts].

Proof. As argued above, we may assume without loss of generality that A(t) = 0.
Suppose the n—dimensional realization given is not minimal. Then there is a lower-

dimension realization of G(t,0(s)) having form

22t = R()u(?), (3.14)

with the dimension of z(t) being n, < n. Writing the weighting pattern in terms of

both realizations produces C(t)B(s) = S(t)R(s) for all t,s. Thus,
CT(t)C(t)B(s)B"(s) = CTS(t)R(s) B (s),

for all ¢,s. For any ¢y and t; > %, it is possible to integrate this expression with

respect to t and then with respect to s to obtain

Golto, t1)Ge(to, t7) = / 7 oS () At / 7 R(s)BT(s) As.

to to
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The right hand side of this equation is the product of an n x n, matrix and an
n, X n matrix, and as such, it cannot have full rank since the dimension of the
space spanned by the product is at most n, < n. Therefore, Go(to,tr) and Go (o, ty)
cannot be simultaneously invertible. The argument is independent of the ¢, and ¢
chosen, and so sufficiency is established.

Conversely, suppose that the given state equation is a minimal realization of
the weighting pattern G(¢,0(s)), with A(t) = 0. We begin by showing that if either

Gol(to, ty) = /tf B(t)B™(t) At,

to

or

Gotto.t) = [ 00 A,

to

is singular for all ¢y and ¢, then minimality is violated. Thus, there exist intervals
[t5, t4] and [tf, t4] such that G (t§, t4) and Go (tf, %) are both invertible. If we let to =
min{t§, t5} and ¢y = max{t$,¢}}, then the positive definiteness of the observability
and controllability Gramians yield that both G (to,tr) and Go(to, tf) are invertible.

To show this, we begin by supposing that for every interval [to, ;] the matrix
Go(to,ty) is not invertible. Then, given ¢, and ¢, there exists an n x 1 vector

x = x(to, ty) such that

t
0 = " Go(to, t) — / " BBtz At.

to
Thus, 27 B(t) = 0 for t € [to, t7).
We claim that there exists at least one such vector x that is independent of
to and ty. To this end, note that if T is unbounded from above and below, then for

each positive integer k£ there exists an n x 1 vector x; with
lael| = 1; 2y B(t) =0, t€ [~k k].

Thus, {x)}52, is a bounded sequence of n x 1 vectors and by the Bolzano-Wierstrauss

Theorem, it has a convergent subsequence since T is closed. We label this convergent
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subsequence by {xy,}32, and denote its limit by o = ]hjgo xy,. Note z{B(t) = 0
for all ¢, since for any given time t,, there exists a positive integer .J, such that
to € [—kj, k;] for all 7 > J,, which in turn implies ijB(ta) =0 for all j > J,.
Hence, z{ satisfies z{ B(t,) = 0.

Now let P~! be a constant, invertible, n X n matrix with bottom row zl. Using
P! as a change of state variables gives another minimal realization of the weighting

pattern, with coefficient matrices

PB(t) = Bi(t) : C(t)Pz{CH(t) (jz(t)}’

01><m

where B (t) is (n—1) xm, and C,(t) is px (n—1). Then a straightforward calculation

shows G(t,o(s)) = Cy(t)Bi(o(s)) so that the linear state equation

is a realization for G(t,o(s)) of dimension n — 1. This contradicts the minimality of
the original n-dimensional realization. Thus, there must be at least one ¢§ and one
t$ > t§ such that Go (1, t%) is invertible.

A similar argument shows that there exists at least one } and one t’]’c > t? such
that Go (14, t4) is invertible. Taking to = min{t§, tj} and t; = max{t$,}} shows that
the minimal realization of the state equation is both controllable and observable on

[to, tr]. O

3.3.2  Time Invariant Case
We now restrict ourselves to the time invariant case and use a Laplace trans-
form approach to establish our results. Instead of considering the time-domain

description of the input-output behavior given by

y(t) = / Gt o(s)u(s) As,
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we examine the corresponding behavior in the z-domain. Laplace transforming the
equation above and using the convolution theorem yields Y(z) = G(z)U(z). The
question is: Given a transfer function G(z), when does there exist a time invariant

form of the state equation such that
C(zI — A)7'B =G(2),

and when is this realization minimal?
To answer this, we begin by characterizing time invariant realizations. In what
follows, a strictly-proper rational function of z is a rational function of z such that

the degree of the numerator is strictly less than the degree of the denominator.

Theorem 3.15. The p x q transfer function G(z) admits a time invariant realization

of the regressive system

if and only if each entry of G(z) is a strictly-proper rational function of z.

Proof. If G(z) has a time invariant realization, then G has the form G(z) = C(2I —
A)~'B. We showed in Chapter 2 that for each Laplace transformable function f(t),
F(z) — 0 as z — oo, which in turn implies that F(z) is a strictly-proper rational

function in z. Thus, the matrix (21 — A)~!

is a matrix of strictly-proper rational

functions, and G(z) is a matrix of strictly-proper rational functions since linear

combinations of such functions are themselves strictly-proper and rational.
Conversely, suppose that each entry G;(z) in the matrix is strictly-proper and

rational. Without loss of generality, we can assume that each polynomial in the

denominator is monic (i.e. has leading coefficient of 1). Suppose

d(z) = 2"+ de_12" ..+ dy,
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is the least common multiple of the polynomials in the denominators. Then d(z)G(z)
can be decomposed as a polynomial in z with p X ¢ constant coefficient matrices, so
that

d(2)G(z) = P12 '+ ...+ Pz + P,

We claim that the gr-dimensional matrices given by

Oq Iq Oq Oq B T
Fo
Oq Oq Oq Oq
Py
A: ? B: ? C: 9
0, 0, ... 0, 0,
Pr—l
—dol, —diI, ... —d,_4I, I, -

form a realization of G(z). To see this, let
R(z) = (2 — A)7'B,

and partition the ¢r x ¢ matrix R(z) into r blocks Ri(2), Ra(z2),. .., R.(z), each of
size ¢x q. Multiplying R(z) by (2] —A) and writing the result in terms of submatrices

gives rise to the relations
Rig1(2)=zR;, i=1,...,r—1, (3.15)
and
ZR,(2) + doR1(2) + diRo(2) + ... + dy1 R(2) = I, (3.16)

Using (3.15) to rewrite (3.16) in terms of R;(z) gives

and thus from (3.15) again, we have

21,
R(z) = ﬁ
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Multiplying by C' yields

1
C@f—Ar%%:aj(%+zﬂ+.”+f434)::G@%
z
which is a realization of G(z). Thus, the claim follows. O

The realizations that are minimal are characterized in the following theorem.

The result is repeated here for completeness sake in this easier case of Theorem 3.14.
Theorem 3.16. Suppose the time invariant regressive linear-state equation
() = Ax(t) + Bz(t),

y(t) = Cx(t),

is a realization of the transfer function G(z). Then this state equation is a minimal

realization of G(2) if and only if it is both controllable and observable.

Proof. Suppose the state equation is a realization of G(z) that is not minimal. Then

there is a realization of G(z) given by

with dimension n, < n. Thus,
Cea(t,0)B = Rep(t,0)Q, t>0.
Repeated differentiation with respect to t, followed by evaluation at ¢ = 0 yields
CA*B = RF*Q, k=0,1,....

Rewriting this information in matrix form for £ =0,1,...,2n — 2, we see

CB CAB ... CA™'B RQ  RPQ ... RP™Q

CA"'B CA"B ... CA® 2B RP"™Q RP"Q ... RP™2Q
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and can be rewritten as

L -
CA B RP B
B AB ... A'Bl=|  |[Q PQ ... P"'Q].
(cAm | RP"

However, since the right hand side of the equation is the product of an n_p x n, and
an n, Xn,m matrix, the rank of the product can be no greater than n,. Thus, n, < n,
which implies that that the realization given in the statement of the theorem cannot
be both controllable and observable. Therefore, by contraposition a controllable and
observable realization must be minimal.

Conversely, suppose the state equation given in the statement of the theorem
is a minimal realization that is not controllable. Then there exists an n x 1 vector
y # 0 such that

y"[B AB ... A"'B] =0,

which implies 47 A*B = 0 for all k > 0 by the Cayley-Hamilton theorem. For P~! an
invertible n X n matrix with bottom row 47, then a variable change of z(t) = P~ x(t)

produces the state equations

which is also an n-dimensional minimal realization of G(z). Partition the coefficient

matrices of the state equation above as

Ay Anl| o Bi| .
. X B
A21 A22 0

where Ay is (n —1) x (n—1), By is (n—1) x 1, and Cy is 1 x (n — 1). From these
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partitions, it follows from the construction of P that AB = P~'AB has the form
ib A:Hél _ [Aub

Since the bottom row of P~'A*B is zero for all k > 0,

Ces(t,0)B = |Cy Cy| Y A*Bhy(t,0)
- - k=0
i 1AL B
N ~ 11 1
= Cl CQ Z hk(tao)
L 4 k=0 0

so that the state equation in the statement of the theorem is in fact not minimal, a

contradiction. A similar argument holds if the system is assumed not to be observ-

able. O]
We now illustrate Theorem 3.15 and Theorem 3.16 with an example.

Example 3.4. Consider the transfer function G(z) = %. G(z) admits a

time invariant realization by Theorem 3.15 since G(z) is a strictly-proper rational

function of z. The form of G(z) indicates that we should look for a 2-dimensional

realization with a single input and single output. We can write

-1

-5 L 2
G(Z) _ {3 4:| o] — 45 30 7
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so that a time invariant realization of G(z) is given by

8 1
-2 L 2
A1) = P ) + u(t), 2(0) = o,
1 1
—i 16 1

We showed in Example 3.1 that this realization is in fact controllable, and we showed
in Example 3.2 that it is also observable. Thus, Theorem 3.16 guarantees that this

realization of G(z) is minimal.

3.4 Stability
We complete our foray into linear systems theory by considering stability.
Potzsche, Siegmund, and Wirth deal with exponential stability in [38]. DaCunha
also deals with this concept under a different definition in [15, 16] and emphasizes the
time varying case. We begin by revisiting exponential stability in the time invariant
case and then proceed to another notion of stability commonly used in linear systems

theory.

3.4.1 Fxponential Stability in the Time Invariant Case

We start this section by revisiting the notion of exponential stability. We are
interested in both the time invariant and time varying cases separately since it is
often possible to obtain stronger results in the time invariant case.

We have already noted that if A is constant, then ®4(¢,tg) = ea(t,to). In what
follows, we will consider autonomous systems with ¢y = 0 in order to talk about the
Laplace transform.

Recall from Chapter 1 that DaCunha in [16] defines uniform exponential sta-

bility as follows.
Definition 3.6 (DaCunha, [16]). The regressive time varying system

8 = A(t)x(t), z(ty) = xo,
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is called uniformly exponentially stable if there exist constants v, A > 0 with —\ € R™

such that for any tg and z(ty), the corresponding solution satisfies

z(@)]] < [[z(to)l[ve-x(t, to), t > to.
With this definition of exponential stability, we can prove the next theorem.

Theorem 3.17. The autonomous equation
2 (t) = Az(t), z(0) = o,
1s uniformly exponentially stable if and only if

| lleateonl s < s
0
for some 3 > 0.

Proof. For necessity, note that if the system is uniformly exponentially stable, then

by Theorem 1.24, we have that

/ lea(t, 0)|| At < / e 5(£,0) At
0 0

b
X

Y

so that the claim follows by choosing 8 = {.
For sufficiency, assume the integral condition holds but for the sake of contra-
diction that the system is not exponentially stable. Then, again by Theorem 1.24,

we know that for all A,y > 0 with —\ € R", we have that

[leat, 0)I| > ve-x(t,0).

Computing the integral gives

/ lealt, 0)]] At > / Yo x(t,0) At
0 0
- %E,A<t,0))0
-

-
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In particular, if we choose v > A, then

/°°||e,4<t,o>|| At _p,
0 A

a contradiction. O

Now consider the system
2(t) = Ax(t), z(0) = 1.
Transforming this system yields
X(2) = (2 — A

which is the transform of e4(¢,0). We know that this result is unique as we argued
in the previous chapter. Note that this matrix contains only strictly-proper rational

functions of z since we have the formula

adj(zI — A)

(eI = A4)7 = det(z] — A)’

Specifically, det(z] — A) is a degree-n polynomial in z, while each entry of adj(z] —A)

is a polynomial of degree at most n — 1. Suppose
det(z] —A) = (2 = A\)" (2 — X)¥2 ... (2 — Am) V™,

where Ai, Ao, ..., \, are the distinct eigenvalues of the n x n matrix A, with corre-
sponding multiplicities 11,1y, . .., %,,. Decomposing (2] — A)~! in terms of partial

fractions gives
m P

(I =A)7 =) Wy Z_Ak

k=1 j=1

where each Wy; is an n x n matrix of partial fraction expansion coefficients given by

1 d¥r—i
(wk — ])l dz¥r—i

ij = [(Z — /\k)wk (ZI — A)il}

2=k
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If we now take the inverse Laplace transform of (2 — A)~! in the form given above,

we obtain the representation

m Yy
0= > w0

k=1 j5=1
where f;(p, Ax) is the sequence of functions obtained from the residue calculations
of the jth derivative in the inversion formula. For example, the first few terms in

the sequence are

fO(M7 )\k> = 17

t
1
N = A
A = [ e ar
t 1 2 t ,LL
Falt M) (/0 L+ pAy ) o (14 pAe)?

t 1 3 t [ t 1
) = Ar) -3 —F—— A A
falis M) /0 14 p)g T) /0 (1 + pAe)? T/o T+

t 2,&2
+ | —F _ Ar
/o (1+ pAg)?

Notice that if p is bounded, then each f;(y, Ax) can be bounded by a “regular”
polynomial of degree j in ¢, call it a;(¢). That is, f; can be bounded by functions
of the form a;(t) = a;a7 + a;_129~'--- + ag. This observation will play a key role
in the next theorem. Potzsche, Siegmund, and Wirth do prove this result in [38],
but our proof differs from theirs somewhat in that we use the transform to obtain
it, while they use other techniques. Note, however, that in the theorem we do use
their definition of exponential stability rather than the one given by DaCunha. For

completeness, we remind the reader by restating their definition here.

Definition 3.7 (Potzsche, Siegmund, Wirth, [38]). For ¢,y € T and xy, € R", the

system



103

is said to be uniformly exponentially stable if there exists a constant a > 0 such that

for every tg € T there exists a K > 1 with
| @A, to)|| < Ke @) for t > t,
with K being chosen independently of ;.

Recall that DaCunha’s definition of uniform exponential stability of a system
will imply that the system is uniformly exponential stable if we use Potzsche, Sieg-
mund, and Wirth’s definition of the concept, but the converse need not be true in

general. Thus, DaCunha’s definition is weaker in this sense.

Theorem 3.18. The autonomous system
2(t) = Ax(t), z(0) = xo,

is exponentially stable if and only if all eigenvalues of A live in S(C), the stability

region of T, which has bounded graininess.

Proof. Suppose the eigenvalue condition holds. Then, appealing to Theorem 3.17
and writing the exponential in the explicit form given above in terms of the distinct

eigenvalues A1, Ao, ..., A, we obtain

m Yp

~ fimr(i Aw)
[lteatwoniae = [0S wi B o) a
0 0 k=1 j=1 !

m Yk
< Yl [

k=1 j=1

m Yk

SoS Il [ lara(en 0) A

k=1 j=1

f] 1 ILLJ)\]C (t 0) A

IN

m Yk

SoS Il [ e a
k=1 j=1

m Yk

SoS Il [ at
k=1 j=1

< Q.

IN

IN
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Notice that the last three lines hold by appealing to Definition 3.7. Thus, by Theo-
rem 3.17 the system is exponentially stable.

Now, for the sake of a contradiction, assume that the eigenvalue condition
fails. Let A be an eigenvalue of A with associated eigenvector v, with A ¢ S(C).

Direct calculation shows that the solution of the system
28 = Az, x(0) = v,

is given by z(t) = ex(t,0)v. According to Potzsche, Siegmund, and Wirth, if A ¢

S(C), then
tlim ex(t,0) # 0,
so that we arrive at a contradiction. ]

3.4.2 BIBO Stability in the Time Varying Case

Besides exponential stability, the concept of bounded-input, bounded-output
stability is also a useful property for a system to have. As its name suggests, the
notion is one that compares the supremum of the output signal with the supremum

of the input signal. Thus, we can define the term as follows.
Definition 3.8. The regressive time varying linear state equation
a2(t) = A(t)z(t) + B(t)u(t), z(to) = o,
y(t) = C@)x(1),
is said to be uniformly bounded-input, bounded-output stable if there exists a finite

constant 7 such that for any ¢y and any input signal u(t) the corresponding zero-state

response satisfies
sup ||y ()] < nsup [[u(t)]].
t>to t2to
Note that we use the word ‘uniform’ to stress that the same 7 works for all

to and all input signals. We wish to know when a system is BIBO stable, and so a

characterization of BIBO stability follows.
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Theorem 3.19. The regressive time varying linear state equation

z2(t) = A®)x(t) + B(t)u(t), z(ty) = xo,

y(t) = Cz),

1s uniformly bounded-input, bounded-output stable if and only if there exists a finite

constant p such that for all t,7 with t > 1,

[ 6ol a5 <o

Proof. Assume such a p exists. Then for any ¢y and any input signal, the corre-

sponding zero-state response of the state equation satisfies

ol = || [ comat.ot)nus as)
< [Ucto@ el a5 e> 10

Replacing ||u(s)|| by its supremum over s > t,, and using the integral condition, we

obtain

Ol < [ lIGE o)l Assup )]

< psup|fu@)|], =t

t>to

Thus, taking the supremum of the left hand side of the inequality over t > tg, the
system is BIBO stable if we choose n = p.

Conversely, suppose the state equation is uniformly BIBO stable. Then there
exists a constant n so that, in particular, the zero-state response for any tg and any
input signal such that f;ltp [lu(t)|| < 1 satisfies ?Btp lly(t)|] < n. For the sake of a
contradiction, suppose n; Oﬁnite p exists that sati;ffes the integral condition. Then
for any given p > 0, there exist 7, and ¢, > 7, such that

[ Gtolias >

P
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In particular, if p = 7, this implies that there exist 7,,, with ¢, > 7,, and indices 1, j
such that the 7, j-entry of the impulse response satisfies

t"]
| 1Gsttro)ins =

n

With ¢, = 7, consider the m x 1 input signal u(t) defined for ¢ > ¢, as follows: set
u(t) = 0 for t > t,, and for ¢ € [to, t,] set every component of u(t) to zero except for

the j-th component given by the piecewise continuous signal

(

1, Gij(th(t)) > 0,

u;(t) = <0, Gij(ty,o(t) =0, t€ [to,ty),

—1, Gi]‘(tn,O‘(t)) < 0.

\

This input signal satisfies ||u(t)|| < 1 for all ¢ > ¢y, but because of the integral con-

dition above, the i-th component of the corresponding zero-state response satisfies

vilty) = / " Gyt 0(5))uy () As

to

- / Gyt o(5)) A

to
> n.

Since ||y(t,)|| > |vi(t,)|, we arrive at a contradiction that completes the proof. [

We now wish to give conditions under which the notions of exponential stability

and BIBO stability are equivalent. To this end, we begin with the following.

Theorem 3.20. Suppose the regressive time varying linear state equation

2 (t) = A@t)z(t) + Bt)u(t), z(ty) = o,

y(t) = C(t)x(t),
1s uniformly exponentially stable, and there exist constants 3 and ~y such that

1Bl < 6 and [[C(H)]] < a
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for all t. Then the state equation is also uniformly bounded-input, bounded-output

stable.

Proof. Using the bound implied by uniform exponential stability, we have

/I!G(t,U(S))HAS < /HC(t)H!@A(t,U(S))\IHB(S)HAS

< aﬁ/ 1@t o(s))]| As

< aﬁ/ ve-x(t,o(

= afW/ 1—u(s)A€A/<1 u (s, 1) As
_ af’V (1= e x(t,7))

. o

— A *

By Theorem 3.19, the state equation is also bounded-input, bounded-output stable.
m

The following example illustrates the use of Theorem 3.20.

Example 3.5. Let T be a time scale with 0 < p < % Consider the system

—2 1 cos(t
xA(t) = x(t) + (t) u(t), x(to) = wo,
—1 —sin(t) — 2 sin(t)
W) = |1 et 20,

where here, sin(t) and cos(t) are the usual trigonometric functions and not their
time scale counterparts. DaCunha, in [15], shows that the system is uniformly

exponentially stable by applying Theorem 1.21 with the choice Q(t) = I. For t > 0,

we have ||B(t)|| = y/cos2(t) +sin’(t) = 1 and ||C(#)|| = /1 + (e_1(,0))2 < V2
since p = —1 € R* from our assumption on T, and hence, by Theorem 3.20, the

state equation is also uniformly bounded-input, bounded-output stable.
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For the converse of the previous theorem, it is known on T = R and T = Z that
stronger hypotheses than simply having the system be BIBO stable are necessary to
establish exponential stability (see [1], [2], and [37]). At present, we lack an analogue
of this result for an arbitrary time scale in the time varying system case. We will
see that the time invariant case does allow for the equivalence of the two notions in

the general time scale case under certain conditions.

3.4.83 BIBO Stability in the Time Invariant Case
We need to extend the definition of BIBO stability to the time invariant case,
but for reasons that will soon become apparent, we will need to modify the definition

slightly:.

Definition 3.9. For any shift u(t,o(s)) of the transformable function wu(t), the time

invariant system

is said to be uniformly bounded-input, bounded-output stable if there exists a finite

constant n such that the corresponding zero-state response satisfies

sup |[y(4)|| < nsupsup|lu(t,o(s))]|.
>0 >0 s>0

Note that Definitions 3.8 and 3.9 are different: one deals with the time varying
case and the other with the time invariant case. The modified definition in the time

invariant case says that the output stays bounded over all shifts of the input.

Theorem 3.21. The regressive linear time invariant system

z2(t) = Ax(t) + Bu(t), x(to) = o,

y(t) = Ca(1),
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1s bounded-input, bounded-output stable if and only if there exists a finite 3 > 0 such

that
/0 1G(0)]|Af < 5.

Proof. Suppose we have the existence of the claimed # > 0. For any time ¢, we have
t
y(t) = / Cea(t,o(s))Bu(s)As
0
t
= /C’eA(s,O)Bu(t,U(s))As,
0

since y(t) is a convolution, so that

t
ly@ll < HCH/ llea(s, O)I[ [[BI| sup [[u(t,a(s))||As
0 0<s<t

IN

||C||/O lleals; 0)l1As |IBI| sup u(t, o(s))I]

Therefore,

sup [[y(2)[| < HCH/ |lea(s, 0)[|As ||B]| supsup|lu(t,o(s))]|-
>0 0 £>0 s>0

If we choose n = ||C|| B|B||, the claim follows.
Conversely, suppose that the system is bounded-input bounded-output stable,

but for the sake of a contradiction that the integral is unbounded. Then,

sup |[y(¢)|| < nsupsup [[u(t, o(s))|],
t>0 >0 s>0

and

/ ||G(t)||At > [, for all 5> 0.
0

In particular, there exist indices 7, j such that

/oo |Gz](t)|At > ﬁ
0

Choose u(t,o(s)) in the following manner: set wu(t,0(s)) = 0 for all k& # j, and
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define u;(t,o(s)) by
)

1, if Gij(S) > 0,

uj(t70<8)) =130, if Gij(s) =0,

-1, if Gij(s) < 0,

\

and choose > n > 0. Notice that supsup ||u(t,o(s)|| < 1, so that sup||y(t)|| < n.
>0

>0 s>0
However,
t
sup [[y(t)[| = supl| [ G(s)u(t,o(s))As]|
>0 >0 Jo
t
= sup|| [ G,(s)-uj(s)As||
>0 Jo
t
> sup/ |Gi;(s)|As
t>0 Jo
- / Gy(s)|As > B> 1,
0
which is a contradiction. Thus, the claim follows. O]

The next theorem demonstrates the equivalence of exponential and BIBO sta-
bility in the time invariant case. Recall that this is a notion we currently lack in the

time varying case.

Theorem 3.22 (Equivalence of BIBO and Exponential Stability). Suppose the linear

regressive time invariant state equation
2 (t) = Ax(t) + Bu(t), x(to) = xo,
y(t) = Cx(1),

1s controllable and observable. Then the system is uniformly bounded-input, bounded

output stable if and only if it is exponentially stable.

Proof. 1f the system is exponentially stable, then by Theorem 3.17,

/ [Cea(t, 0)B|| At < |IC]| ||B||/0 llea(t, 0)]] At < 1.

0
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Conversely, suppose the system is uniformly bounded-input, bounded output
stable. Then
/ [|Cea(t,0)B|| At < oo,
0

which implies
tlim Cea(t,0)B = 0. (3.17)

Using the representation of the matrix exponential given earlier in terms of the

transform, we may write

T el )
Cea(t,0)B =) > Ny~ __’1), e (t,0), (3.18)
k=1 j=1 ’

where the A\ are the distinct eigenvalues of A, the Nj; are constant matrices, and

the f;(i, Ay) are the terms from the residue calculations. In this form,

. o A kJj—1 k
AitceA(tao)B:; (Nkl)\k:“‘Z( j—1 ,ua j Elzil/!(t) k) 4 A ]27 _(l;;‘/\ ))) e)\k(t’())‘

If this function does not to go to zero as t — oo, then using (3.18), we could compare

this result with (3.17) to obtain a contradiction. Thus,

lim <%C€A(t,O)B) = tlim CAex(t,0)B = tlim Cea(t,0)AB =0,

t—o0
where the last equation holds by noting that if A is constant, then A and e4(t,0)
commute. Similarly, it can easily be shown that any order time derivative of the

exponential goes to zero as t — oo. Thus,

lim CAeq(t,0)A’B =0, i,j=0,1,...

t—oo
It then follows that
C
CA

t—o00

lim ea(t,0) |B AB ... A»'B| =0. (3.19)

A
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But, the system is controllable and observable, and so we can form invertible ma-
trices G& and G by choosing n independent columns of the controllability matrix
and n independent rows of the observability matrix, respectively. Then, by (3.19),
tlggo Goeal(t,0)Ge = 0. Hence, tlirglo ea(t,0) = 0 and so the exponential stability fol-

lows from the arguments given in Theorem 3.18. O]
We make use of the preceding theorem in the following example.

Example 3.6. Suppose T is a time scale with 0 < p < 4. The system

-8 1 2
B(t) = 415 301 x(t) + 1 u(t), z(0) = zo,
wt) = |3 4]

is controllable by Example 3.1 and observable by Example 3.2. The eigenvalues of
Aare \| = —% and \y = —%. Note that the assumption on T implies A;, Ay € S(C),
the stability region of T. Thus, by Theorem 3.18, the system is exponentially stable.

Theorem 3.22 then says that the system is also BIBO stable.

As we have seen, the Laplace transform can be a useful tool for analyzing
stability in the time invariant case. With this in mind, we desire a theorem that
determines if a system is BIBO stable by examining its transfer function. The

following theorem does this.

Theorem 3.23. The regressive linear time invariant system

() = Ax(t) + Bu(t), z(te) = o,

y(t) = Cx(t),

18 bounded-input, bounded-output stable if and only if all poles of the transfer function
G(z) = C(zI — A)7'B are contained in S(C).
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Proof. If each entry of G(z) has poles that lie in S(C), then the partial fraction
decomposition of G(z) discussed earlier shows that each entry of G(¢) has a sum
of “polynomial-multiplied exponential terms” form. Since the exponentials will all

have subscripts living in the stability region,

| lcwiia< o,
0

and so the system is bounded-input, bounded-output stable.

Conversely, if
/ IG@IAL < oo,
0

then the exponential terms in any entry of G(¢) must have subscripts that lie in the
stability region by using a standard contradiction argument. Thus, every entry of

G(z) must have poles that lie in the stability region. O

3.5  Linear Feedback
In this section, we examine linear feedback in systems. In particular, we focus
on state feedback and leave output feedback as an area of future research outside the
scope of this dissertation.
We begin by defining several ubiquitous terms in standard linear systems the-

ory. The open loop state equation is given by

2®(t) = A@)z(t) + Bt)u(t), z(ty) = o,

y(t) = Ct)x(t).

This equation is called open loop because the controller computes its input into the
system using only the current state and its model of the system.

In linear control, linear state feedback replaces the input u(t) by an expression
of the form u(t) = K(t)z(t) + N(t)r(t), where r(t) represents a new input signal,

and K(t) € R™™ N(t) € R™™ are rd-continuous. Thus, substituting the linear
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feedback into the original equation yields the closed loop state equation given by

z2(t) = [A(t) + BO)K ()] «(t) + BO)N()r(t), x(to) = w0,

y(t) = Ct)(t).

This equation is termed closed loop because the outputs of the system are fed back
to the inputs of the controller. That is, process inputs have have an effect on process
outputs which is measured in some way and then processed by the controller; the
resulting control signal is used as an input to the process, closing the loop (see [21]).

For linear output feedback, we choose u(t) as
u(t) = L(t)y(t) + N(t)r(t).
In this case, the new resulting state equation is

z2(t) = [A(t) + B)LOCW)] () + BON(t)r(t), x(to) = o,

y(t) = Ct)().

In what follows, we will need to use the inverse of the matrix I — F'(z), where
F(z) is a matrix of strictly-proper rational functions of z. Invertibility follows from
noting that the function det [I — F(s)] is a rational function of z, and it must be a
nonzero rational function since ||F(z)|| — 0 as |z| — oo. Thus, [I — F(2)]”" exists
for all but a finite number of values for z, and it is a matrix of rational functions.

We begin by comparing the transition matrices of the open-loop and closed-

loop equations.

Theorem 3.24 (Equivalence of Transition Matrices). If ®4(t, 7) is the transition ma-

trix for the corresponding open-loop state equation

2®(t) = A)z(t) + Bt)u(t), z(ty) = o,

y(t) = Ct)x(t),
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and ® 4,k (t,T) is the transition matrix for the corresponding closed-loop equation
B8 = [A@) + BOK®)]a(t) + BONGr(®), w(to) = o,

y(t) = Ct)(),

resulting from linear state feedback, then
t
Daypr(t,7) = DPalt, 1) +/ G 4(t,0(s))B(s)K(8)Parpr(s, 7)As.

If the open-loop equation and state feedback are both time-invariant, then the Laplace
transform of the closed-loop matrix exponential can be expressed in terms of the

Laplace transform of the open-loop matrix exponential as
(21 — A= BK)™ = [I — (21 — A)'BK] ™" (2 — A)~".

Proof. For the first claim, let 7 be arbitrary but fixed. Evaluation of the right hand
side of the equation at ¢ = 7 yields the identity matrix. Differentiating the right

side of the equation with respect to ¢ yields

d

A 2t + [ atts o) BOK ()t

= A(t)Pal(t,7)
+ A(t) / (I)A(t, O’(S))B(S)K(S)CI)A+BK(S, T)AS + @A(U(t), O'(t))B(t)K(t)(I)A+BK(t, 7')
= A(t) |:(I)A(t,7') +/ @A(t,J(S))B(S)K(s)@A+3K(S,T)AS] + B(t)K(t)Parpr(t,T).

That is, the right hand side of the last equation satisfies the matrix differential
equation that uniquely determines ® 4, gk (t,7) for any 7.

For the time invariant case, with 7 = 0, the equation becomes
earpr(t,0) =ea(t,0) + /Ot ea(t,o(s))BKeapr(s,0)As.
Transforming each side and recognizing the right hand side as a convolution produces
(2l —A—BK)™' = (21 =A™ + (21 — A)'BK (2l — A— BK)™*,

an expression that is easily rewritten to give the claimed form. O
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Theorem 3.25. If G(t,0(s)) is the weighting pattern of the regressive open-loop time
invariant state equation, and G(t,a(s)) is the weighting pattern of the regressive
closed-loop time invariant state equation resulting from static output feedback, then

the transfer functions of the two state equations are related by
G(z) =[I — G(z)L] " G(2)N.
Proof. The preceding theorem with 7 = 0 yields
t
earpi(t,0) =ea(t,0) +/ ea(t,o(s))BKeaypk(s,0)As.
0

Replace K with LC' to reflect output feedback, and then premultiply by C' and

postmultiply by BN to obtain
t
Ceaypk(t,0)BN = CeA(t,O)BN+/ Cea(t,o(s))BLCeaipK(s,0)BN As,
0
or equivalently,
A t A~
G(t,0) = G(t,O)N+/ G(t,o(s))LG(s,0)As.
0

Again, recognizing the right hand side as a convolution and transforming yields

N

G(z) = G(2)N + G(2)LG(2),
from which the claim follows immediately. O]

We would now like to consider when it is in fact possible to stabilize the system

in question, and how to do so. To answer this, we first need a couple of lemmas.

Definition 3.10. The regressive linear state equation

z2(t) = At)x(t) + B(t)u(t), z(to) = o,

y(t) = C@)x(t),
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is called wuniformly exponentially stable with rate X > 0, where —\ € R™, if there
exists a constant v > 0 such that for any ¢, and z, the corresponding solution
satisfies

lz(@)]] < ve-x(t,to)l|zoll, t = to.
Lemma 3.2. The Hilger circle H is closed under the operation & for allt € T.

Proof. Let a € C be such that || < 1. Then for a given graininess p, the number
a= aT’l € H. Similarly, let g € C be such that |3| < 1, so that b = % € H. We
set

c:=a®b=a+ b+ pabd.

Now, ¢ € H if there exists a 7 € C such that |y| < 1 with ¢ = 7—;1 We claim that
the choice v = a3 will suffice, from which the claim follows immediately.

Indeed, with this choice of v, we have that

-1 a—1 —1 a—15-1
gl At o g

"
f p [t pooop

and since |y| = |a - |B] < 1, the claim follows. O

Lemma 3.3 (Stability Under State Variable Change). The regressive linear state

equation

is uniformly exponentially stable with rate 13?&7 where X\, > 0 such that —\ € R™,

if the linear state equation
22() = [A) (1 + pa) + ad]z(t),

1s uniformly exponentially stable with rate X.
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Proof. By direct calculation, x(t) satisfies

if and only if z(t) = e, (t,to)x(t) satisfies
22(t) = [A@#) (1 + pa) + ad]z(t), 2(to) = 0. (3.20)

Now assume there exists a v > 0 such that for any z, and ¢, the solution of (3.20)
satisfies

2] < ve-r(t, o)l zoll, t = to.

Then, substituting for z(t) yields

llea(t, to)x(8)[| = ealt, to)||z(E)|] < ve-x(t,to)l|zoll,
so that
z(D)]] < ve-realt,to) < Ve—(rta)/(+ura)(t: to)-
An application of Lemma 3.2 then gives the result. ]

In order to achieve the desired stabilization result, we need to define a weighted

version of the controllability Gramian defined earlier as

Goltorty) = / " a(te, 0(5)) B(s)BL ()DL (1, 0 (s))As. (3.21)

to

To this end, for & > 0 define the matrix G¢, (to,tr) by

Go, (to, tr) = /f(ea(tg,S))4®A<t0,U(S))B(S)BT(S)¢£(t0,J(S))AS. (3.22)

to

We are now in position to prove the following major result of Chapter 3.

Theorem 3.26 (Gramian Exponential Stability Criterion). Let T be a time scale with

bounded graininess. For the regressive linear state equation

() = A(t)x + B(t)u(t), x(ty) = o,

y(t) = Ct)x(t),
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suppose there exist positive constants €1, €s and a strictly increasing function C : T —
T such that 0 < C(t) —t < M holds for some constant 0 < M < oo and allt € T
with

61] S gc(t,C(t)) S 62], (323)
for all t. Then given a positive constant «, the state feedback gain

K(t) = =B (t)(I + u(t) A" (t)) ' Ge, (t.C(1)), (3.24)

1s such that the resulting closed-loop state equation is uniformly exponentially stable

with rate o.

log(1 t
Proof. We first note that for N = sup og(L+ p(t)e)
teT pu(t)

, we have 0 < N < oo since T

has bounded graininess. Thus,

- (_ /tC(t) log(1 +’“<3)0‘)As>

1u(s)
C(t)
> exp | — NAs
t
_ N
> o MN,

Comparing the quadratic forms z7Gc, (t,C(t))x and 27 Go(t,C(t))x using their re-

spective definitions (3.21) and (3.22) gives
e MNGo(t,C(t)) < Ge, (t,C(1)) < Ge(t,C(1)),
for all ¢. Thus, (3.23) implies
ee”MNT <G (t,C(1)) < el (3.25)

for all ¢, and so the existence of G;'(¢,C(t)) is immediate. Now, we show that the

linear state equation

2A(t) = [A) (1 + p(t)a) + al]z(t), (3.26)
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where A(t) = A(t) —B(t) BT (¢)(1+pu(t) AT (t))G: (t,C(t)), is uniformly exponentially

stable by applying Theorem 1.23 with the choice
Q(t) = Gg. (1, C(1)). (3.27)

Lemma 3.3 then gives the desired result. To apply the theorem, we first note that
Q(t) is symmetric and continuously differentiable. Thus, (3.25) implies

64MN

Ly <Q(t) <

€9 €1

I, (3.28)

for all t. Hence, it only remains to show that there exists v > 0 such that

([1 4 1) [0+ n10)A() + a1 ] Qo) [T+ (t) [(1 4+ u()0) A1) + a1 - Q(t)>

u(t)
is less than or equal to —v1.

We begin with the first term, writing

[] + p(t) [(1 +u(t)a)A(t) + af} T] Qo (1)) {1 + p(t) [(1 +u(t)a)A(t) + aJH
= (14 () [[1+ AT ()] — GaMt, C0)) [ + (B AW ™" u(t) B)B"(1)]

© Galo(t),Clo) [IT + unAD)] — (BB () [+ () A™(1)] ' G5 (¢.¢(1))]
We pause to establish an important identity. Notice that

1+ u(t)A(t)] Ge, (t,C(1)) [T+ u(t) AT (t)]

= u(t)B(t)B" (t) +

(3.29)

This leads to
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which in turn yields

-1

I =Goi(t,C(0)) [+ p()A®)] ™ () B)BT(t) [ + u(t) AT (1)]
= (14 p()e) G (8, C(0)) [ + () A(1)] ™ G (a(1), C(1))
I+ pATH)] (3.31)

The first term can now be rewritten as

(14 p(t)a)? [T+ (AT (1)) = G5l (1, C0) 1 + p(HA®)] ™ () B(t) B ()]
© Gol (1), Clo(t) [T+ u)AW] — p(t) BB (¢) [T + (D) AT(8)] ™ G (t.c(v))]
— (14 p(t)a)? [T = 651 (t,C0) [T + p(®) AW () BB (1) [1+ p(t) A" (1)] ]
[+ u()) AT (5] G5X (1), CU) 1T + n(®)A(®)]

1= 11+ p®AR)] w®)BOBT (1) [1+p(t)A™(0)] 7 G5 ¢.c(1)]

Using (3.30) and (3.31), we can now write
[1 + () [(1 + () AT (1) + aJH Qo (1)) [f + () {(1 4 (D) Alt) + aJH

= (L+p(t)a)°Gol(t,C(1) [+ u(t) A1) G (o (1), C(1))Ge, (a(1), Clo(t))
© Go(o(0),C) [T+ () AT ()] Gol (t.C1)). (3.32)

On the other hand, from the definition of G¢, (¢,C()), we have
G (0(1),C(0 (1) = Geo (0 (), C(1)),

which in turn implies

Combining this with (3.32) gives
[1 +p(t) [(1 4 u(t)a) AT () + OJH Qo (t)) [I +p(t) [(1 +u(t)a)A(t) + a[”

< (4 () G (4,C) [T+ uHAW] ™ Ge (o), CW)) [+ p() AT(8)] |
- GaltC).
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Applying (3.29) again yields

[ (@) [+ ) AT(1) + ol || Qo) |1+ p(t) [(1+ p(t)a) At) + ol ||
< (14 u()a) Gt C1)

(14 p(t)a)*Ge, (1,C(8) = (1+ p(t)a)* [T+ p(OAR)] ™ w(t) BOBT () [T + pn) A" ()] |
Go. (,C(1))
< (14 u(t)a) G (. C(1)).

Thus,

([1+ ) [0+ ) A7(1) + 1| | Qo) [1+ p@) [(1+ pW@)A) +at|| - Q)
u(t)

(0 +pt)a)? —

p(t)(1+ p(t)a)?
(1+pt)a) —1
p(t)ea(1 + p(t)a)?

Now, the quantity ((1 + p(t)a)? — 1) / (u(t)e2(1 + u(t)a)?) is certainly not constant,

gca@ C(t))

1.

but it can be bounded by a quantity that is (here p* = fipax):

(I+pt)a)> =1 20+ p(t)o? S a

pt)e(1+pt)a)? el +p(t)a)? = el + pra)?
Thus, if we set v = a/(e2(1 + p*«)?), then
([1+ 1) [0+ p®@)AT (@) + || Q@) |1+ (1) |1+ uH)a)Alt) + oI || - Q)
p(t)

is in fact less than or equal to —v1. O]

Some questions remain regarding Theorem 3.26. What types of functions C(t),
which we term the compactification operator, will suffice to meet the hypothesis of
the preceding theorem? For T = R, it is known that C(t) = ¢ + ¢ for any 6 > 0 is
sufficient, while on T = Z, the function C(t) = ¢t + k for &k € N meets the criteria.
In fact, our result agrees with the results known in each of these cases: on R, for

C(t) = t+6 and K (t) = —BT(t)G; ' (t,t+0), it is proved in [13] and [39] that the result
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holds, as is the case on Z, where C(t) =t + k and K (t) = =BT (t)A"TG 1 (t,t + k).

(Recall that the time scales analysis deals with the difference form rather than the

recursive form, so we do indeed expect to get a shift of the known result on Z.) For

the time scale P, defined earlier, a candidate for C(t) is given by C(t) =t + a + b.

If we examine 7Z a little more closely, we see that on this time scale the choice

C(t) = t + k is really C(t) = o"(¢), which leads to the conclusion that a possible

choice for a purely discrete time scale T in general (that is, a time scale with no

right dense points) could be C(t) = o*(t) for some k > 0 € N. For a general time

scale T with both right dense and right scattered points, one possible choice for C(t)

18

(

t+ 91, if ¢ is right dense,

C(t) = § ok (1), if o'(t)#t forall 0<i<k,

o (t) + 0y, else.

\

We now demonstrate the preceding theorem with an example.

Example 3.7. Let p,q € RT be constants such that the system

z2(t)

y(t)

o

d+ep(t,0))2 n 1 (/104¢q(1,0)2 3 (y/4+ep(t0)2 3 (1/10+€4(t,0))

10\ [ave,(t,0) 10 /104e(t0) 10\ /ate,(1,0) 10 /10+¢4(1,0) )

3 (/4+ep(t0))2

is regressive.

3 (/10+4¢9(t,0)2 1 (y/44ep(t0))2 i 9 (1/10+¢4(t,0)%

L10 \/a+ep(t,0) 10 \/104¢4(t,0) 10\ /4+ep(t,0) 101 /10+¢4(t,0)
V10 0
. u(t),
0 Y10
10

3VE VT
V5 —3vIl|
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A direct calculation (i.e. verification) shows that the transition matrix is given

3(Vadte(tols) 10+t o(s))
d+ep(t,o(s)  —3(\/10+e4(t,0(s)))

Du(t,o(s)) =

Now, we have
@4t 0(s))B(s)B" (s)Pa(t, o(s))

104+ ep(t,0(5))) + 5510 + e(t, 0(5))) G54+ ep(t, 0(s)) — 15(10 + eq(t, 0(5)))

64+ ep(t,o(s)) — 510+ et 0(5))) 54+ ep(t, 0(5))) + 15(10 + eq(t, (5)))

which can be diagonalized as

)

3 —3| [4+ep(t,o(s)) 0 %
11 0 10+ e4(t,0()) | |35 15
Thus, Go(t,C(t)) can be written as
€0 13 —1| |4+ ep(t,0(s)) 0 3 L
et c(t) - | a1 e
tol1 o1 0 10+ e,(t,o(s)| | -2 2

For s > t, the eigenvalues A\ (¢, 0(s)) = 44¢,(t,0(s)) and Ao(t, o(s)) = 104-¢€4(t, 0(s))

have the bounds 4 < A\ (¢,0(s)) <5 and 10 < A\y(,0(s)) < 11, respectively. Thus,
3 1 ct) 14 0 3 L
3 / As 10 10
11 b0 4 -3 2
< Go(t,C(1))
- 3 —3 /Cm 11 0 AL £ &= |
11|\ o n —3 0

or equivalently

IA
Q
Q
=
Q
1=

IN
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Thus, if we assume 0 < N < C(t) —t < M < oo, then
ANT < Go(t,C(1)) < 11MT.
By Theorem 3.26, the closed loop equation

w2(t) = (A+ BE)(t)x(t),

y(t) = x(t),
is uniformly exponentially stable if we choose a > 0 and

K(t) = =B"(t)(I + u(t)A"(t)) "G, (t.C(1)).



CHAPTER FOUR

Conclusions and Future Directions

In this dissertation, we have examined several different aspects of a linear
systems theory in the arbitrary time scale setting. The Laplace transform given by
Bohner and Peterson in [10] has been analyzed and given a rigorous foundation. The
concepts of controllability, observability, and reachability have been introduced and
conditions for a system to possess these properties presented. Exponential stability
as defined by DaCunha in [15, 16] has also been discussed further, with particular
interest concerning its relation to bounded-input, bounded-output stability, another
concept that has been defined in the dissertation. We also examined the effects of
linear state feedback in systems and showed that it is possible to stabilize a system
whose controllability Gramian is bounded by positive perturbations of the identity
regardless of the spacing of the time scale, as long as the time scale does not have
arbitrarily large spacing.

The applications of the theory could most likely happen in the area of adaptive
control (see [23], [24], and [25]). In particular, in real time communication networks,
it would be advantageous to be able to analyze the system without knowing the
time scale a priori. Indeed, an analysis that allows the time scale to be created “on
the fly” would be useful as the times of serious activity on the network are most
often unknown and can be difficult to account for. Resources used by the network
could be saved and bandwidth limitations maintained if the system does not have to
be sampled frequently in an uniform fashion as is currently done. Thus, the utility
of our analysis becomes self evident: we are never concerned with the underlying

spacing to obtain our results.

126
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As for future directions, there are certain crucial tools in systems analysis still
missing. For example, we currently lack a frequency analysis in the general time
scale setting. This tool is critical for determining how systems and their dynamics
evolve in time, and it is also useful for feedback as it can be used to select appropriate
feedback gains to obtain desired physical properties of systems. Another tool that we
lack currently is the theory of output feedback and observers. These are necessary
to design effective controlled systems that achieve prescribed results. The results
established in this dissertation are useful in this regard since we now know how to
invert the transform, which provides the basis for associating the usual trigonometric
functions with their generalized transforms thereby understanding frequency. The
results concerning state feedback give insight as to determining corresponding results
for output feedback.

Another area that deserves attention is the control of systems involving bound-
ary value problems (BVPs). To the author’s knowledge, at present there is nothing
in the literature that deals with this concept in the time scale setting. Thus, it is an

area ripe for research.
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