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Dedication

“There is one God, the Father, ever-living, omnipresent, omniscient,
almighty, the maker of heaven and earth, and one Mediator between God
and man, the man Jesus Christ...” Isaac Newton [439] [Newton’s second

law (page 1054), Newtonian physics (page 1057)].

“The divinity of Christ’s mission in this world cannot possibly be called
into question.” “It is an established truth that Christ has risen from the
grave.” “We can absolutely trust in all the promises given in the gospel.”
Leonhard Euler [329]. [Eulers formula (page 31), Euler’s identity (page
281), Euler-Mascheroni constant (page 1133)] |.

“I am a Christian, that is to say, I believe in the divinity of Jesus Christ.”
Augustin-Louis Cauchy [329]. [Cauchy random variable (page 314),
Cauchy principle value (page 316), Cauchy autocorrelation (page 514),

Cauchy Schwarz inequality (page 1116)].

“I think men of science as well as other men need to learn from Christ,
and I think Christians whose minds are scientific are bound to study
science that their view of the glory of God may be as extensive as their
being is capable.” James Clerk Maxwell [329]. [Maxwell-Boltzmann
distribution (page 680), Maxwell random variable (page 1127), Maxwell’s

equations (page 1072)]

‘There is a God-shaped vacuum in the heart of every man, which only
God can fill through His Son Jesus Christ.” Blaise Pascal [1197, 1548].
[Pascal distribution (page 306), Pascal random variable (page 362),

Pascal’s triangle (page 1118)].

“Christ [is] the power of God and the wisdom of God. The Christian
religion is a revelation and that revelation is the Word of God.” Michael
Faraday [1129]. [Faraday’s law (page 1072)].

“For the invisible things of Him from the creation of the world are clearly
seen, being understood by the things that are made, even His eternal

power and Godhead; so that they are without excuse.” Romans 1:20.
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Preface

“The last thing one knows when writing a book is what to put first.” Blaise
Pascal

“Someone told me that each equation I included in the book [A Brief History
of Time] would halve its sales.” Stephen Hawking. [638]

0.1 Audience

The emphasis of this text is the broad field of Fourier analysis and some of
its immediate outgrowths including convolution, systems theory, Shannon
sampling theory and the modelling of random variables and stochastic pro-
cesses. More advanced material includes nonlinear system modelling such
as the Volterra series and TIPP systems, the ambiguity function born of
radar and sonar signal analysis, and Fourier transform theory applied to
the theory of time scales. The book is written at the level of the advanced
senior or first year graduate student who has an introductory foundation
in Fourier analysis and stochastic processes. Rudimentary familiarity with

probability and image processing is helpful but not necessary.

0.2 Exposition Philosophy

There are a number of features that distinguish this book from others
[267, 436, 722, 1391, 1535] on the topics of

e Fourier series [252, 356, 398, 399, 633, 874, 1224, 1499, 1534, 1704,
1714, 1741],

e Fourier transforms [142, 215, 359, 632, 637, 780, 899, 1308, 1356,
1357, 1419, 1392], or

e Fourier analysis [169, 423, 496, 685, 689, 828, 835, 1096, 1260, 1261,
1390, 1448, 1514, 1543, 1544, 1599, 1631].



0. Preface xxxiii

Consistent with goal of a handbook, the topical content is broad. Yet the
presentation format is crafted to allow use as a text. Cross referencing is
extensive, a comprehensive indexed bibliography with over 1500 references
is provided, and over 400 figures illustrate the material.

This book is aimed at practitioners rather than mathematicians. Two
classic texts aimed at practitioners were published in 1965: Athanasios Pa-
poulis’ Probability, Random Variables, and Stochastic Processes [1173], and
Ronald N. Bracewell’s The Fourier Transform and its Applications [164].
These books popularized a pedagogy that balanced rigor and intuition.
The lucid style pioneered by Papoulis and Bracewell is used in this book.
Doing so allows presentation of concepts without the obfuscation of un-
necessary detail. For example, little attention is given to the status of the
Dirac delta as a distribution rather than a function, or the need for measure
theory in the formulation of Hilbert spaces. Likewise, absolute convergence
in infinite sums (integrals) is a requirement for interchanging the order of
summation (integration) but is not invoked in every instance. The question
of “When can we interchange the order of integration?” has herein an an-
swer of “always”. Rigorously, this is of course not true. However, in the rare
cases where such a switch is inappropriately made, the math, by becoming
ludicrous or inconsistent, will often communicate the error. Although we
point to the availability of mathematical rigor in most cases, meticulous-
ness is not painstakingly applied. Doing so would mask recognition of the
beautiful forest with the distraction of small pesky trees. In cases where a
derivation is of monumental importance, steps can always be retraced with
mathematical detail.

Like Papoulis’ books [1172, 1173, 1174, 1175, 1176, 1180, 1186, 1187],
this book cannot read casually. Illumination, rather, comes through famil-
iarization and rumination. To assist in this process, solutions to selected
exercises are included at the end of each chapter. The exercises are often
not repetitive illustration of chapter contents, but contain insightful gener-
alizations, alternate viewpoints and even new material. Ancillary problems
on tangential albeit related material with a somewhat recreational bent are

occasionally included. They are marked with a “§”.
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Curricular Considerations

This book can effectively serve as either a rich source of material for self

study or as the primary text for at least 8 courses. All require the material

in Chapter 2 at an undergraduate level. By undergraduate level, we mean

sections marked with a 9 in Chapter 2 can be skipped.

1.

Introduction to Fourier Analysis Chapter 3 on Fourier Analysis
in Systems Theory and Chapter 6 on The Sampling Theorem. The
first half of the material in Chapter 12 on Signal Recovery is also
appropriate.

Multidimensional Signal Processing Cover Chapter 9 on Multi-
dimensional Signal Analysis' and Chapter 13 on POCS: Alternating
Projections Onto Convex Sets [1461]. Section 15.2 provides an appli-
cation of multidimensional signals and systems to Fourier Transforms

in Optics and Wave Propagation.

Systems Theory. Chapter 3 on Linear Systems Theory and Chap-

ter 4 on Nonlinear Systems.

Introduction to Shannon Sampling and Interpolation The-
ory. Cover Chapter 6 on The Sampling Theorem, Chapter 7 on Gen-
eralizations of the Sampling Theorem [1045, 1000], and Chapter 8
on Noise and Error Effects®. Chapter 12 on Signal Recovery covers
continuous sampling and the multidimensional sampling theorem is

covered in Section 9.9.

. Signal Representations in Time and Frequency. Chapter 10 covers

time-frequency representations including spectrograms. Also, the am-
biguity function in Chapter 11 is expressed on the time delay, Doppler
(frequency) plane and is related to bilinear time-frequency distribu-
tion. Section 13.4.10 shows how bilinear time-frequency distributions

can be synthesized using POCS.

L Chapter 5 on Fourier Transforms in Probability, Random Variables and

Stochastic Processes contains the required background on stochastic processes.
2Prerequisite material on stochastic processes in Chapter 5 on Fourier Trans-

forms in Probability, Random Variables and Stochastic Processes is required here.
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6. Signal Recovery. Cover Chapter 6 on The Sampling Theorem as a
prerequisite. Then Chapter 12 on Signal Recovery and Chapter 13 on
POCS: Alternating Projections Onto Convex Sets.

7. Probability & Random Processes. Start with Chapter 5 on Fourier
Transforms in Random Variables and Stochastic Processes. Use of
supplemental material is advised. Chapter 8 on Sampling Noise and
Error Effects provides example application but requires prerequisite
material from Chapter 6 on The Sampling Theorem and Chapter 7

on Generalizations of the Sampling Theorem.

8. Advanced Topics in Fourier Analysis. Chapter14 on Fourier and
Laplace Analysis on Time Scales. The topics in Section 15.1 on The
Wave Equation, its Fourier Solution and Harmony in Western Music,
Section 15.3 on Heisenberg’s Uncertainty Principle, and Section 15.4

on Elementary Deterministic Finance provide specific applications.

0.4 Tables

Tables of functional relationships are placed within chapters in context with

content.

0.5 FErrata

The author has taken great pains to keep the book error free, but is aware
the goal has not been achieved. All errors herein are his responsibility. If you
find errors in the text, please e-mail details to Robert_Marks@Baylor.edu.

0.6 On the Shoulders of Giants

From Pythagoras to Shannon, accomplishments of the great minds who
have contributed to the the foundational material in this book should be
held in jaw dropping awe. “The dwarf sees farther than the giant, when he
has the giant’s shoulder to mount on.” Samuel Taylor Colerage (1772-1834)
[339].
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Introduction

“The profound study of nature is the most fertile source of mathematical
discoveries.” Jean Baptiste Joseph Fourier [810].

About Fourier: “It was, no doubt, partially because of his very disregard for
rigor that he was able to take conceptual steps which were inherently
impossible to men of more critical genius.” Rudoph E. Langer [389]

“Fourier is a mathematical poem.” William Thomson (Lord Kelvin),
(1824-1907) [1524].

1.1 Ubiquitous Fourier Analysis

Jean Baptiste Joseph Fourier’s powerful idea of decomposition of a signal
into sinusoidal components has found application in almost every engineer-

ing and science field. An incomplete list includes

e acoustics [1641],

e array imaging [1429],

e audio [1414],

e biology [898],

e biomedical engineering [1211],

e chemistry [479, 1012],

e chromatography [1624],

e communications engineering [1057],

e control theory [832],

e crystallography [344, 542, 543, 779],

e clectromagnetics [270],

e imaging [167],

e image processing [1351] including segmentation [1590],
e nuclear magnetic resonance (NMR) [478, 1103],
o optics [537, 559, 562, 1472,

e polymer characterization [706],

e physics [282],

e radar [170, 1660],
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remote sensing [94],

signal processing [44, 170],

structural analysis [420],

spectroscopy [94, 287, 789, 1329, 1417, 1624, 1640],
time series [139],

velocity measurement [1590],

tomography [104, 1354, 1355, 1455, 1458, 1453, 1459),
weather analysis [498], and

X-ray diffraction [1510].

Jean Baptiste Joseph Fourier’s last name has become an adjective in the

terms like

Fourier series [432],

Fourier transform [44, 54, 165, 170, 177, 478, 479, 489, 1013, 1057,
1103, 1640,

Fourier analysis [167, 415, 661, 868, 1614, 1742],

Fourier theory [1628],

the Fourier integral [432, 205, 1532],

Fourier inversion [1453],

Fourier descriptors [898],

Fourier coefficients [149],

Fourier spectra [682, 683]

Fourier reconstruction [1458],

Fourier spectrometry [94, 390],

Fourier spectroscopy [1329, 1417, 1574],

Fourier array imaging [1429],

Fourier transform nuclear magnetic resonance (NMR) [470, 1098],
Fourier vision [1590],

Fourier optics [458, 563, 1472], and

Fourier acoustics [1641].

Applied Fourier analysis is ubiquitous simply because of the utility of

its descriptive power. It is second only to the differential equation in the

modelling of physical phenomena. In contrast with other linear transforms,

the Fourier transform has a number of physical manifestations. Here is a

short list of everyday occurrences as seen through the lens of the Fourier

paradigm.



1. Introduction 3

Diffracting coherent waves in sonar and optics in the far field! are
given by the two dimensional Fourier transform of the diffracting
aperture?. Remarkably, in free space, the physics of spreading light
naturally forms a two dimensional Fourier transform.

The sampling theorem?, born of Fourier analysis, tells us how fast to
sample an audio waveform to make a discrete time CD or an image
to make a DVD.

Some audio equipment contains a number of adjacent vertical bars
of LED’s that, like the level in a mercury thermometer, bounce up
and down in illumination as the audio is playing. The vertical bars
on the left correspond to low frequencies and the bars on the right
to high. The bars are capturing a spectrogram-like time-frequency

representations 4.

Likewise, musical scores can be construed as notation for spectrogram-
like time-frequency representations. The musical score tells the mu-
sician what note, i.e. frequency, to play at what time.

The eyes decompose a portion of electromagnetic frequencies into a

Fourier spectrum of color.

When the neighbor has the stereo volume too loud, the throbbing
bass notes come through the wall better than the high notes. We
are experiencing a mechanical low pass filter as modelled by Fourier
analysis.

Our ear’s cochlea is designed to decompose incident acoustic waves
into its Fourier spectrum. We can therefore differentiate frequencies

and enjoy music.

Backwards rotating wagon wheels on old western movies are an ex-
ample of temporal aliasing described through spectral overlap in the
temporal Fourier transform.

ta.k.a. the Fraunhofer diffraction region.

2 See Section 15.2 on Fourier Transforms in Optics and Wave Propagation.
3 See Chapter 6 on The Sampling Theorem.

4See Chapter 10 on Time-Frequency Representations.



1. Introduction

4

e In low resolution television, the large floating patterns on a shirt with

a fine structured pattern is an example of spatial aliasing character-

ized by the spectral overlap in the spatial Fourier transform.

e JPEG image encoding, used to reduce the file size of an image, is

based of the discrete cosine transform (DCT) - a close relative of the

Fourier transform.

The Fourier transform in everyday occurrences is ubiquitous.

1.2 Jean Baptiste Joseph Fourier

Fourier analysis has its foundation in the paper On the Propagation of Heat
in Solid Bodies [497]. Jean Baptiste Joseph Fourier (1768-1830) read it to

the Paris Institute on 21 December 1807. Fourier’s work is still in print

[497].
Here are highlights of Fourier’s life®.

e Fourier was born on March 21, 1768 in Auxurre, France. He was the
ninth child Joseph Fourier, a tailer. Fourier’s mother, Edmie Fourier,

was the second wife of Joseph Senior.

Fourier, named after Saint Joseph and John the Baptist, initially
trained for the priesthood at the Benedictine abbey of Saint Benoit-
sur-Loire. His love of mathematics, however, led him to abandon his
plans to take religious vows. Fourier graduated with honors from the
military school in Auxerre. He joined the staff of the Ecole Normale
and then the Ecole Polytechnique in Paris. Fourier was recommended
to the Bishop of Auxerre and, as a result this introduction, was edu-

cated by the Benvenistes

In 1793, Fourier was attracted to politics and joined a local revolu-
tionary committee. His political passion resulted in his arrest, impris-

onment and release in 1794.

In 1797, Fourier succeeded J.L. Lagrange in appointment to the Ecole
Polytechnique.

5 For the interested reader, numerous books [27, 593, 648] and articles [355,
592, 647, 1398, 1506, 1555, 1699] have been written on the life of Fourier.
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e In 1798, Fourier travelled to Egypt with Napoleon, who made him
Governor of Lower Egypt. Fourier returned to France in 1801 and re-
turned to his post at the Ecole Polytechnique. In 1807, Fourier com-
pleted his landmark work On the Propagation of Heat in Solid Bodies.
The committee for his reading on December 21, 1807 consisted of es-
teemed mathematicians J.L. Lagrange, P.S. Laplace, Gaspard Monge
and Sylvestre Lacroix. Fourier’s presentation was received with skep-
ticism. Both Laplace and Lagrange objected to Fourier’s expansions
of functions as trigonometrical series, what we now call Fourier series.
They were skeptical the smooth sinusiod could be used to represent

function discontinuities. They were wrong.
e Fourier was made a baron by Napoleon in 1808.

e Fourier was a major contributor to the 21 volumes of Description de
U’Egypte written from 1808 to 1825. The work contained the cultural
and scientific results of Napoleon’s Egypt invasion. Description de

[’Egypte established Egyptology as a discipline.

e Fourier died in Paris in 1830.

Fourier has another scientific claim to fame. He was the first to identify
the greenhouse effect. Fourier wondered how the Earth stays warm. He
hypothesized energy from the sun is trapped between the Earth’s surface
and the blanket of atmospheric gases.

In engineering, science and mathematics, Fourier will always be remem-
bered as the first to represent temporal signals as superposition of sinusoids

in the frequency domain.

1.3 This Book

No single volume can present all of the applications for Fourier’s theory.
The material, like a collection of the theory and applications of differential
equations, is simply too voluminous. This book is written largely from
the perspective of the engineer and the scientist with and an eye towards

application.
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FIGURE 1.1: Jean Baptiste Joseph Fourier. (“Portraits et Histoire des
Hommes Utiles, Collection de Cinquante Portraits,” Societe Montyon et
Franklin, 1839-1840.)

1.3.1 SURVEYING THE CONTENTS

Chapter 1 contains a brief biographical sketch of Jean Baptiste Joseph
Fourier, the transform that bears his name, and examples of the enormous
impact of Fourier analysis in the fields of physics, medicine, engineering,
finance, and music.

The foundations of Fourier analysis are recounted in Chapter 2 at a
level appropriate for a review at an advanced level. Emphasis is placed
on Fourier analysis, including to higher transcendental functions. Relation-
ships between transforms of discrete and continuous time signals are firmly
established. Some of the material in this chapter, as discussed in Section 2.1,
can be skipped on a first reading.

Chapter 3 deals with application of Fourier analysis to system modelling.

Systems are characterized as the response of a black box to a stimuli. For
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mathematical traction, constraints must be placed on the black box system.
Examples include causality, stability, linearity and time invariance. Frac-
tional Fourier transforms, Goertzel’s algorithm, and amplitude modulation
are presented in Chapter 3 as examples of linear systems.

Use of the Fourier transform in probability, random variables and stochas-
tic processes is the topic of Chapter 5. Emphasis on the utility of charac-
teristic functions to define random variables is made as is use of the Fourier
transform in establishing the central limit theorem. Foundational material
on Fourier treatment of stochastic processes is also presented. A type of
stochastic resonance is used to illustrate the weak law of large numbers.
Foundational concepts of the modelling of stochastic processes are also in-
troduced.

Shannon sampling and interpolation theory is among the most well de-
veloped topics in this book. Some of this material was contained in the
author’s previous book [999] on sampling theory. Included in Chapter 6
are foundational proofs and interpretation of the sampling theorem. Gen-
eralizations of the sampling theorem, including those of Papoulis, Kramer,
and Lagrange, are the topic of Chapter 7. The consequences of noise on
restoration from samples is analyzed in Chapter 8.

Chapter 9 contains an exposition on Fourier analysis of multidimensional
signals including images. Emphasis is placed on multidimensional Fourier
analysis that is not a straightforward extension of the one-dimensional
counterpart. This includes the operations of separability, rotation, and mul-
tidimensional symmetry. Applications of multidimensional Fourier analysis
include use of the discrete cosine transform for image compression, charac-
terizations of signals from their tomographic projections, McClellan trans-
formation for multidimensional filter design, restoring lost samples, and
raster sampling. The multidimensional extension of the Shannon sampling
theorem and its generalizations are also presented.

The most familiar example of the time-frequency representations, the
topic of Chapter 10, is the musical score. Time flows from measure to mea-
sure. At each point in time, the musician is asked to play a certain note or,
for our purposes, frequency. The musical score therefore contains a temporal
sequence of frequency. The challenge of the time-frequency representation
is the transformation of a temporal signal into a time-frequency representa-
tion, or musical score. The classic approach is generation of a spectrogram.

This approach, though, suffers from a time versus frequency resolution
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tradeoff. This problem is addressed, in part, by Cohen’s generalized time
frequency representation (GTFR). Properties and implementations of the
GTFR are developed in Chapter 10.

Fourier analysis has a strong role in signal recovery. This is the topic of
Chapter 12. Attention is restricted to restoration of continuously sampled
signals and the Papoulis-Gerchberg algorithm. Likewise, Chapter 13 intro-
duces the alternating projection onto convex sets, or POCS paradigm. Many
important synthesis and recovery problems can be placed in the POCS
rubric including solution of simultaneous equations, associative memory
formation, recovery of lost blocks in JPG images, subpixel resolution, to-
mography, correcting quantization error, synthesizing time-frequency rep-
resentations, and conformal radiotherapy.

Times scales is a theory which bridges continuous and discrete time sig-
nals and systems models. Continuous and discrete time are both special
cases of time scales. After establishing foundational properties of mathe-
matical morphology, an introduction to time scales is presented in Chap-
ter 14. The relationship between time scale Fourier analysis, multidimen-
sional convolution and certain operations in mathematical morphology is
also established.

Chapter 15 contains discourses on applications of Fourier analysis to a
plurality of selected disciplines. These include

e The role of the Fourier series in solution of boundary value prob-
lems and the establishment of the tempered scale and western music.
(Section 15.1).

e The natural occurrence of the two-dimensional Fourier transform in

diffraction phenomena. (Section 15.2).

e The role of the Fourier transform in establishment of Heisenberg’s

uncertainty principle. (Section 15.3).

e Convolution applications in elementary deterministic finance. (Sec-
tion 15.4.)

Other applications are sprinkled throughout the text. Here is a partial list.

e Stochastic resonance wherein either too much or too little noise ren-

ders a process impotent. (Section 5.2.4.1).

e Lost sample restoration. (See Sections 7.2.2 for the one dimensional

and 9.9.3 for the multi-dimensional case).
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Use of DCT’s in image compression. (Section 9.7).

Reconstruction of images from their projections, i.e tomography. (Sec-
tions 9.5.3 and 13.4.8).

Foundations of reconstruction of multidimensional signals from their
projections, i.e tomography. (Section 9.5, 9.5, and 13.4.8).

Subpixel resolution. (Section 13.4.7).

McClellan transform methods for the design of multidimensional dig-
ital filters. (Section 9.8).

Restoration of linear motion blur. (Exercise 3.30).
Correcting quantization error. (Section 13.4.9).

Beam synthesis in conformal radiotherapy. (Section 13.4.11).
Modulation. (Section 3.5).

Beamforming. (Section 15.2.5).

For the book browser, here is a list some of the more fascinating material

covered in this volume.

The phase of a signal’s Fourier transform is generally more important

than its magnitude. See Section 9.6.3.2.

High resolution pictures can be synthesized from images from a low

resolution camera. See Section 13.4.7.

The central limit theorem says convolution of a number of functions,
under loose conditions, approaches a Gaussian. See Section 5.2.5.

The Fourier transform is not only useful tool in signal analysis, it
occurs naturally in nature. Coherent waves, for example, take on the
form of the Fourier transform of the source in the far field. See Sec-
tion 15.2.

Western music’s chromatic scale is a compromise between maintain-
ing the integer ratios of Fourier harmonics and the ability to change
keys. See Section 15.
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. . 1/2 .
Fractional derivatives, such as (%) / x(t), are well defined and arise
in the modelling of the restoration of images from their projections.

See Exercise 9.19.
There are also fractional Fourier transforms. See Section 3.7.

There is a unification theory, dubbed time scales, that include both
the discrete and continuous time Fourier transforms as special cases.
See Section 14.8.

A bandlimited signal’s samples can be connected by lines and placed
through a filter to restore the original bandlimited signal. See Sec-
tion 7.2.3.1.

Heisenberg’s uncertainty principle is expressed using Fourier analysis.
See Section 15.3

Simple personal finance equations, including mortgage payments, sav-
ings accrual and amortization schedules, can be derived using the so-
lution to a simple first order difference equation. See Chapter 15.4.

For example: (a) At 12% interest, a monthly penny deposit will accu-
mulate to a million dollars in 116 years. See Exercise 15.10. (b) The
monthly mortgage payment of a 5% interest mortgage over 100 years
is reduced by less that one percent when paid over a period of 1000
years. The monthly payment over 10,000 years is, to the penny, the
same as for 1000 years. See Section 15.4.4.3.

In the absence of noise, knowledge of an arbitrarily short section of a
bandlimited signal is sufficient to specify the signal everywhere. Pres-
ence of noise or other uncertainty, however, renders this extrapolation
ill-posed. See Section 12.2.

In the absence of noise, if a signal is sampled in excess of the Nyquist
rate, an arbitrarily large but finite number of lost samples can be

regained from those remaining. See Section 7.2.2.

If a bandlimited signal is oversampled, the sinc is a viable inter-
polation function. So is the difference between two sinc? functions.
See, e.g., Exercise 7.2. So are a plethora of other functions. See Sec-
tion 7.2.2.5.
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The real and imaginary parts of the Fourier transform of a causal

signal are Hilbert transform pairs. See (2.99).

If the integral over all time of a signal is finite, then the integral over

all time of its derivative is zero. See (2.94).

For continuously sampled signals, aliased data can be restored with-

out ambiguity. See Section 12.2.

The Fourier transform of Legendre polynomials are spherical Bessel
functions. See (2.82).

Weighed Hermite polynomials are their own Fourier transforms. See
(2.90).

The Fourier series and the sampling theorem are Fourier duals of each
other. See Section 6.3.2.

The coefficients of a Fourier series can be obtained by sampling the
Fourier transform of a single period of the periodic function. See
(2.17).

If functions vary slowly enough, samples of position and velocity taken
simultaneously at a fast enough rate can be used to restore both the
continuous position and velocity as a function of time. If, though,
the samples are taken alternately, the continuous functions can’t be

reconstructed. See Section 7.3.3.

Shifted sinc functions form an orthogonal basis function for bandlim-
ited signals. See (2.110).

Sampling densities can lie below the Nyquist density in higher di-
mensions without imposing irreversible aliasing. The original multi-
dimensional function can be recovered from the aliased samples. See
Section 9.10.

Sampling continuous white noise does not result in discrete white
noise. See 5.4.3.

n! ends in about 5n4_1 zeros. See Exercise 2.7 in Chapter 2.

No one has yet defined a real system that is additive but not ho-
mogeneous. No one has identified a homogeneous system that is not
additive. See Sections 3.2.1.2 and 3.2.1.3 and Exercise 3.17.



1. Introduction 12

e For Gibb’s phenomenon in the Fourier series, the overshoot becomes
smaller and smaller but never disappears. See Exercise 2.52 in Sec-
tion 2.8.

e The geometric series gives rise to interesting repunit and Mersenne
numbers. See Appendix 16.4.2.

e Dividing a uniform random variable by a second independent uniform
random variable results in a random variable for whom all moments,

including the mean, are infinite. See Appendix 16.6.11.

Two topics not covered in this book are
(1) fast Fourier transforms (FFT’s), [177, 178, 350, 351, 683, 1213], and

(2) wavelets [104, 319, 346, 378, 565, 1363, 1492, 1601, 1610, 1668, 1742,
except for filter banks [493, 877, 1068, 1476, 1565, 1566] in Sec-
tion 10.3.
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Fundamentals

“I have tried, with little success, to get some of my friends to understand my
amazement that the abstraction of integers for counting is both possible and
useful. Is it not remarkable that 6 sheep plus 7 sheep makes 13 sheep; that 6
stones plus 7 stones make 13 stones? Is it not a miracle that the universe is so
constructed that such a simple abstraction as a number is possible? To me this
is one of the strongest examples of the unreasonable effectiveness of
mathematics. Indeed, I find it both strange and unexplainable.” Richard W.
Hamming (1915-1998) [625].

“To the extent that there is some correspondence between [the natural world
and its mathematical modelling] ... we have the miracle of modem science - the
deepening understanding of our universe, and the bounty and ease of the
technological society in which we live. A second-order miracle, little recognized
or appreciated, is that this first miracle could arise from such a really ragged fit
between the [natural world and its mathematical modeling].” David Slepian
[1407].

“Finally, two days ago, I succeeded - not on account of my hard efforts, but by
the grace of the Lord. Like a sudden flash of lightning, the riddle was solved. I
am unable to say what was the conducting thread that connected what I
previously knew with what made my success possible.” Karl Friedrich Gauss
(1777-1855) [462].

“One cannot escape the feeling that these mathematical formulas have an
independent existence and an intelligence of their own, that they are wiser that
we are, wiser even than their discoverers, that we get more out of them than
was originally put into them.” Heinrich Hertz (1857-1894) [99].

2.1 Introduction

This chapter contains foundational material for modelling of signals and
systems. Section 2.2 introduces classes of functions useful in signal process-
ing and analysis. The Fourier transform, in Section 2.3, begins with the
Fourier integral and develops the Fourier series, the discrete time Fourier
transform and the discrete Fourier transform as special cases.

The following material in this chapter can be skipped on a first reading.
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t denotes material relevant to multidimensional signals in Chapters 9
and 13.

1 denotes material relevant to probability and stochastic processes in
Chapter 5.

€ denotes material used in continuous sampling in Chapter 12.

2.2 Signal Classes

There are a number of signal classes to which we will make common refer-

ence. Continuous time signals are denoted with their arguments in paren-

theses, e.g. z(t). Discrete time signals will be bracketed, e.g. z[n].

(a)

Periodic Signals
A continuous time signal, z(t), is periodic if there exists a T
such that
x(t)=x(t—T)
for all ¢. The function x(t) = constant is periodic.

A discrete time signal, x[n], is periodic if there exists a positive

integer N such that
z[n] = z[n — N]

for all n. The function z[n] = constant is periodic.

Finite Energy Signals'
If -
E= / |lz(t)|? dt < oo, (2.1)
—o0

then the continuous time signal, x(t), is said to have finite en-

! The classes of continuous time, finite energy, finite area, and bounded signals,

when Lebesgue measurable, are recognized respectively as Lz, L1 and L signals.

Likewise, the respective discrete time signals are f2, ¢1 and fo signals [932,

1116].
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ergy?, E. A discrete time signal, x[n], has finite energy if

E= Z lz[n]|? < oo. (2.2)
(c) Finite Area Signals®
If,
Az/ lz(t)] dt < oo, (2.3)

then the continuous time signal z(t) is said to have finite area

A. For discrete time signals, x[n| has finite area if

A= Z\x[nﬂ < o0.

(d) Bounded Signals*

If, for C' a constant,
lz(t)] < C < o0, (2.4)

then the continuous time signal, z(t), is said to be bounded. A

discrete time signal, z[n], is bounded if
lz[n]| < C < co.

(e) Bandlimited Signals
If there exists a finite bandwidth, B, such that

/ x(t)e 2™ dt =05 |u| > B,

— 00

then the continuous time signal, z(t), is said to be bandlimited

in the low pass sense.” A discrete time signal is bandlimited if

2 Why is this quantity referred to as an energy? For a one ohm resister, the
instantaneous dissipated power is |z(t)|? if x(t) is either a voltage or a current.
The total energy used by the resistor is the integral of the power and is given
by (2.1). There is no analogous interpretation for the discrete time finite energy
signal. Dubbing (2.2) energy is a simple carryover from the continuous case.

3See Footnote 1.

4See Footnote 1.

5In disciplines such as circuit design, the bandwidth is alternately defined as
the frequency interval over which the magnitude of the signal’s spectrum exceeds
1/4/2, or 3 dB, of its maximum value. Our definition here is different.
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there is a B < % such that

S afnle " =0: B<|f| <

n=—oo

. (2.5)

DO =

For continuous time signals, where ¢ has units of time, the band-
width, B, has units of Hertz or, equivalently, cycles per second.
For discrete time signals, the bandwidth B is unitless.

Analytic Signals

If, for every finite complex number ¢, we have equality in the

Taylor series

2 2™ z— )"
n=0 !

where the signal’s nth derivative is

M (z) = (i) ' z(2)

then z(z) is said to be analytic everywhere in the closed z plane.
Such signals are also called entire.

Causal Signals

A signal is causal if it is identically zero for negative argument.
Thus, x(t) is causal if z(¢) = 0 for all ¢t < 0.

Symmetric Signals

By symmetric signals, we mean signals that are either even or
odd. A signal, e(t), is even if

e(t) = e(—t) (2.6)

and o(t) is odd if
o(t) = —o(—t). (2.7)

Every signal, ¢(t), can be expressed as the sum of an even and
odd function.
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and the odd component is

oft) = 5 (e(t) = e(=1)).- (2.9)

A summary of properties of even and odd functions is in Ta-
ble 2.1.

2.3 The Fourier Transform

In this section, we review the basic properties of continuous time Fourier
transforms (CTFT), the Fourier series, the discrete time Fourier transform
(DTFT), and the discrete Fourier transform (DFT). s

2.3.1 THE CoNTINUOUS TIME FOURIER TRANSFORM

The CTFT of a continuous time signal, z(t), is®

X(u) = /jo x(t) e It gt (2.10)

5When ¢ has units of seconds, the frequency variable, u, has units of Hertz.
The frequency variable u is used in this book over the more conventional w = 27u
for the following reasons. (1) w has units of radians-per-second and, relative to
u, is opaque to interpretation, e.g. what is the physical meaning of w = 377
radians-per-second? One typically divides by 27 to obtain v = 60 Hertz which is
a more straightforward and meaningful measure. (b) When using w, dual Fourier
transform theorems typically require correct placement of a factor of 27. For
example, the Fourier transform, X (w) = [, z(t) exp(—jwt)dt has as its (dual)
inversion z(t) = 5= [ X(w)exp(jwt)dw. Using u, on the other hand, results in the
transform in (2.10) and its inversion in (2.12). There is no troublesome placing of
27m. The same 27 trouble free expressions are manifest in numerous other Fourier
transform theorem duals thereby reducing needless bookkeeping overhead in the
manipulation of equations. The primary reasons for the continuing use of w are
(a) historical inertia, and (b) the less effort and space required to write w than
2mu.
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(a) ete = e

(b) o+o = o

(c) exe = e

(d) oxo = e

(e) oxe = o

(f) de = o

(8) % o = e

(h)  fjodr = e

i) fyedr = o

G) JTaedt = 2f" et)dt
(k) f_TT odt = 0

O] o = o

(m) Yoe = e

)  XVye = €0 +2% en]
) YNyo = 0

(p) exe = e

(a) oxo = e

(r) exo = o

(s) e < e

(t) 0o < jo

TABLE 2.1: A summary of the properties of continuous and discrete time
even and odd functions. The asterisk, *, denotes either continuous or dis-
crete time convolution. (See entries in Tables 2.3 and 2.6 for convolution
definitions.) The double arrow, <> denotes either continuous or discrete
time Fourier transformation (See (2.11) and (2.112)). For proofs of these

properties, see Exercise 2.22 and its solution.
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Transform time —  frequency
CTFT continuous —  continuous
Fourier Series | continuous —  discrete
DTFT discrete —  continuous
DFT discrete —  discrete

TABLE 2.2: Fourier transform types and their mappings. The entries are for
(a) CTFT = continuous time Fourier transform, (b) the Fourier series, (c)
the DTFT = discrete time Fourier transform, and (d) DFT = the discrete
Fourier transform.

where the notation “:=" is read “is equal to by definition.” CTFT pairs
will be denoted by’
z(t) +— X (u). (2.11)
8

The inverse Fourier transform is

z(t) = /700 X (u) &7*™ du. (2.12)

2.3.2 THE FOURIER SERIES

Periodic functions with period T can be expressed as a Fourier series,

a(t)= Y cp T, (2.13)

n=—oo

"Fourier transform pairs are unique at all points of continuity. A finite or
countable infinite number of displaced points does not effect a transform. For
example, if z(t) = II(¢) for ¢ # 3 and x(3) = 100, then the Fourier transform of
f(t) is still sinc(u). Inverting sinc(u) gives II(t) and the isolated displaced point
is removed.

8Points of discontinuity are inverse transformed to the arithmetic mean. For
example, the function y(t) = II(t) for t # 1/2 and y (3) = 100, when transformed
and inverse transformed, will result in I1(¢) where the originally displaced point
reemerges at the arithmetic mean. I1(3) = 2 [I1(34) + I (3-)] = 3[1+0] =
%. For this reason, we choose to define functions with discontinuities, such as the
unit step in (2.49), the sgn function in (2.47) and the rectangle function in (2.45)
using the arithmetic mean at points of discontinuity. The same property applies
for the Fourier series. (See Problem 2.41.)
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real signals

causal signals

Fourier series

transform x(t) - X(u)
scaling z(at) & ﬁX (%)
shift x(t—17) < X (u)e72mur
modulation x(t)el?mvt < X(u—v)
scale then shift x (%) > |71L|X (%) e J2mur
shift then scale x (5 — b) ~ |71;|X (%) g J2muab
derivative (%)n x(t) < (j2mu)" X (u)
integral fjoo x(T)dr “ 5(2(:3 + 2X(0)0(u)
conjugate x*(t) — X*(—u)
transpose x(—t) - X(—u)
inversion 75, X (w)e®™tdy, > X (u)
duality X(t) “ z(—u)
linearity az(t) + bxa(t) — aXq(u) +bXs(u)
convolution x(t) * h(t) < X(u)H (u)
correlation x(t) * h(t) < X(u)H*(u)

)

= I(u) = =L « R(u),

j2mnt/T
3, ened2mnt

sampling theorem )" x,sinc(2Bt —n)

& e 1 ()

TABLE 2.3:

Continuous time Fourier transform (CTFT) theorems.

The Fourier transform, typically complex, can be expressed in rectangu-

lar (Cartesian) coordinates as X(u) =
dinates, X (u) = | X (u)|e’“X®). Convolution is defined by x(t) * h(t) =
[7°_x(7) h(t—7) dr. The deterministic correlation integral is z(¢)xh(t) =

o0

R(u) + jI(u), or in polar coor-

[Z5 a(r)h* (1 — t)dr = x(t) * h*(—t). When x = h, this operation is deter-
ministic autocorrelation.
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where the Fourier series coefficients are
1 ,
Cn = — / x(t) e 72T gy, (2.14)
T Jp

and integration is over any arbitrary single period. That is, for an arbitrary

/T = /t:T (2.15)

We can use the arbitrary integration over a period in (2.14) for the

T, we define

following reason. For any periodic function, y(t), with period T', the integral
T+T
t=1

of a single period. The product of two periodic functions with period T

y(t)dt is independent of 7. For any 7, the result is simply the area

results in a periodic function with period T'. Since x(t) has period T and
e—72mt/T hag period T, the product, y(t) = z(t)e~72™*/T has a period of
T. Thus, integration over any period, independent of where the integration
begins, gives the same value. The integration notation in (2.14) follows.

If we define z7(t) to be any single period of z(t):

x(t) ; T<t<74+T
t) = 2.16
zr(t) { 0 ;  otherwise ( )

(7 is arbitrary), then (2.14) can be written

1 [ .
Cn = T/_oo xp(t) e 32 T gy
1 n
= ZXr (T) (2.17)
where
.’L‘T(t) — XT(’U,) (2.18)

The Fourier coefficients can thus be determined by sampling the CTFT of
any period of the periodic function.
2.3.2.1 Parseval’s Theorem for the Fourier Series

The energy in a single period of a periodic function is related to its Fourier
coefficients via Parseval’s theorem for the Fourier series.

JECRE I SR (2.19)

n=—oo
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Proof.
[plz@®)2dt = [, x(t)z*(t)dt
= Jr [al o™ ST T d
= > CnChy U’T ej%(n—m)t/Tdt]

= Yoo Lam=—oo CnCiy [T 0[n — m]]

= T o lenl
O
2.3.2.2 Convergence
The partial Fourier series sum is
N
an(t)= Y cn T (2.20)
n=—N

A single period of a truncated Fourier series with unit period is shown in
11

Figure 2.1. On the interval [—1, 1], the signal is one for [t| < % and zero
otherwise. As the number of terms increases with N, the overshoot at dis-
continuity gets smaller and smaller but, in the limit, does not disappear®.
(See Exercise 2.52.) This property, dubbed the Gibb’s phenomenon, re-
veals that the Fourier series does not converge uniformly at every point. It,
rather, converges in the mean square sense. Equation (2.13) is thus better

written as
lim / lz(t) — zn(t))* dt =0 (2.21)
T

N—oc0

9 Albert Michelson is most often associated with the 1881 Michelson-Morley
experiment proving light travels at a constant speed in all inertial systems of
reference. Michelson also designed a mechanical apparatus in 1898 to compute
Fourier series. It performed well except when there were discontinuities. J. Willard
Gibb’s first explained the Gibb’s phenomenon in 1899. As the Michelson-Morley
experiment proved foundational to Einstein’s development of relativity, Michel-
son’s Fourier series machine motivated the theoretical establishment of the Gibb’s
phenomenon.
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10 ' 25

1‘ 50 P 1 100
el { —

05 0 0.8 -0.8 0 0.5

FIGURE 2.1: A truncated Fourier series in (2.20) for a square wave equal
to one for ¢t < 0.2. The coefficients are ¢, = « sinc(an) for o = 0.4. Plots
are shown for N = 10, 25,50 and 100.

Dirichlet Conditions. The Dirichlet conditions'® specify three suffi-
cient conditions for a periodic function to have a Fourier series representa-
tion. They are

(a) x(t) must have a finite number of extrema on the interval 0 <t < T

An example of a violating function is z(t) = sin(1/%).

(b) (t) must have a finite number of discontinuities. Violating functions

include (1) z(t) = 1 when t is rational and zero otherwise and (2)
x(t) = sgn (sin(1/t)).

(¢) z(t) must have a finite area on the interval 0 < ¢ < T. The function
x(t) = 1/t violates this.

The functions that fail the Dirchlet conditions are largely pathological.

10Named for Johann Peter Gustav Lejeune Dirichlet (1805-1859), a contempo-
rary of Fourier’s.
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2.3.3 RELATIONSHIP BETWEEN FOURIER AND LAPLACE
TRANSFORMS

A wealth of Fourier transform pairs can be obtained from Laplace trans-
forms [6, 590]. The (unilateral) Laplace transform is defined as

Xr(s):= / r(t)e *dt ; s =0+ j27u. (2.22)
0

If
(1) «(t) is causal ( i.e. x(t) = x(t) p(t)), and
(2) Xr(s) converges for o =0,

then the Laplace transform evaluated at o = 0 is the Fourier transform of
x(t). That is,
Xr(j2mu) = X (u). (2.23)

A sufficient condition for the second criterion is for x(¢) to have finite area.

A:/OO |z(t)] dt < oc.

— 00

This follows from the inequality

[ Ctvar| < [ o (2.21)
which, when applied to the Laplace transform in (2.22) yields
| X1 (j2mu)| = ‘ / x(t)e 72 gt ‘ < / |z(t)|dt < oo.

2.3.4 SoME CONTINUOUS TIME FOURIER TRANSFORM
THEOREMS

Here are some useful Fourier transform theorems.

2.3.4.1 The Derivative Theorem.

Performing a derivative in time corresponds to multiplying the Fourier

transform by j27wu. More generally

(i)nx(t) s (j2mu)" X (u).
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Proof.
d\" °° d\" .
— — Il J2mut
<dt> x(t) /_OOX(u) (dt> e du
= / (52mu)" X (u)e?*™ du.
Thus

2.3.4.2 The Shift Theorem.

The spectrum of an audio signal played to today will be the same as the
spectrum of the signal played tomorrow except for a phase shift. This is
expressed in the shift theorem:

z(t — 1) ¢ X(u)e 727

Proof.
x(t—71) +— /x(«f — T)e I2muE e
3

Substituting t = £ — 7 gives
x(t—7) — /x(t)efﬂ’w(wﬂdt
t
efj27ru‘r /x(t)efj%rutdt
t

€7j27ru'rX(u)

2.3.4.3 The Convolution Theorem

Convolution in time corresponds to multiplication in the frequency domain.
z(t) x h(t) +— X (u)H(u).

Proof. Convolution of the continuous time functions x(t) and h(t) is defined

as 00

z(t) x h(t) := / x(1) h(t — 1) dr. (2.25)

— 00
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Thus - -
x(t) * h(t) «— [m Uoo z(T)h(t T)d’l':| e IAmut gy,

Reverse integration orders and applying the shift theorem gives

x(t) * h(t) +— H(u) /00 z(t)e I3 i gt

— 00

or, finally
z(t) x h(t) +— X(u)H(u). (2.26)

2.3.4.4 The Inversion Theorem.

To invert from the Fourier transform domain to the time domain, the in-

verse Fourier transform in (2.12) is used.

Proof.

/ X(v)en’”’tdv <_>/ {/ X(v)ej%rvtdv] e—J2mut g,

Reverse integration order and note

/OO eI dt = §(8).

— 00

The proof concludes after application of the sifting property.

2.3.4.5 The Duality Theorem.

The forward and inverse Fourier transforms in (2.10) and (2.12) differ only

in the sign of the exponential. This similarity leads to the duality theorem.
{z(t) & X(u)} = {X(t) & z(-u)}

Proof.
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2.3.4.6 The Scaling Theorem.

Stretching a signal in the time domain corresponds to a reciprocal shrinking

in the frequency domain.

Proof.

z(at) «— [ x(af)e=72mut gf

— 00
L=, x(t)e=2mutlagt . a4 >0

L Faye2mt/agt ; a<0

= li—lffooo x(t)e*j%%tdt.

- X,

lal

2.3.5 SoOME CONTINUOUS TIME FOURIER TRANSFORM
PAIRS

A list of CTFT pairs is in Table 2.4.

2.3.5.1 The Dirac Delta Function

1

For continuous time, the Dirac delta function!!, also called an impulse,

denotes an infinite energy, unit area event of infinitesimal duration. It can
be defined by its sifting property. If 2(¢) is continuous at 7 = ¢, then'?

oo

xz(t) =x(t) x0(t) = / z(7)o(t — 7) dr. (2.27)

— 00

1 Rigorously, the Dirac delta, §(t), is a distribution [174, 259, 677, 1264, 1733]
and not a function.

12 Use of Dirac deltas in engineering math is typically trouble free. An exception
is when the Dirac delta sits on the end point of an interval. For example, the
integral fol 4(t)dt simply has no answer. Is 6(¢) included in the interval, excluded,
or partially included? There is no answer. The question must be answered either
in context to the problem, or implied notation. The 0— in the notation fol_ o(t)dt
indicates, for example, inclusion of the delta in the interval of integration.
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(1) — X (u)
5(¢) — 1
exp(j2t) — S(u—1)
cos(2mt) > L(u+1)+6(u—1)]
sin(2mt) — 2[0(u+1) —6(u—1)]
TI(t) — sinc(t)
exp(—t)u(t) — (1 + j2mu)~!
cos(mt)II(t) «— 5 (sinc (u+ 5) + sinc (u — 3))
sincy, (t) — TI(u) /sinc® (u)
sine(t) sgn(t) s —ilog Z%
dy(t) == (L)Psinc(t) +— (j2ru)P T(u)
sine(t)u(t) PN 1T(u) — 4= log Zfi
A(t) — sinc? (u)
A(t) sgn(t) — L (1 - sinc(2u))
sgn(t) — —j/(mu)
: — —jm sgn(u)
1o (£) — — 2 Si(2mu)
[t~/ — ~[u|71/?
[t~/ sgn(t) — —jlul =/ ?sgn(u)
12 u(t) — (=j2u)'/?
p(t) — 3 (0(uw) = 55)
eIt — 2 (1+ (2ru)?) "
e~ Itlsgn(t) — —jdmu (1 + (2ru)?) "
e "tlsine(t) — L arctan (55)
|t|e~alt! — \/g (522;((272:322)2

TABLE 2.4: Some Fourier transform pairs. Additional Fourier transform
pairs are in Tables 2.5, 5.1, 5.2 and 5.3. (Continued on the next page).
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sech(nt) tanh(mt)
sech?(t)
tanh(7t)
th=te=(t); a > 0
Jn(27t)
Jn(27t)

e H, (v2r t)

z(t) — X (u)
Si(rt) —s L
cos(mt)/(nt) = jp(-u—3z)—ju(u—3)
Jo(2mt) T (%) /V1—u?
Jo(27t)sgn(t) — mﬂ% (IT (%) — 1) sgn(u)
jinc(t) < VI—u21I(%)
Tomiv > -y e Ak (- ) AL (Y)
comb(t) — comb(u)
S 0(t—n) — % (1 — j cotan(mu))
Yooy 0t—n) = (2N +1)array,y(u)
exp(—mt?) — exp(—mu?)
exp(jat?) —  im/a exp(—j(mu)?/a)
sech(mt) — sech(mu)
—
e
—
—
—
R d
—

—jmu sech(mu)
2u cosech(mu)

—j cosech(mu)

L'(k)
(a+j2mu)k

* = To(wIL(3)
55 Pa(w) (u/2)

e ™ H, (V27 u)

TABLE 2.5: Some Fourier transform pairs. (Continued from Table 2.4.)

29
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Fourier transform

From (2.27), the Fourier transform of a Dirac delta is
5(t) «— [T 8(t)e I iuqy

_ —j27rtu’
€ t=0

= 1.

Dirac delta area

The area of a Dirac delta can be found from the sifting property by
setting z(7) = 1 and ¢ = 0. Recognizing further that 6(¢) = 0 except
at the origin leads us to conclude that for any € > 0

6 o(r)dr = 1. (2.28)

—&

The Dirac delta’s area is thus one.

As a limit

The Dirac delta can be viewed as the limit of any one of a number of
unit area functions which approach zero width and infinite height at

the origin. For example, as illustrated in Figure 2.2,
5(t) = lim A TI(At) (2.29)
A—o0

where the rectangle function is defined in (2.45). Alternately, using
the definition of the sinc in (2.41)

o(t) = Ali_r}n()o A sinc(At).

Dirac delta scaling

From the Dirac delta characterization in (2.29), the area of (at) =
limg 00 A II(aAt) is 1/]al. This is also the area of §(t)/|a|. We there-

fore infer the scaling property of the Dirac delta function.

8(t) = |a| 8(at).

Duality
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li =
s, 20

| | t

1 1
le— —!

1
4

FIGURE 2.2: The limit of this rectangle function as A — oo is a Dirac
delta function with zero width, infinite height and unit area.

From duality and the modulation theorem ,
exp(j2m&t) +— 6(u — &). (2.30)

From (2.13), we conclude that the spectrum of a periodic signal can
be written as a string of weighted Dirac deltas.

oo

n
(u) n;w c U=
2.3.5.2 Trigonometric Functions
Euler’s formula is
e’ = cos(0) + jsin(h). (2.31)

The even and odd components, from (2.8) and (2.9), are
1 . .
cos(f) = 3 (e +e79%), (2.32)

and 1
j sin(0) = 5 (e —e77%). (2.33)

Equations (2.32) and (2.33) also follow immediately from adding and sub-

tracting the conjugate of ¢/? from e/¢ in (2.31) respectively.

(a) Taylor series characterization.

To show Euler’s formula in (2.31), consider the Taylor series

=Y % (2.34)
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Expand e/% in (2.31). All of the even terms (n = 2k) in this series are
real'. The sum of the real components of the expansion is recognized

as the Taylor series

oo \kp2k
cos(®) =3 ((IQ)kﬁ (2.35)
k=0 ’

while the imaginary odd components (n = 2k + 1) sum to the Taylor

series
e (_ 1)k92k+1

sin(f) = Z N

k=0

(2.36)

Equation (2.31) follows as a consequence.

(b) Fourier transforms of trigonometric functions

For the Fourier transform of cos(27t), we apply Euler’s formula in
(2.32) and apply the Fourier transform in (2.30) to obtain
1
cos(t) +— 3 (0t —=1)+d(t+1)).
Similarly
1
sin(t) «— 2 (0(t—1)=6(t+1)).
(¢c) Hyperbolic trig functions

The hyperbolic cosine, sine, and tangent are

cosh(z) := cos(j2)
= % (e +e7 %),
sinh(z) := j sin(—jz2)

;
= % (ez 7672)7

and
sinh(z)

cosh(z)

bl

The hyperbolic secant and cosecant are
1
cosh(z)’

sech(x) :=

13See Exercise 2.5 for a condition required for this discussion: absolute conver-

gence.
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8 -
6 -
cotanh(?)

I sech(?)
4T cosech(?)
=

0 1 2

FIGURE 2.3: Plots of hyperbolic trig functions.
and L
cosech(zx) := (2’

A useful series is

= (—DF@2k+1)

sech(z) =7 3 .
im0 (k4 3)" + a2

(2.37)

Linear and logarithmic plots of the hyperbolic functions are shown in
Figures 2.3 and 2.4.

(d) Fourier transforms of some hyperbolic trig functions

The hyperbolic secant is even and has a Fourier transform of

sech(mt) «— [ sech(mt)e 72 tdt

= [ sech(wt) cos(2mut)dt (2.38)

= 2 [, sech(mt) cos(2mut)dt

= R(2 ;7 sech(rt)el? ™ dt)
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102 -
cosh(?) exp(f)
cot%nh(t) l — ]
— sinh()
! +——— cosech(?)
1 L —
tanh(?) I

sech(?) exp(-1) 3

10° 3
0 1 2

FIGURE 2.4: Logarithmic plots of hyperbolic trig functions.

where R denotes “the real part of”. Note that, for £ > 0,

sech(mt) = 7eﬂt+2efﬂ

20”7t
1+e—21rt

_ —7t 1 1
= 2e ™ limgq— (W)

= 2 ™ lim,_1_ (Zzozo(—l)ka”e_%”)

where, in the last step, we have used a convergence factor, o, and a

2

geometric series!'®. The notation “lim,_,;_" means a approaches 1

from the the left, e.g. as 0 — 1. Substituting into (2.38) gives

sech(mt) <—  4limay1- [Yopeo(—1)FanR (7 e m(hHD) ei2mut gy ]
_ . a”(2n+1)
= Ay R {hma—ﬂ— (ﬂ[(2n+1)2+(2u)2] )}

_ 00 (—1)"(2k+1)
= Wzk:o Wz(k+%7)2+(7ru)2'

14See Appendix 16.4.2.
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Comparing this with the series for the hyperbolic secant in (2.37)
gives the result listed in Table 2.5.
sech(mt) <— sech(mu). (2.39)
Since

d
%sech(t) = —sech(?)tanh(t), (2.40)

the Fourier transform entry for sech(mt)tanh(zt) in Table 2.5 imme-

diately follows.

2.3.5.3 The Sinc and Related Functions

We define the sinc function by

) sin(7t)
t) = . 2.41
sinc(t) - (2.41)
One advantage of this notation is that, for n an integer,
sinc(n) = d[n], (2.42)
where the Kronecker delta is
1 =0
8[n] = » (2.43)
0 ; n#0.

The sinc function is the k¥ = 0 plot in Figure 2.6. For inverse filtering
applications, we will find useful the following generalization of the sinc.

% cos(2mut
sinee(t) =2 cos(@mut) ,, (2.44)
o sinc”(t)
Note that L
sinc” (u)

Plots are in Figures 2.5 and 2.6. The sinc is a special case since

sinco(t) = sinc(t).

2.3.5.4 The Rectangle Function

For continuous time,

1 5 Jt<

(SIS

=
—
~
~
I
o
=~
\Y
N[

(2.45)

t] =

N|—=
N[
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3_
i k=3
2 | 2
- 1
| 0
0

36

FIGURE 2.5: Plots of H(u)/sinck(u) for k = 0, 1, 2, 3. The Fourier trans-

forms of these functions are sincy(t) shown in Figure 2.6.

The Fourier transform of the rectangle function is

1 .
() «+— [2 e 92mutqt
- 2

= sinc(u)

For discrete time, we adopt the definition

I { n } 1 5 In[<L
2L 0 ; otherwise.
L need not be an integer.
2.3.5.5 The Signum Function
The function
-1 ; t<0
0 t=0

1 ; >0

(2.46)

(2.47)
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k=3 k=0
) k=1
k=2
0
\‘(\/ !
-1 , , \ \ , . . \ .
0 2 4

FIGURE 2.6: Plots of sincg(t) for k = 0, 1, 2, 3. For k = 0, sincg(t) =

sinc(t).

is denoted by a contraction of the word sign and is pronounced signum to

avoid confusion with the trigonometric sin.

(a) Fourier transform of sgn(t).
As shown in Figure 2.7, the function sgn(t) can be written as
t) = li tye~eltl,
sgn(t) = lim sgn(t)e
Discarding the odd component of the Fourier transform integral of
sgn(t)e~ gives
oo
sgn(t)e o & —j/ sgn(t)e™ M sin(27rut)dt
—o0
where we have expanded the exponential via Euler’s formula and
have recognized the odd component of the integrand integrates to
zero. The evenness of the remaining integrand can be exploited to

write
sgn(t)e ol —j2 [ sin(2rut) e~ dt

= —j529 [fooo elmut g=ot ]

— . 1
- _j2% |: ozfj27ru:|
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FIGURE 2.7: Plots of sgn(t)e~ !l for various values of . For a = 0, the
function is sgn(t). To evaluate the Fourier transform of sgn(t), we evaluate

the Fourier transform of sgn(t)e~®/*l and take the limit as o — 0.

where & denotes the imaginary component operation. Evaluating in

the limit as a — 0 gives the desired result.

1
sgn(t) <> —. 2.48
sen(t) & —— (2.49)
The Unit Step Function.

Note that the unit step function can be written for continuous time

as
1
p(t) = i(sgn(t) +1). (2.49)
Its Fourier transform is thus
(1) = S(sen(t) +1) o 5 (3(1) - 2 (2.50)
pE = 2 Sen 2 ) '
For discrete time, the unit step is
1 ;7 n>0

wuln) == (2.51)

0 ; otherwise.
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FIGURE 2.8: The Gaussian function, e‘”t2, for t > 0.

2.3.5.6 The Gaussian

The Gaussian function, shown in Figure 2.8, is its own Fourier transform.

Proof. Differentiating the expression for the Fourier transform of the Gaus-

sian, x(t) = exp(—7t?), gives

%iu) - /OO(—jQWt)eXp[—W(t2+j2ut)] dt

— 00

= —j/ m(2t + j2u) exp (—m(t* + j2ut)) dt — 2muX (u).

— 00

The resulting integral can be evaluated in closed form.

d)d(t(LU) = j exp (—m(t* + j2ut)) }iooo = 2muX (u) = —2muX(u)
o dX(u) _ _ mu du
() = —27u du.

Integrating both sides gives

In (X (u)) = —mu?.



2. Fundamentals 40

After exponentiation, we obtain the Fourier transform of the Gaussian'®.

e s e (2.52)
0

2.3.5.7 The Comb Function

We define -
comb(t) = Y 6(t—n). (2.53)

n=—oo
(a) Use in characterization of periodic functions

Any periodic function can be written as

2(t) = 2o (t) * % comb (;) (2.54)

where zp(t) is any period of z(t).

(b) The comb function’s Fourier series and Fourier transform.

Since comb(t) is periodic, it can be expressed in terms of a Fourier
series in (2.13). From the expression for Fourier series coefficients in
(2.14) and the sifting property of the Dirac delta, the coefficients are
¢y, = 1 for all n. Thus

oo

comb(t) = Z ed2mnt, (2.55)

n=—oo

Since, from (2.30), the Fourier transform of a complex sinusoid is a

shifted Dirac delta, we obtain the Fourier transform pair

comb(t) «— i 0(u —n) = comb(u).

n=—oo

(¢c) The causal comb.

The causal comb is a string of integer spaced Dirac deltas for nonneg-

ative time and is written )~ 8(¢t — n). The causal comb’s Fourier

15 An alternate derivation is in Exercise 5.7.
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transform can be derived using the following steps.

ZZO:O 6(t —n)

D D S ;  Fourier transform
= limao [Ypoge e 2™ ] convergence factor
. o — o] —1 . .
= lim,_o [1 —e “e 32’”‘] ;  geometric series
(2.56)
= 71—e112w ;o oseta=0
J U
= & ; factor

eJiTu _@e—JjTu

1 cos(mu)+4j sin(mu)

. - ; Euler’s formula
72 sin(mu) ’

= 1(1-j cotan(mu))

2.3.5.8 The Triangle Function

Define the triangle function as

t
A)y:=(1—-1Jt)) I1 (2) . (2.57)
Note that, using the convolution theorem,

A(t) = TI(t) * TI(t) <— sinc?(u). (2.58)

2.3.5.9 The Array Function

The array function of order M is defined by
sin(mMt)

array ,(t) := M sin(at)’ (2.59)

(a) Periodicity
The function array,,(t) is periodic. When M is odd, its period is one.

If M is even, its period is two.

Proof. From the definition,
sin (mM (t 4 1))
M sin (w(t + 1))

= (—1)M_1arrayM(t).

array,;(t+1) =
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FIGURE 2.9: Plots of array,,(t).

(b) Maximum values

The maximum of |array,,(t)| is 1 and occur at integer arguments.
array ;(n) = (=1)M+1n, (2.60)

Proof. The proof follows from application of L’Hopital’s rule to (2.59).
O

Note that, for odd indices, we have array,y,;(n) = 1.

(¢) Zero crossings
The array function in (2.59) is zero for all ¢ = n/M when n/M is not
an integer. This occurs when the numerator in (2.59) is zero and the
denominator isn’t.

(d) Relation to the sinc function

In the limit, the array function approaches a sinc function.

M—o0

lim  array,, (]\Z) = sinc(¢). (2.61)
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40F

20

FIGURE 2.10: A plot of arrays;(55u), as predicted by (2.63), approaches
comb(u).

Proof. We note, from the definition in (2.59), that

t sin(7rt)
arra; — | = —F.
YMA\M) T M sin ()
Equation (2.61) immediately follows after recognizing

lim sin(f) = 6.

6—0

Equation (2.61) is illustrated in Figure 2.11.

(d) The Fourier transform of the array function

16

Using a geometric series'®, we can generate the following Fourier

16See (16.8) in Appendix 16.4.2.
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FIGURE 2.11: Plots of array,, (ﬁ) that, according to (2.61), approaches

sinc(t).

transform pair.

SNt -n) e SN (7280 - e )
= SN e
= YN (e
= (2N 4+ 1)arrayy i (u)
(2.62)

(e) Relation to the comb function

In the limit,

lim (2N + 1) x array,y,q(u) = comb(u). (2.63)
N—oo

Proof. The proof follows directly from (2.62) and the Fourier trans-
form pair comb(t) <> comb(u). O

An illustration is in Figure 2.10.
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2.3.5.10 The Gamma Function't

The gamma function for real positive argument can be defined as
L) ::/ ¢ leTTdr; RE> 0. (2.64)
0

The gamma function can be extended to include negative and complex
arguments [590].
When £ = n is a non-negative integer, I'(n + 1) = n!. When £ =n + 3,

(e ) - om0 .

where the double factorial is defined as!”

mll = 11 (m — 2k). (2.66)

{k|k>0,m—2k>0}

For example 7 double factorial = 7!! = 7-5-3 1. Every other integer is
skipped.
Equation (2.65) can be derived from the property

E+1)=¢T(¢) (2.67)

and F(%) = /7. Linear and semi-log plots of the gamma function are shown
in Figures 2.12 and 2.13.

2.3.5.11 The Beta Function?

The beta function is

L)' (c)
B(b,c) := Thto) (2.68)
The beta function can be viewed as a continuous version of the binomial
coefficient
n\ n!
(k) o kl(n — k)!"
Indeed,

1 _ I'(n+2)

Bk+1l,n—k+1) Tk+1DI(n—k+1)

()

17See Exercise 2.8 for an alternate definition.
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20

10F
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0 1

FIGURE 2.12: The gamma function, I'(v), as defined by (2.65). The gamma

function is also defined for negative and complex arguments [6].

2.3.5.12 Bessel Functionstt

For v > —%, Bessel functions of the first kind can be defined by the integral
[6]
Ju(z) = e /1(1 - uz)”_% cos(zu) du (2.69)
YT+ 1) Jo

Example plots are shown in Figure 2.15.

(a) Fourier transforms of Bessel functions

From Exercise 2.42, we have the transform pair

Jy,(27t) (w/2)"
@y V(v + )

The functions Jo(27t) for v = 0 and jinc(¢) for v = 1 are special

(1 — )" 210(u/2). (2.70)

cases. A plot is in Figure 2.16.
For v =0, (2.69) becomes

2 (! cos(2mut
Jo(2mt) = ;/0 \/1(_7162) du. 2.71)

A plot is shown in Figure 2.16.

(b) The jinc function
We define [165]
J1 (27Tt)

jine(t) :== 57

(2.72)
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|4

1 1 1 1 1 1

10 20 30 40 50 60 70

FIGURE 2.13: A semi-log plot of the gamma function, I'(v) as defined by
(2.65).

Using (2.69) with v = 1 gives

1
jine(t) = 2/ V1 —u? cos(2mut) du.
0

Since

2/ V1—u?du=uyv1—u?+arcsin(u), (2.73)

it follows that
jine(0) = g

The zero crossings of the jinc are identical to the well tabulated ¢ # 0

zero crossings of Jy (27t).

Spherical Bessel functions

Spherical Bessel functions of the first kind are Bessel functions with

half integer argument'8.

™

o= Juiy (2). (2.74)

Jn(2) =

Plots are shown in Figure 2.17. Spherical Bessel functions are finite

energy bandlimited functions.

'8 The Fourier transform of the spherical Bessel function is in (2.82).
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FIGURE 2.14: A semi-log plot of the beta function, B(b, ¢). Since T'(0+) =

o0, all of these curves peak to co as ¢ — 0.

(d) Modified Bessel functions

An nth order modified Bessel function of the first kind can be defined

as [6, 590]
1

™

() =+ /O ¢2<05(0) cos(nf)do.

Modified Bessel functions obey

2.3.5.13 The Sine Integral

The sine integral function is

Si(t) == /Ot sinz) ;.

z
Equivalently
¢
Si(wt) = 77/ sinc(7)dr.
0

A plot of Si(nt) is shown in Figure 2.19.

(2.75)

(2.76)

(2.77)

(2.78)
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FIGURE 2.15: Plots of J,(t) for v = 1 through 8.

2.3.5.14 Orthogonal Polynomials¥

There exist numerous classes of orthogonal polynomials [6, 711, 590]. Here
are three of them.

1. Legendre polynomials

Legendre polynomials on the interval [-1,1] can be defined by

- 2nn)

P, (1) : 1 (jt) (2 —1)". (2.79)

(a) Properties. With initializations Py(t) = II(%) and Py(t) =
t 11 (%), Legendre polynomials obey the recursion relationship

(n+ 1) Poss1(t) = (2n + D)tPy(t) — nPy_1(t). (2.80)

The Lengendre polynomials are orthogonal.

1
2
P,(t)Py,(t) = dn — 2.81
[ PPt = gmgin-m (28)
A plot of the first few Legendre polynomials are in Figure 2.20.

The functions become more oscillatory with increasing index.

(b) The Fourier transform of the Legendre polynomial. Leg-
endre polynomials and spherical Bessel functions are Fourier

transform pairs.
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T, (2rt)/(2t)"

FIGURE 2.16: Plots of J,(2nt)/(2t)” for v = 0, 1, 2, 3. The v =1 plot is
of jinc(t) and v = 0 corresponds to Jo(27t).

Proof. Using the definition of the spherical Bessel function in
(2.74), the definition of the Bessel function in (2.69) and the
definition of the Legendre polynomial in (2.79), we have

ja2rt) = Fd, ()

n 1 . an+l(27rt)
= 37 {(;) (2t)2 (—j2nt) @;M}

J

= 5" [eamr ]

1
(26"t 3

V)

B @[ 0| n

= 2 (F)" @) [ =) (w/2)

(2.82)
Thus,

je(2mt) & % 7R P (u)II (3) . (2.83)
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]n (27t)

FIGURE 2.17: j,(2wt) for n =0, 1, 2, 3, 4.

2. Chebyshev polynomials

Chebyshev polynomials of the first kind on the interval [-1,1] are
defined by
T, (cos 0) := cos né. (2.84)

The first few are shown in Figure 2.21.

(a) Recursion relationship. Chebyshev polynomials obey the re-

currence relationship
Tnt1(t) = 2tT,(t) — Tr—1(2). (2.85)

The polynomials can then be generated by this recursion initi-
ated, from (2.84), To(t) =11 (%) and Ty (t) = ¢ 11 (3).

To show (2.85), we will assume it true and show it reduces to
an identity. Applying (2.84) to (2.85) asks the question

is [cos(n + 1)0 = 2cos@ cosnf — cos(n —1)0] 7

The affirmative answer follows immediately from recognizing the

equation is the real part of

eI (0 — 9 o5 10 — (P10

which, when simplified, reduces to Euler’s formula.
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30 T T T T T T T T T
20F —
i o ]
1or 1i(x)
L(x)
| L(x) 1y(x)]
— ),

FIGURE 2.18: Modified Bessel functions of the first kind as defined in
(2.75).

(b) Orthogonality. Chebyshev polynomials are orthogonal with re-

spect to the weighting function, (1 —t2)~1/2.

LT, ()T (t) 3mdln—m] ; n#0andm#0
=1 V1-12

i n=m=20
(2.86)
(¢) Fourier transform. The Fourier transform of a Chebyshev

polynomials on [-1,1] is an nth order Bessel function

1 (=) u
3. Hermite polynomials
Hermite polynomials can be defined by
d n
H,(t) = (—1)"e" <dt> et (2.88)

The first few Hermite polynomials are shown in Figure 2.22.

(a) Recursion relationship. Hermite polynomials obey the recur-

sion relationship

i (1) = 2H (£) — 2nHy 1 (1) (2.89)
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Sli(wt)

FIGURE 2.19: Plot of Si(wt). As t becomes large, Si(7t) <+ 5. Also, Si(7) =

1.851937.

with initialization Hy(t) = 1 and Hy(t) = 2t.
Orthogonality. Hermite polynomials are orthogonal on the real

line with respect to the weighting function, et

/OO H, () Hy (e dt = 2™ nl /7 8[n — m).

Fourier transform. Weighted Hermite polynomials, called Hermite-

Gaussian functions, are their own Fourier transforms.

™ H,y (V27 t) < (—§)"e™ ™ H,, (V27 u) (2.90)
Equivalently,
Kn(t) < (=4)" Kn(u). (2.91)

where the Hermite-Gaussian function is
Ko(t) == e ™ H, (V27 u). (2.92)

The Fourier transform of the Gaussian in (2.52) is a special case
corresponding to Ko(t). Plots of K, (t) are in Figures 2.23 and
2.24.
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FIGURE 2.20: The first few Lengendre polynomials.

2.3.6 OTHER PROPERTIES OF THE CONTINUOUS TIME
FOURIER TRANSFORM

2.3.6.1 The Signal Integral Property

A useful property emerges from evaluating the inverse Fourier transform
in (2.10) at u = 0.

X(0) = /t - (2.93)

=—o0
The Fourier transform evaluated at the origin is equal to the definite inte-
gral over all time of the transformed signal.

Definite integration of derivatives property. The signal integral
property can be used to show that, if the integral in (2.93) is finite, then

/:ooo <jtx(t)) dt = 0. (2.94)

Proof. Let y(t) = 4 z(t). Then, according to the derivative theorem
y(t) «— Y(u) = (j2mu) X (u). (2.95)

According to the signal integral property in (2.93),

/mmmuzwm=u%wxwmﬂ.

— 00

Thus, assuming X (0) < 0, (2.94) follows. O
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FIGURE 2.21: The first few Chebyshev polynomials, T, (t).

2.3.6.2 Conjugate Symmetry of a Real Signal’s Spectrum.

The continuous time Fourier transform of a real function is conjugately
symmetric, (or Hermetian). That is, if z(¢) is real, then

X(u) = X*(—u). (2.96)

Proof. From the Fourier transform in (2.10), we write
0 .
X(—u) = / x(t) 72 dt,
Conjugating both sides and, recognizing a real z(t) dictates z(t) = x*(t),

reduces this equation to the Fourier transform in (2.10). O

The spectrum can be separated into its real and imaginary components.

X(u) = R(u) + jI(u). (2.97)

Equating the real and imaginary components of the Fourier transform of
a real signal in (2.96) reveals the real part of the transform is an even
function

R(u) = R(~u),

and the imaginary part is an odd function.
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FIGURE 2.22: The first few Hermite polynomials, H,,(¢).

Similarly, the spectrum can be expressed in polar form as
X (u) = | X (u)]e?“X®),

Using (2.96) and equating the magnitude reveals the magnitude of the

Fourier transform is an even function.
| X (w)] = [X(=u)l,
whereas equating the argument gives an odd phase.
X (u) = —£X(—u).

2.3.6.3 The Hilbert Transform

The Hilbert transform of a signal z(t) is the convolution = * z(t). Since'®

=1 < j sgn(u), the Fourier transform of the Hilbert transform is

He(t) = ;71 ¥ 2(t) < j sen(u) Z(u). (2.98)

where H is the Hilbert transform operator.

19 Qee, e.g. Table 2.4.
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FIGURE 2.23: Hermite-Gaussian functions, K,,(t), are their own Fourier
transforms. See (2.91). Additional plots are in Figure 2.24.

2.3.6.4 Hilbert Transform Relationships Within a Causal Signals’

Spectrum.

If a signal is causal, the real and imaginary components of its spectrum are
Hilbert transform pairs. Specifically

I(u) = HR(u) = — « R(u). (2.99)

U

Proof. We start with the property of a causal signal

2(t) = 2(t)u(t).

Since pu(t) «— 1 (6(u) — i), Fourier transforming both sides gives

™

X (u) = %X(u) - 2571 « X (u),

X(u) = - & X(u).

Y
Substituting the real and imaginary component equation for the spec-
trum in (2.97) and equating the imaginary portions of both sides gives
the promised result in (2.99). O
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FIGURE 2.24: Hermite-Gaussian functions, K, (t), are their own Fourier
transforms. See (2.91). These plots are linear for the range (-1,1) and are,

otherwise, logarithmic.

Likewise, equating the real parts gives the inverse Hilbert transform re-

lation )
R(u) = —— I(u). (2.100)

2.3.6.5 The Power Theorem.

The power theorem states that the inner product of two functions in time

is equal to the inner product of their Fourier transforms in frequency.

/ T oy (b dt = /_ X (w)Y*(u) du. (2.101)

An important special case is Parseval’s theorem?® that states the energy of

a signal in time is equal to the energy of its Fourier transform in frequency.

/_O; o (t)2dt = /_O; X () [2du.

20When applied to the Fourier transform, Parseval’s theorem is also referred
to as Rayleigh’s theorem [165, 1267).
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Proof. Using the definition of the inverse Fourier transform, we write

[ Z 2ty (D)t = [ 0; { [ 0; X(u)eﬂ”tdu} y* (1) dt.

Reversing integration order and recognizing the resulting transform com-
pletes the proof. O
2.3.6.6 The Poisson Sum Formula.

The Poisson sum formula is

T i a(t —nT) = i X(%) ed2mnt/T (2.102)

n=—oo n=—oo

The left side of (2.102) is periodic with period 7', although x(t) need not be

a period. The right hand side is the Fourier series of this periodic function.

Proof.

i 2(t—nT) = z(t)x % comb (;)

n—=—oo

1 00 .
- j2nnt/T
x(t) * T E e

where we have used (2.55). Recognizing
x(t) * 2™ = X (v)el?™ (2.103)
completes the proof. O

Note that, for t = 0, the Poisson sum formula directly relates the sum of

the signal and spectral samples:

T i e(nT)= Y X(%) (2.104)

n=—oo n=—oo

2.4  Orthogonal Basis Functions?

The Fourier series is a special case of an orthogonal basis function expansion
[932, 1116]. For a given interval, I, functions z(t) and y(t) are said to be
orthogonal if

/x(t)y*(t)dt = 0. (2.105)

I
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The functions are said to be orthonormal if both z(t) and y(t) have unit
energy on the interval I.

Each element in an orthonormal basis set, {p,(t)] — 0o < n < o0; t €
I} 2!, has unit energy on the interval I and is orthogonal to every other

element in the set.
/(pn(t) or (t)dt = 6[n — m]. (2.106)
I

Corresponding to a given signal class, C, of finite energy functions, a

basis set is said to be complete if, for every z(t) € C, we can write

x(t) = i o op(t); tel (2.107)

n=—oo

where equality is at least in the mean square sense.

N 2

x(t) — Z QnPn (1)

n=—N

lim dt = 0. (2.108)
N—oc0 I

The expansion coefficients, «,,, can be found by multiplying both sides of
(2.107) by ¢r,(t) and integrating over I. Using (2.106), we find that

ay = /x(t)@Z(t) dt. (2.109)

2.4.1 PARSEVAL’S THEOREM FOR AN ORTHONORMAL
Basis?

Parseval’s theorem for a complete set of orthonormal basis functions relates

the signal’s energy to its expansion coefficients.
/|:c(t)|2dt = anl.
I n

21For certain orthogonal basis sets such as the prolate spheroidal wave functions
the index n runs from 0 to co. See Section 12.5.
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Proof.

[ lz@)Pdt = [;x(t)z* (t)dt

Ji o anen(t) 32, ager ()] dt

= Zn Qnp Em a;kn f[ [‘pn (t)(p;; (t)] dt

O

Parseval’s theorem for the Fourier series in (2.19) and the sampling the-

orem in (6.34) are special cases.

2.4.2 ExampLEST

In each of the following examples, C is subsumed in the class of finite energy

(L) functions.

2.4.2.1 The Cardinal Series?

The cardinal series, the topic of Chapter 6, is an orthonormal expansion
for all signals whose Fourier transforms are bandlimited with bandwidth
B. For

I={t|—o0o<t<oo},

the orthonormal basis functions are
©n(t) = V2B sinc(2Bt — n). (2.110)
Note, then, that?2

L ( " ) (2.111)
Oy =—7—2z(=x). .
" V2B \2B
As we will see in Chapter 6, the cardinal series displays uniform convergence

which is stronger than that the mean square convergence in (2.108).

22Gee Exercise 2.51 for details.
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2.4.2.2 The Fourier Series’

The Fourier series is an orthonormal expansion for signals over the interval

I=1!t Z<1f<z
B 2 2 [

The orthonormal basis functions here are:

1 j2mnt
Lpn(t):ﬁexp( T );te[.

It follows that a,, = ﬁ X7 (%)

2.4.2.3 Prolate Spheroidal Wave Functions¥

The prolate spheroidal wave functions in Section 12.5 can be used to rep-
resent bandlimited functions.

2.4.2.4 Complex Walsh Functions?

Complex Walsh functions in Exercise 7.27 are also examples of orthogo-
nal basis sets on a finite interval. Such sets will later prove useful in the
understanding of interpolation from continuous samples and Kramer’s gen-

eralization of the sampling theorem.

2.4.2.5 Orthogonal Polynomials¥

Orthogonal polynomials, including the Legendre in (2.79), the Chebyshev in
(2.86) and the Hermite in (2.88), are, as indicated by the name, orthogonal.

2.4.2.6 Fourier Transforms of Orthonormal Functions are Orthonormal¥

If the set of functions, { z,(t) | 0 < n < oo }, are orthonormal, then the
Fourier transforms of these functions, { X,(u) | 0 < n < oo }, are also
orthonormal. The orthonormality of the functions can be expressed as
o
/ xp ()}, (£)dt = 6[n — m].
— 00

From the power theorem in (2.101),

/O; Ty (t)zy, (t)dt = /_O:O X () XE (w)du.

Therefore, orthonormality in ¢ dictates orthonormality in u.
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2.5 The Discrete Time Fourier Transform

The discrete time Fourier transform (DTFT) of a discrete time sequence,

x[n], is
o0

Xp(f):= Y axnle > (2.112)

n=—oo

The frequency variable, f, is unitless. The DTFT is recognized as a Fourier
series in f with unit period and Fourier coefficients ¢,, = x[n]. The inversion
is therefore

z[n] = /1 Xp(f)e?? ! df (2.113)

where fl denotes integration over any unit interval.

2.5.1 RELATION OF THE DFT TO THE CONTINUOUS TIME
FOURIER TRANSFORM

To relate discrete time Fourier transform to the continuous time Fourier
transform, let the sequence x[n] be the samples of a continuous time signal,
x(t) at intervals of T

z[n] = z(nT).

Define the signal of samples as

Note that
s(t) = a(t) S5 6(t—nT)

(2.114)
= z(t) 7 comb (4).

Using the Fourier transform for the comb in Table 2.4 and the convolution

property?? reveals that sampling replicates the spectrum.

s(t) «— S = X(u)*comb(Tu)
= X730 o 0(u—7)

= %Zzo:fooX(u_;)

23 See Table 2.3.
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This replication, pictured in Figure 2.25, is periodic in the frequency do-
main with a period of % The Fourier series of this periodic function is
obtained from the Fourier transform of (2.114). Equating gives

o0

S(u) = Z x(nT)e 72mnTv — % :i: X (u - %) .

n=-—oo

This is the Fourier dual of the Poisson sum formula in (2.102). Comparing
to the DTFT in (2.112) gives the relation between the spectrum of the
signal, (t), and the DTFT of its samples.

wn-s(f)- £ 5(57)

n=—oo

If X (u) is zero for u > 5,

be reconstructed from S(u) and therefore from Xp(f).

the spectra do not overlap and z(t) can uniquely

2.6 The Discrete Fourier Transform

The discrete Fourier transform (DFT) [176, 1497] is ubiquitous in digital
signal processing. The fast Fourier transform (FFT) is a computationally
efficient algorithm to compute the DFT [177, 350, 351, 1747]. Goertzel’s
algorithm?* can also be used.

The DFT is a special case of the sampled DTFT. The samples in the
frequency domain need not be uniform [44]. Let z[n| be defined only on
the interval 0 < n < N and sample the frequency at locations f; where k
is the index of the sample. Then the sampled DTFT in (2.112) becomes

N-1
Xp(fr) =Y _ alnJe 9?™Ir, (2.115)

n=0
If, for example, a logarithmic plot of the spectrum is desired with 100 points

per decade®® we would use, for an appropriate range of k’s,
fr = fo1070.
where fj is a reference frequency. If the range of k is finite, the sampled

DTFT in (2.115) can be evaluated using a matrix vector multiplication.

24 See Section 3.6.
ZThe frequency one decade above fy is 10 fo.
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transform x[n] < Xp(f) =30 xnleizm/

periodicity =Xp(f—p);p=0,£1,%2, ...

shift x[n — k| & Xp(f)e i2mks

modulation x[n]es?mmY < Xp(f—v)

cumulative sum >-o zlk]; z[n] is causal < eﬁﬁﬁujl

conjugate x*[n] « X5(=f)

transpose x[—n) < Xp(—f)

inversion zln] = [, X ()™ df «  Xp(f)

linearity az[n] + by[n| < aXp(f)+dbYp(f)

convolution x[n] x h[n| ~ Xp(f)Hp(f)

circular convolution x[n|h[n] < [Z Xp(w(v)Hp(f —v)dv
= [, XpW)Hp(f —v)dv

correlation x(t) * h(t) < Xp(uwHj(u)

TABLE 2.6: Discrete time Fourier transform (DTFT) theorems. Discrete

time convolution is defined by z[n] * hin] = >°>°____ x[m]hjn — m].
Correlation is z[n] x h[n] = >°°____ z[m|h*[n — m] = z[n] * h*[—n]. The

notation “ fl” means integration over any unit interval.
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X(u)/T

| | | T f

FIGURE 2.25: Replication of a spectrum when a signal is sampled.

The DFT with uniform spacing is a special case of the sampled DTFT
where fr = % Using the notation

X[k] = Xp (]’;) ,

the DFT of a sequence of N values, { z[n] |n=0,1,2,--- ,N —1},is
N-1 ‘
X[k] = an]e 72k, (2.116)
n=0

Since X[k] = X[k 4+ N], the DFT is periodic with period N. Thus, only
the first N samples require computing. The principle values for {k =
0,1,2,---, N —1} are normally used. We will likewise assume the sequence
x[n] is periodic with period N. Unless otherwise specified, the DFT is as-

sumed to be uniformly sampled in the frequency domain.
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The inverse DFT is

N-1
1 )
aln] = % > X[k]e?? RN, (2.117)
k=0

2.6.1 CIRCULAR CONVOLUTION

Let

Yk] = X[k]H[k] (2.118)
where X[k] and H[k] are DFT’s of signals z[n] and h[n] both of which
are periodic with period N. Then the inverse DFT of Y[k] is given by the

circular convolution

[

N
yln] = > a[m]h[n —m]. (2.119)
m=0

Proof. Using the inverse DFT in (2.117) for y[n] and (2.118) gives

=

i) :% X (k] H[k]e 2/

0

>
Il

Using the DFT expression in (2.116),

1 N—-1[N-1 -
y[n} _ N Z [Z m[m]ej2wmk/N] H[k]egbrnk/N
k=0 =0

or, rearranging summation order

y[n] = z_: x[m] [;f i: H[k]ejQW(n—m)k/N] .
m=0 k=0

Applying the inverse DFT formula in (2.117) gives the promised circular
convolution in (2.119). O

The mechanics of circular convolution are treated in Section 3.3.3.3.

2.6.2 RELATION TO THE CONTINUOUS TIME FOURIER
TRANSFORM

We explain the DFT’s relationship to the continuous time Fourier trans-

form using Figure 2.26. On the left are functions of time and, on the right,
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their Fourier transforms. On the top row, we are reminded that the Fourier
transform of a periodic signal is a string of Dirac delta functions in the
frequency domain. The second row shows the Fourier dual. The Fourier
transform of a string of equally spaced Dirac deltas has, as a Fourier trans-
form, a periodic function. Indeed, when couched in discrete time, (T = 1),
this is the discrete time Fourier transform. The discrete time Fourier trans-
form has a spectrum that is periodic with a period of one.

The last row illustrates the DFT and makes use of the properties of the
first two rows. The Fourier transform of a periodic string of Dirac deltas is
a periodic string of Dirac deltas. Furthermore, the number of Dirac deltas
in a period in both the time and frequency domains is N.

In the time domain, if the first N values are x[n], then the first N samples
in the frequency domain are X[k]/(NT) where X[k] is given by the DFT
in (2.116).

To show this from the perspective of continuous time in Figure 2.26,
recall, using (2.17), that the Fourier transform of a periodic function with
period NT is

SR k k
.’E(t) d ﬁ k;OOXNT (]VT) 1) (’LL — ]VT)
where X y7(u) is the Fourier transform of z(t) over any single period. In our
case, the duration of a temporal period is NT'. For the periodic sequence
of Dirac delta’s,

Xnr(u) =[50 [Zg;olx[n}cs(t _ nT)] o—i2mut gy

= T e

and

2 N-1
AT —j2mkn/N —
XNt (NT) nz:%x[n]e = X[k].
Thus

o(t) & o iooxma (u - J@) .

Therefore, in continuous time, a periodic replication of N samples riding
on a string of Dirac delta functions has a Fourier transform of a periodic
replication of N values also riding on a string of Dirac deltas. The relation-
ship between the N samples in the time domain and the N samples in the

frequency domain is the DFT.
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2.6.3 DFT LEAKAGE

The DFT reproduces the DTFT at the frequencies f = % At intermediate
frequencies, however, there is leakage due to aliasing?®. This is illustrated
in Figure 2.27 where the magnitude of an N = 8 DFT is shown for z[n] =
exp(—j2mn/N) is shown for 7 < n < 8. Points are linearly connected. At
n =7, the DFT gives a value at k = 7 and zero otherwise. As 7 is increased
towards 8, the values of the DFT spread to adjacent bins. This is leakage.
At n = 8, the DFT again returns to a single value for £k = 8 and zero
otherwise. A common approach to address leakage is the use of windows.
The DFT for?” z[n] = sin®(7k/N) exp(—j27n/N) for the same range of 7
is shown in Figure 2.28. Use of the window diminishes the nonuniformity

of the leakage as the cost of greater spread at the DFT points.

2.7 Related Transforms

There are many transforms closely related to the Fourier transform. In the
introductory material to follow, transforms will be subscripted according to
type. In later applications, the subscripts will be dropped and the transform

type will be clear in the context of its use.

2.7.1 THE COSINE TRANSFORM!

The unilateral cosine transform, in continuous time, is?®
KXeos(u) :=2 / x(t) cos(2mut)dt. (2.120)
0
The discrete cosine transform (DCT) [130, 1017, 1263] is
N—-1
C[k] 7(2n + 1)k
Xeoslk] i= — 5 | ——— 2.121
cos|K] 5 HZ:;) x[n] cos ( 5N ( )
where
272 k=0
Clk] = (2.122)
1 ;  otherwise

263ee Section 6.3.1.1.
27 This is a Hanning window. Other commonly used windows are in Table 10.1.

28 See Exercise 2.23 for the inverse.
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The DCT is used in JPEG image compression®?.

The inverse DCT is

N—

zln] = Y @ Xeos[k] cos <7T(27;;1)k) . (2.123)
k=0

=

2.7.2 THE SINE TRANSFORM'

The unilateral sine transform, in continuous time, is®°

Kin(u) == /000 x(t) sin(2mut)dt. (2.124)

2.7.3 THE HARTLEY TRANSFORM

The Hartley transform [166] of a signal is

Xpart (v) = /OO x(t)cas(2mut)dt (2.125)
where
cas(¢) = cos(¢) — sin(¢). (2.126)
Note that

7€ = cos(¢) — jisin(¢)

so the Hartley transform is closely related to the Fourier transform. Indeed,
for the Fourier transform pair z(t) > X (u) = RX (u) + 73X (u), we have,

when z(t) is real,
Xpart (@) = RX (u) + X (u). (2.127)

The Hartley transform has the property that X (u) is real when z(t) is real.

Its inverse is

x(t) = /jo Xpart (w)cas(2mut)du. (2.128)

29Gee Section 9.7.
30 See Exercise 2.23 for the inverse.
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2.7.4 THE z TRANSFORMS

The unilateral z-transform of a sequence z[n] is®!
X.(2):= Zx[n] z7 " (2.129)
n=0

The transform pair can be written in short hand as
z[n] +— X.(2). (2.130)

For example®?
1
" — 2.131
a*pln] = ———— (2.131)
where u[n] =1 for n > 0 and zero otherwise is the unit step.

The shift theorem for the unilateral z transform is
z[n+ 1] +—2X.(2) — z z[0] (2.132)
z

To prove this, we write

Zx[k +1]z7F=2 {—x[O] + Z x[n] z"}

k=0
where we have made the variable substitution n = k — 1. Equation 2.132
follows.

When the Laplace transform in (2.22) converges on the imaginary axis
of the s plane, the slice of the Laplace transform along the imaginary axis
is the Fourier transform (see (2.23)). Similarly, if the z transform converges
on the unit circle, z = €/27f then the slice of the z transform along the
circle is the DTFT of the discrete time signal. Specifically, from (2.129),

X, (e27) = Zx[n] el? st (2.133)
n=0
From (2.112), we clearly have X, (e/2™/) = Xp(f).

The z transform is useful in the characterization of finite impulse re-

sponse (FIR) filters and infinite impulse response (IIR) filters®3. FIR filters

31 When the n summation is over the interval (—oc, o), the z transform is said
to be bilateral.

32In some applications, the region of convergence of the z transform is of sig-
nificance. In (2.131), the region of convergence is for |z| > |al.

33 See, for example, Section 10.3.4.2.
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contain no feedback, are always stable and have an impulse response equal
to zero after some finite time interval. IIR filters have feedback and gener-
ally have impulse responses that last forever. The FIR and IIR filters can

be represented via the difference equation

> bpyln —pl = agzin — g (2.134)

=0

where z is the input and y the output. By convention, we set by = 1. Then,

equivalently, we can write

y[n] = Z aqx[n —q] — Z bpyln — pl. (2.135)

q=0

The order of the filter is N. The b,’s are the coefficients of feedback for
previous outputs contributing to the current output. If {b, =01 <p <
N}, there is no feedback and the filter is FIR. Otherwise, the filter is IIR.
A standard implementation of (2.135) is shown in Figure 2.29 [556, 1153,
1154].

With zero initial conditions, the z transform of (2.134) is

N N
Y.(2) Z bz P =X, (2) Z agz"9.
p=0 q=0

The corresponding transfer function of the filter, H,(z) = Y,(2)/X.(z), is

N _
Zq:O agz 1

o —.
> p=0 bp2 7P

The frequency response of the filter follows as

H.(z) = (2.136)

N i2
J2m fq
Zq:O aq€

H Jj2rfy _ .
z (6 ) Z;V:O bpejQﬂ.fq

Application of the z transform to a simple difference equation in some

elementary deterministic problems in finance is in Section 15.4.
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FIGURE 2.26: Top row: The Fourier transform of a periodic function is a
sequence of Dirac deltas. Middle row: The Fourier transform of a string of
Dirac deltas is a periodic function. This is the Fourier dual of the property
of the property shown in the top row. Bottom row: If a function is both
(a) periodic and (b) an equally spaced sequence of Dirac deltas, then its
Fourier transform will be (a) an equally spaced sequence of Dirac deltas
that is (b) periodic. The period in each domain consists of N Dirac deltas.
The relation between the samples in each of the two domains is the DFT.
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FIGURE 2.29: An implementation of the IIR filter of the difference equa-
tion in (2.135). If all of the b,,’s are zero, the filter is FIR. The graph is read
as follows. A branch labelled as function of n, such as the input, z[n], or
output, y[n], denotes the signal flowing on that branch. Branches labelled
271 denote a unit delay. Other labelled branches, such as a; and —by, cor-
respond to signal multiplies. An unlabelled branch corresponds to a unit
multiply. When two branches merge, the signals are added. When a branch

splits, duplicate versions of the signal are sent down each branch.
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2.8 Exercises

2.1. Let the units of z(t) be volts. Let z[n] = x(nT). What are the units
of

(a) the CTFT, X (u), in (2.10)?

(b) the Fourier series coefficients, ¢, in (2.13)?
(¢) the DTFT transform, Xp(f), in (2.112)7
(d) the DFT, X[k], in (2.116)?

(e) the Hilbert transform of x(t) using (2.98)?

2.2. For the signals in Section 2.2, specify any signal classes that are sub-

sumed in any other signal class.
2.3. § Consider the following “proof’ that n = 2n. Clearly
d

2
—n“ =2n.
dn
Also
a2 _  d
ent = 4- nXn

= 4 (n+n+---n)

= L (14141

Equating gives n = 2n.
Specifically identify what is incorrect in this derivation of a nonsensical
result.

2.4. Absolutely convergent sums I. A series
oo
D am
m=0
is said to be absolutely convergent if the sum

S = Z |G
m=0
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is finite. The terms in an absolutely convergent series can be arbitrarily
rearranged without affecting the sum. The Taylor series expansion of x(t)
about the (real) number 7 is

o)=Y I ),
m=0
Show that if (t) has finite energy and is bandlimited, then this series is
absolutely convergent for all [¢| < oo.
Hint: Show that
S(t) < V2BEe*Blt=7l,

2.5. 9 Absolutely convergent sums II. For z = ¢/¢, Euler’s formula uses
the even and odd terms in (2.34) to generate the Taylor series for the cosine
in (2.35) and the sine in (2.36). Consider doing a similar decomposition for

the Taylor series expansion

In(2) = ﬁ;i (=" (2.137)

i
Expanding and rearranging gives
In@2) = 1-44+3-141 4141
e R SRt R
ST T R PSR CRE R TS
(3 edehaio).
Adding the first two series gives
) = Qhedebeiedee)

2 +i+irio)
= (Q+5+3+3+i+5+)

—(1+34+5+1+s+s+)

We therefore have the obviously incorrect result that In(2)=0. The reason

is that, in order to rearrange the elements of an infinite summation without



2. Fundamentals 78

changing the sum, such as ZZO:O an, the sum must be absolutely convergent.

oo
Z lan| < oo.
n=0

(a) Show that the Taylor series in (2.34) is absolutely convergent, there-
fore allowing the decomposition into the cosine and sine components
in (2.35) and (2.36).

(b) Show that the Taylor series in (2.137) is not absolutely convergent.

2.6. § The Pythagorean theorem. The magnitude of a complex function
is determined from its real and imaginary parts using the Pythagorean

theorem. Prove the Pythagorean theorem.

2.7. § A review of the geometric series is given in Appendix 16.4.2.
(a) Show that (5™)! ends in exactly (5™ — 1)/4 zeros. For example

(5%)! = 125! =18
826771768889260997437677024916008575954036487149242
588759823150835315633161359886688293288949592313364
640544593005774063016191934138059781888345755854705
552432637556500713177088000000000000000000000000000
0000

ends in 31 zeros.
(b) Show that the number of zeros in N! for arbitrary N is

|log, N |

ZINl= > wJ (2.138)

k=1

where |a] denotes “the largest integer not exceeding a”. Thus, for

example, |7| = 3.
(¢c) How many zeros are at the end of 2000! ?

(d) Derive an expression for the number of zeros at the end of N!! = N

double factorial.

(e) Stirling’s formula approximating the factorial is

1
nl~V2mn"T2e ",
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or, equivalently,
1 1
log n! = Elog(Zﬁ) + (n+ 3 log n —n.

Is this a good approximation for the 50! ? For 2000! ?

2.8. Show that m!! in (2.66) can also be written as

om/2 (%) ; when m is even
mll =
2(7+'(L,1)' ; when m is odd .
2.9. Evaluate o
/ x(t)dt
when z(t) =
(a) sinc(t) (b) jinc(t)
(©) Jo(2nt) () L=
(e) sincg(t) (f) sinc(t)jinc(t)
(g) sinc(2t)sinc(t — 1) (h) cos(2wvt)
2.10. Simplify
(a) z(t) =sin (Z1I(¢))  (b) 2(t) = II (sin®(2nt))
(c) z(t) = ( (1)) (d) x(t) = sgn (sin(2t))
(e) x(t) =sin (§segn(t)) (f) x(t) =TI (A(t))
(8) z[n] = [blnC(n)] (h) z[n] = 6 [5[n]]
(i) z[n] = sinc (6[n]) (j) #[n] = 6 [jinc(n)]

2.11. Consider the definite integration of derivatives property in (2.94)
which applies when X (0) < oo. Does this property apply when

(a) x(t) = e "u(t)?
(b) «(t) is an odd function?

(c) 2(t) =o(t) ?

2.12. Show that

/ et dt = 2/ 12 et dt.

Hint: Apply the definite integration of derivatives property in (2.94) to



2. Fundamentals 80

2.13. Let x(t) + X (u).
1. If x(¢) is real, is £(0) X *(0) always real?
2. What about when x(t) is complex? Is z(0)X*(0) always real?

2.14. Show that -
f0) o Flu)du

S f@a— F(0)
2.15. Analytic signals. If 2(t) «<— X (u) then the inverse Fourier trans-
form of X (u)u(t) is called the analytic signal, Z(t). That is

(2.139)

z(t) ¢ X (u)pu(u). (2.140)

(a) What is the analytic signal when z(t) = sin(27 fot) where fy is a

given frequency?
(b) Express the analytic signal in terms of z(t) and its Hilbert transform.

(c) What is the connection between the analytic signal and the Hilbert
transform relationship between the real and imaginary components of

the Fourier transform of a causal signal as discussed in Section 2.3.6.47

2.16. (a) Evaluate the Fourier transform of
2(t) = [sine(t) u(t)

Hint: |sinc(t)|u(t) = sinc(t)x a square wave Xpu(t). The following
Hilbert transform may prove useful.

(2.141)

t+31

(b) Are the real and imaginary parts of this causal signal Hilbert trans-

form pairs? If not, why?
2.17. Define the Dirac delta, §(t), as the limit of a
(a) triangle function.
(b) jinc.

(¢) sinc squared.
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(d) Gaussian
2.18. The function X (u) = u §(u), when evaluated at u = 0, gives 0 x oco.
What is X (u) = u 6(u)|u=o ?

2.19. Bilateral Laplace transform. The bilateral Laplace transform of

a function x(t) is defined as

Xr(s):= /OO z(t)e *tdt.

—00

(a) Show that a sufficient condition for X (u) = X (j2mu) is that x(¢)
has finite area.

(b) For R (v + %) > 0, the Laplace transform of

(1— )" 211 (;)
X (s) = (i)ur <y + ;) r (;) L(s) (2.142)

where I, (s) is a modified Bessel function of the first kind defined in
(2.75). Can we use the Laplace transform in (2.142) to evaluate the

is [590]

Fourier transform of z(t) by replacing s with j2mu?

2.20. Let x(t) be causal.
(a) What are the even and odd function components of x(t)?

(b) Specify a function that is both causal and even. Causal and odd.

2.21. Is an odd function evaluated at the origin always zero?
2.22. Prove the properties of even and odd functions listed in Table 2.1.

2.23. (a) When z(t) is causal, show that the inverse of the unilateral
cosine transform in (2.120) is

() = [2 /O ” X (u) cos(@rut)du| ut).
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2.25.
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The bilateral cosine transform is

Keos(u) =2 /OO x(t) cos(2mut)dt.

— 00

Show this transform cannot be uniquely inverted.

Repeat (a) and (b) for the unilateral sin transform in (2.124) and its
inverse

x(t) = 2/ Xsin (u) sin(2mut)du, (2.143)
0
and the bilateral sin transform.

Show that the unilateral cosine and sin transforms are Hilbert trans-

form pairs.

Derive the entries in Table 2.4 for

(a) 6(t)  (b) TL(t)  (c) A(?)
(d) p(t)  (e) jine(t)

The derivative of a discontinuity is a Dirac delta.

Using the derivative theorem and the Fourier transform of sgn(t),

derive the Fourier transform of -sgn(t).

Do the same for the unit step function.

. Does the Dirac delta have (a) finite area? (b) finite energy?

. The array function

Derive the Fourier transform pair in Equation (2.62).

Show that, when N = QM,

array y (t) array g (Mt) x array,(t)

= arrayg(t) x array ,(Qt)

Show that the extrema of array,y () occur when ¢ is a root of the

equation
arraysn41 (t)

= (-1)N(@2N +1).
arrayopn 1 (t + %)




2. Fundamentals 83

(d) Pointwise versus mean square convergence. Convergence in
(2.61) is said to be pointwise. For any specified value of ¢, a value of
M can be found to make the array function arbitrarily close to the

sinc. A function x(t) is said to converge to y(t)

e pointwise if

limps ooz (t) = y(t),

e in the mean square sense if
limM_,oo / |y(ﬁ) - :L‘]VI(t)|2dt =0.

(i) Does array,, (4;) converge to sinc(t) in the mean square sense?

(ii) Does mean square convergence imply pointwise convergence or
visa versa?

e—ﬂ'(t—JVI)2

(iii) Does lim ;o0 converge to zero pointwise? In the mean

square sense?

2.28. Since 1

e pu(t) ¢— ——
(1) P
we can interpret « as a convergence factor and

1 1
lim e™*u(t) = p(t) «— lim - =—.
a—0 a—=0 a+ j2mu  j27u

(2.144)

But, according to (2.48), this is the Fourier transform of sgn(t). Rather,
from (2.50),

u(t) < = {5@) - 2;7“] . (2.145)

There is a contradiction between (2.144) and (2.145). What is wrong here?

2.29. Dirac deltas with functional arguments. Assume ¢(¢) has a zero

crossing at t = tg, i.e. g(tg) = 0. Let % =a.
(a) Simplify the expression for §(g(t)).
(b) Evaluate d(In(t/b)) for both t and b positive.
(c¢) Evaluate mwd(sin(nt)).

(d) Evaluate §(at? + bt + ¢) where a, b and c are real coefficients.
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2.30. Evaluate the following transforms listed in Table 2.5.
(a) sinc(t) (b) tanh(nt) (c) sech?(t)
(d) Si(mt) (&) 3onlod(t—mn)
2.31. Find the area of
(a) sinc*(t) (b) jinc?(t) (c) JZ(2nt)

2.32. Evaluate

(a) N
/ Jn(2mt)dt.
(b) _
/_ Jn(27t) i (27t ) dE
(c) -
T (t
/,1 e
(d) N
Z Jn(2m(t —nT)) for T < 1.

oo
2.33. Evaluate the series > a, when a, =

n—=—oo

(a) sinc(t —n).
(b) sinc(t —n).
(c) jinc(t — n).
(d) sinc (a(t —n)).
(e) jinc(2n).
(f) jinc?(%).
(g) n exp[—m(nT)?].
2.34. (a) Find the first few extrema of sinc(t).

(b) For large t, find a good approximation for the extrema of sinc(t).
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x(?)

FIGURE 2.30: Illustration of a periodic function for Exercise 2.36.

2.35. For a continuous time periodic function, z(t), with period T, the
function zp(t) in (2.16) is a function of 7. Thus, so is its Fourier trans-
form, X7 (u). Show, however, that the sampled transform, X, (%)7 is not

a function of 7.

2.36. Asillustrated in Figure 2.30, each period of a periodic function, x(t),
is divided into three sections. We extract three intervals, 77, T5 and T3 from
different periods but do so in such a manner that, together, they cover in

entire period. Show that the Fourier series coefficients can be written as

1 .
Cp = — (/ +/ +/ ) x(t)e 2t/ T gy
T \Jr, Jnn Jn

where T is the signal’s period.

2.37. Let x(t) be periodic with period T' = 2 such that

a1
S -
x(t):Tt; —-1<t<t.

Does z(t) violate all three Dirichlet conditions.

2.38. Let z(t) be periodic with a period of T' = 1. Let z(t) = log(¢) on the
interval 0 < t < 1. Does z(t) satisfy the Dirichlet conditions? If so, graph

the convergence of the truncated Fourier series in (2.20) for various values
of N.

2.39. (a) Evaluate the Fourier series of the periodic function
z(t) = e st (2.146)

Hint: Use (2.75).



2. Fundamentals 86

(b) Evaluate the Fourier series of
z(t) = eIz eost), (2.147)
Hint: Use (2.76).
2.40. Frequency Modulation (FM). A bounded signal,
lz(t)] <1, (2.148)

is frequency modulated®* on a carrier of frequency of fy Hertz as

t
y(t) = Acos (277/ [fo+ fA.Z‘(T)dT]>

0
where fa < fo is the frequency deviation. The function

f(t) = fo+ fax(t)

is the instantaneous frequency. From (2.148), one might then expect y(t)
to be constrained to the frequency band fo — fa < u < fo — fa. This is
not true.

(a) Compute the Fourier transform of y(¢) when the signal is a pure
35

tone
x(t) = cos(27mvt)
where v is a baseband (audio) frequency.

(b) Show that y(t) in part (a) is not a bandlimited signal.

(c) What is the bandwidth of y(t) as defined as the 3 dB down points of

the spectrum as measured from its maximum?

2.41. At a finite discontinuity, a Fourier series converges to the arithmetic

midpoint. To illustrate, let

o0

= 3 T (t-;ﬁ) |

n=—oo

Express y(t) as a Fourier series and evaluate y(7) using that series. Let
a=T1/T <1.

34 Amplitude modulation (AM) is the topic of Section 3.5.
35 Hint: See Exercise 2.39.
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2.42. Evaluate the Fourier transform of

J,(27t) 1

T >3

Simplify your result for » = 0 and v = 1 thus deriving two of the entries in
Table 2.4.

2.43. (a) Derive the recurrence relation in (2.89) for Hermite polynomi-
als as defined in (2.88).

(b) Show the following recurrence relationship for Hermite polynomials

H/ (t) = 2nH, _1(t).

(¢) Derive the Fourier transform in (2.90).

2.44. A function, x(t), is zero for |[t| > 1 and can be expressed as a Legendre

polynomial expansion.
- t
z(t) = ];)akPk(t) II <2> . (2.149)

(a) Find the coefficients, ag, for the Legendre polynomial expansion

(b) The Fourier series of this function, using (2.13), is

> t
x(t) = Z ¢ €™ IT (2> .
n=—oo
Express the Fourier coefficients, ¢, in terms of the Legendre polyno-
mial coefficients, ay. Your answers in (b) and (c) should be in terms

of spherical Bessel functions.

(c) Express the Legendre polynomial coefficients, oy, in terms of the

Fourier coefficients, c,,.

(d) Substitute your answer in (b) into (c) to find an orthogonality ex-
pression for spherical Bessel function samples, ji(7n), with respect
to k.

(e) Substitute your answer in (c¢) into (b) to find an orthogonality ex-
pression for spherical Bessel function samples, ji(mn), with respect
to n.
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2.45. Repeat Exercise 2.44 for Chebyshev polynomial expansions on [-1,1].

#(t) = gﬁkmwn (3):

Instead of spherical Bessel functions, your answer will be in terms of nth

order Bessel functions of the first kind.

2.46. For the Chebyshev polynomials, establish
(a) the orthogonality condition in (2.86).
(b) the Fourier transform pair in (2.87).

2.47. (a) Show that Legendre polynomials are evenly odd.

Pu(t) = (~1)" Pa(~1).

(b) Are Hermite polynomials evenly odd?
(¢) Chebyshev polynomials?
(d) Spherical Bessel functions?

(e) Bessel functions J,(¢)?

2.48. Chebyshev polynomials of the second kind, for ¢t = cosf, are
defined as [6]

Up (cos 0) := (n+ 1) array,, (i) . (2.150)
(a) Evaluate U, (x) for n =0 and n = 1.
(b) Establish the trig identity
sin(n +2)0 = 2 cosf sin(n + 1)6 — sinnf. (2.151)
(c) Use the identity in (2.151) to establish the recurrence relationship

Unir (t) = 2tUp (t) — Up_y (£).

(d) Using the recurrence relationship, plot the first few Chebyshev poly-
nomials of the second kind on [-1,1].
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zy(1)

LA

FIGURE 2.31: Illustration of Gibb’s phenomenon. See Exercise 2.52.

2.49. Show that

T (t) = Z::O (_;(min)' (2.152)

2.50. Show that, if x(¢) is a real periodic signal, then the corresponding
Fourier coefficients are conjugately symmetric.

*

Cn =C,,.

2.51. Show that the sincs in (2.110) are, indeed, orthogonal and that the
expansion coefficients are given by the samples in (2.111).

2.52. Gibb’s phenomenon

From the truncated Fourier series example in Figure 2.1, we see that
the overshoot at discontinuities becomes smaller in duration, but does not
disappear. This property is known as Gibb’s phenomenon. To show this,

from Exercise 2.41, let a = % and

-
2(t) =2y (t — 5) —1.

The truncated Fourier series for z(t) is zy(¢) which will display overshoot,

Ay, as shown in Figure 2.31. Compute this overshoot and its exact value

as N — oo.

Hint: Si(7) = 1.851937 where the sine integral is defined in (2.77).

2.53. Show that

comb (t - ;) o % [comb (g) — comb (“;1” .



2. Fundamentals

2.54. The generalized comb function [1118]
Let h(t) be any function that integrates to A, so

90

[ O; h(t)dt = A.

Define the generalized comb function

o0

comby, () := Z ﬁh (:;)

n—=—oo

where we assume the n = 0 term in the sum is Ad(¢).

(a)

2.55.

2.56.

Show that
comby, (t) +— comby (u) (2.153)

1 1
K(u)=—nh ( ) . (2.154)
HINT: First, show that

where

comby (£) = /£ iooo h(€) [; comb (2)} dt. (2.155)

Identify a function for which the generalized comb function becomes
a regular comb function.

(a) Let 2(t) = t—1. Compute both the area and energy of z(t)
(i) over the interval (0, 1) and,
(ii) over the interval (1, 00).

Use your result in (a) to show that finite area does not imply finite
energy and vice versa.

If a continuous time signal’s area is finite, can we conclude its energy
is also finite? What about the converse?

(a) If z(t) has a spectrum with finite area, show that x(¢) is bounded.
Let

lz(t)] < C < 0.

Express C in terms of

A /OO X ()| dut < o

— 00
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(b) Show that the converse of (a) is not true. That is, there exist bounded
signals whose spectra do not have finite area.

2.57. Show that a finite energy bandlimited signal, z(¢), must be bounded.
Specifically,
lz(t)|* < 2BE.

Hint: Apply Schwarz’s inequality®® to the inversion formula.

2.58. (a) A finite energy signal z(t) is bandlimited. Is its pth derivative
also a finite energy bandlimited function?

(b) Repeat part (a) substituting the word “area” for “energy”.

(¢) Substitute “bounded”.

2.59. (a) Apply Schwarz’s inequality®” to the derivative theorem to show
that, if x(t) is bandlimited, its M*" derivative is bounded as

|:c(M)(t)\2 < w

2.156
- 2M+1 ( )

(b) Show that a bandlimited function is smooth in the sense that

3 2
lz(t+71) — 2(t)]? < w. (2.157)
2.60. Prove (2.103).

2.61. Consider the general linear integral transform
g(t) :/ f(r)h(t, T)dr.

For a given t, assume that the kernel, h(t,7), as a function of 7, has finite

energy,

Enlt) = /OO Ih(t, 7 2dr.

If f(¢) has finite energy, show that g(t) is bounded.
2.62. Prove the inverse DFT in (2.113) inverts.

2.63. Prove the inverse DCT in (2.117) correctly inverts the DCT in
(2.121).

36 See Appendix 16.1.
37 See Appendix 16.1.
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2.64. Prove that (2.128) inverts the Hartley transform.

2.65. Prove that relation between the Hartley and Fourier transforms in
(2.127).

2.9 Solutions for Selected Chapter 2 Exercises.

2.3. Although there are many parallels between continuous and discrete
time signals, there are also important differences. One of these differences
is illustrated here. Differentiation is not defined for discrete time systems.
Although derivatives can be approximated by, say, finite differences, the

derivative,

dx(t) . x(t) —z(t — At)
= 1 _—_—
At Aisso At ’
is simply meaningless when applied to discrete time signals. The founda-

tional premise for this problem, differentiation of a discrete time signal, is
therefore faulty.

2.4. Absolutely convergent sums I. The series converges absolutely if

|t_T|m m
m=0 :

From the derivative theorem for Fourier transforms,

St)= S, LT B (2mu)™ X (u) €327 du |
e’} —7|™ 1/2
<o ltm!‘ [ff}B (2mu)™ d“}
B 1/2
x [ 1 X () 2 du]

where, in the second step, we have used Schwarz’s inequality®®. Since z(t)

has finite energy,

B
E:/ | X (u)|? du

-B
is finite. Thus
27B |t—T1 %)™
Sit)< V2BE Y, %
< \/@E Zooio 2nB [t—T|)™

m!

_ /QBEG%TB“_Tl.

38Gee Appendix 16.1.



2. Fundamentals 93

where we have used the Taylor series expansion for e*. This bound is finite
for all finite ¢ and 7.

2.5. Absolutely convergent sums II. Terms in a sum can be shuffled if

the sum is an absolutely convergent sum.

(a) For Z = exp(j6) in (2.34),

, > (i9)"
eJG:Z (jn') .

n=0

It follows that the sum of the corresponding absolute values is

o G9)"] oo |67
Zn:O n! Zn:O n!

= &’

(b) Since

= 00,

S|

oo
n=1

the series is not absolutely convergent.

2.6. The Pythagorean theorem. One straightforward geometrical proof
of the Pythagorean theorem is shown in Figure 2.32. A ¢X ¢ square is placed
inside an (a+b) x (a+b) square. The big square’s area can be computed by
adding the area of the small square plus the area of the four small triangles.
The result is

1
(a+b)2=c*+4 (2ab) .
Solving gives the Pythagorean theorem: ¢? = a? + b?.

2.7.

(a) A number ending in Z zeros is divisible by 10%. In computing a
factorial, a factor of 10 occurs every time factors of 5 and 2 occur.
The number of positive integers divisible by 5 that are less than N
is about % when N is large. Since the density of numbers divisible
by two is much larger (50%), we conclude that every time we pass
a number divisible by 5, we multiply the emerging factorial by 10

and add another zero to the end of the factorial. Every time we hit
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FIGURE 2.32: Geometry to illustrate the Pythagorean theorem.

numbers like 25 = 52 and 50 that are divisible by 5 twice, we add
two more zeros to the factorial. When 125 = 53 | 250 etc. are passed,
three zeros are added, and so forth. For N = 5", the count of numbers
divisible by 5 is 5”71, by 25 is 5772, by 125 = 53 is 5773, etc. The

total number of zeros is thus given by the geometric series®’

|
58 = .
2.5 =

The number of integers below N divisible by 5 is | & | The number of
integers below N divisible by 5% is L%J, etc. The biggest value of n
for which 5™ < N is |logs N |. The number of 5’s in the factorizations
of N!is therefore given by (2.138).

As an example, let N = 2000. Then
Zon] = |29) + |22 + |280) + |38

400 + 80 + 16 + 3 (2.158)

= 499

This is verified in Table 2.7.

(d) N!l never ends in a zero.

39Gee Appendix 16.4.2.
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2000! = 33
162750924506332411753933805763240382811172081057803945719354370603807790560082240027323085973259225540
235294122583410925808481741529379613138663352634368890563405855616394060511725257187064785639354404540
524395746703767410872297043468415834375243158087753364512748799543685924740803240894656150723325065279
765575717967153671868935905611281587160171723265715611000421401242043384257371270017588354779689992128
352899666585340557985490365736635013338655040117201215263548803826815215224692099520603156441856548067
594649705155228820523489999572645081406553667896953210146762267133202683155220519449446161823927520402
652972263150257475204829606475092739416585628353177957448287631459645037399132733417726360885249009350
662161014445970941270782131373256383157230201994991495831647094277447387032798554967429860883937632682
415247883438746959582925774057453983750158581546813629421794997239981359948101655656387603422731291225
038470987290962662246197107660593155020189513558316535787149229091677904970224709461193760778516511068
443225590564873626653037738465039078804952460071254940261456607225413630275491367158340609783107494528
221749078134770969324155611133982805135860069059461996525731074117708151992256451677857145805660218565
476095237746301667942248844448579834980154803262082989096585738175188861937669282827988845358463989659
421395298446529109200910371004614944991582858805076186792494638518087987451289140801934007462592005709
872957859964365065589561241023101869055606030878362911050560124590899838341079936790205207685866918347
790655854470014869265692463193333761242809742006717284636193924969862846871999345039388936727048712717
273456170035486747750910295552395354794110742191330135681954109194146276641754216158762526285808980122
244389024867718205495941575199170127176757178749586161966593187885514183578209260148207177733173539603
430496908207058995870138198081303559016076290838857456128821769813618248357673921830311841471913398689
284234400077924669120976673165143349443747323563657204884447833185494169303012453167623274536787932284
747382448509228313995250973250597912703104768360148119110222925337269769382367005756561240029057604385
285290293760647953345817966612383960526254910718666386935476610845504619810208405063582767652658949239
324951968595417167241932953068367349554400458635983816104305944982662753060542358075589410827888042782
595108988063541056791795097401778068878286981021901090014835206168888372025031066592206860148364983053
278208826353655804360568678128416921713304714117631217589577712263758475312351723099054982921013468730
420589801441806387538266416989770423775940628087725370226542653058086237930142267582118714350291863763
634030017325181826207603974736959520264263236414544685111342720215045838385101013694131303485622191663
162389263276581535501127630782505996915882453345743543786368317373067329658935519969445823687350883027
865770087974988999234355556624068283476378468518384497364887395247510322422211056120129582965719136810
869382547576411888687934672519124619215114473883626959164367249007165342822815266124780046392254494517
036372362794075778454209104830546165619062217428698160297332404652020199281385488268195100728286970107
073750092766648750217477537274235150874824672027417003158112280589617812216074743794751095062093855667
458125251837668215771280786149925587613235295042234638787895485088576446613629039412766597804420209228
133798711590089626487894241321045492500356667063290944157937298674342147050721358893201958072306478149
842952259558901275482397177332572291032576092979073329954505638836264047465024508080946911607263208749
414397300070411141859553027882735765481918200244969776111134631819528276159096418979095811733862720608
891043294524497853514701411244214305548608963957837834732532359576329143892528839398625627324286277556
314046383038916842163311344563630957196597846633855149231619633567535513840342580416291983782226690952
177015317533873028461084188655413832917195133211789572854166208482368281793251293123752154192697026970
329947764382338648300887153037340566638386829408848773072176226884902308493466119426018027261380210800
507821574100605484820134785957810277070778065551277254050167433239606625321641500480877240304761192903
221015438535313868553848642557079079534117651957118868373988068389579274374968349814292329219630977709
014393684365533335930782018131299345502420604456334057860696247196150560339489952332180043435996725662
392719643540287205547501207985433197067479731312681352365374408566226320676883758513278289625233328434
181297762469707954343600349234315923967476363891211528540665778364621391124744705125522634270123952701
812704549164804593224810885867460095230679317596775558101167994000524980630376314134441226903703498735
579991600925924807505248554156826628176081544630830540667741263012444186420410837311909313000115447056
027777372437806718889977085105672727678124719883285769584421758889516046786820481001004781646235822083
853248813427083407986848663216272020882330872781908537884546913155602172887312190739396520926022910147
752708093086536497985855401057745027928981460368843182150863724621696787228216934737059928627711244769
092090298832016683017027342025976567170986331121634950217126442682711965026405422823175963087447530184
719409552426341149846950807339008000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
0000000000000000000000

TABLE 2.7: Tabulation of 2000! As predicted in (2.158), 2000! ends in 499

Zeros.
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(e) Stirling’s formula for n = 2000 is

log,, n! (31og(2m) + (n+ 3)log n—n) /log 10

= 5, 735.5206.

The mantissa of the log is 0.5206 and the characteristic is 5,735. Since
10°-5206 — 0.3316, we conclude that n! ~ 0.3316 x 10%73>. Comparing
with the correct number in Table 2.7, the approximation is thus very
good.

2.9.

(a) Since

the transforms in Table 2.4 can be used to solve this and the next

few problems. For this problem,

(b) Similarly,
/ jine(®)dt = V1 — w?Il(u)|y=0 = 1.

()
N

N R

(d) We conclude from (2.164), that

/oo Jy,(27t) g — (w/2)¥
—eo (20) VAL(v+3)

(e) From (2.44),

/00 sincg (t)dt = MM:O =1.

oo sinc® (u)

(f) These last problems are easily solved using the power theorem in
(2.101).
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(&)
[ sinc(2t)sine(t — 1)dt = [77 [311(%)] [H(u)e*j%u]* du

1
_ 112 _j27u
= 3 f_%e du

= 0.
(h) We have the Fourier transform pair

1 d(u).

/ e It = §(v).

— 00

In integral form

Taking the real part of both sides gives the desired result.

/WC%QMMﬁzéw)

— 00

2.10.

sin (Z11(t)) = sin

P
S—
Sl

N— N~ N

(¢) TL(II(t)) = 1 — II(%).

(d) sgn (sin(27t)) is a square wave.

(e)
sin(—n/2)=-1 ; t<0
sin (Zsgn(t)) = sin(0) =0 ; t=0
sin(r/2) =1 ; t>0

= sgn(t)
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(f) II(A(t)) =1 —II(¢).
(g) d[sine(n)]=1-141n].
(h) Since sinc(n) = ¢ [n], this is the same as (g).
(i) sinc(d[n]) =1 — d[n].

(j) ¢ [jinc(n)] = 0 because jinc(n) # 0 for all n.

98

2.11. Using the signal integral property in (2.93) and its Fourier dual, the

numerators of both sides of (2.139) are equal as are the denominators.

2.13. Let z(t) +> X(u).

1. If x(¢) is real, is (0)X™*(0) always real? Solution: Yes. If x(t) is real,

so is 2(0). If x(t) is real, then

is also real. Thus, x(0)X*(0) is always real.

2. What about when z(¢) is complex. Is £(0) X *(0) always real? Solution:

It is not true. Here is a simple counterexample. Since

1

eft,u(t) — m

it follows that

. ej27ru'r
z(t) = ef(tJrT)e]z”ft,u t+7m)+— Xu)=——.
1+ 72n(u— f)
For 7 > 0, we have z(0) = e~ 7 and X (0) = ﬁ Thus
2(0)X*(0) = e
1+ g2nf

is not real for 7 > 0 and f # 0.

2.15. Analytic signals.
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(a) Since
(1) = sin(27 fot) > X (u) = %2 (6(u— fo) = S(u+ fo)).
it follows that X (u)u(u) =

signal is thus

50(u — fo). The corresponding analytic

z(t) = j% eI2m fot
(b) Since pi(u) = (sgn(u)+1)/2 it follows that X (u)p(u) = % [X (v) + X (u) sgn(u)].

Using the Fourier transform of the Hilbert transform in (2.98), we in-

verse Fourier transform to obtain a general expression for the analytic

signal
. 1 )
&(t) = 5 (2(t) - jHz(t)) -
(¢) They are Fourier transform duals, i.e. one follows from the other from

the duality theorem?C.

2.16.

|sine(t)|u(t) = sinc(t)

_1+2iﬂ<t—k—;>1 [(t)

k=0
Thus

|sine(t)|p(t) > TI(u) * [—5(u) + 2 sinc(u)e ™ Z ejQ’H“‘] .
k=0
The sum over k is recognized as the Fourier transform of the causal comb
in (2.56). Thus
|sinc(t)|p(t) <> T(u) * [—6(u) + sinc(u) e/™ (1 — j cotan(mu))] .
or, equivalently,

sinc(t)[p(t) < —II(u) + (u) * {w e—imu (1 -y COS(W“))}

s sin(mu)

= —II(u) — jH(u) * [ e79™ (cos(mu) + j sin(ru))]

U

= —I(u)+j (=) *1(u)

1
t— = )

t+3

= —II(u) —|—jln<

40Gee Section 2.3.4.5.
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where, in the last step, we have used the Hilbert transform in (2.141).

2.17.
(a) 0(t) = lima—0o AA(AL).
(b) 0(t) = limg_yoo Ajinc(At).
(¢) 6(t) =lima oo Asinc®(At).
In each case, the limit of the transform approaches one. For example

Ajinc(At) +— /1— (u/A)? n(%)
— las A — oo.

2.25.
(a) . )
asgn(t) =26(t) & (j27ru)j7r—u =2.
(b) Since
ud(u) =0,
%u(t) — 5(t) < (j27u) x % {5@) + J;U} _ 1.

2.21. If o(t) = —o(—t), then o(0) = —o(0) always requires that o(0) = 0.
So the answer is yes. An odd function evaluated at the origin must always

be zero.

2.22. Here we prove the entries in Table 2.1 concerning even and odd

functions.
(a) Let e3(t) = e1(t) + ea(t). Then

62(—t) = 61(—t) + 62(—t) = 61(1?) + eg(t) = eg(t).

(b) Let o3(t) = 01(t) 4+ 02(t). Then

—o3(=t) = —o1(=t) + 02(—t)] = —01(~t) — 02(—t)

= 01 (t) + 092 (t) = 03 (t)
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(c) Let es(t) = e1(t) ea(t). Then
e3(—t) = e1(—1) ea(—t) = e1(t) ea(t) = es(t).
(d) Let es(t) = o1(t) 02(t). Then
es(—t) = o1(=t) 02(—t) = [-o1(—t) (—o02(-1))]
= —[o1(t) 02(t)] = es(t).

—o(—t) = _d(dt) e(—t) = % e(t) = o(t)
(g) Let e(t) % (t). Then
d d
a%ﬁzmﬂ°“”=a0@=d”

()Letz—fT ) dt. Then
2 = U +Jy | ey dt = = f e(=t)(=dt) + f; e
[T el [T ety =2 J7 e
(k) Let 2 = f + o(t) dt. Then

: = U WIES :fk (~dt) + Jy o

= —fo dt+f0 dt = 0.

)dt

101
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—orf—n] = —g ofm] = —g —ol—rl = 2_: olp] = o1l
(m) Let ex[n] = " _, e[m]. Then
exfn] = mZ elm] = Z el-p] = Z elp] = e1ln]
(n) Let z=Y""_ e[n]. Then
= Sy el + el + S, el = S, elon]+elo] + SV, el

= Yooy el +el0]+ 30, eln] =el0]+2 30, eln].

(o) Let z = ZTJ:/:_N o[n]. Then

z = Yol g o400+, ofn] =Y, o[-n]+el0]+ Y, eln]
= YN —oln]+e[0] + 0, e[n] = 0.

(p) Let e3 = eg * e3. We consider the continuous case where

eg(t) :‘/_Oo 62(7’)61(t—7‘)d’7’.

Thus o
es(—t) = /:7 es(T)er(—t — 7)dr.

Set £ =7 and
es(—t) = [o_ ea(=Eer(—t+E)dE
= [&_ o ea(©er(t — &)dE = es(t).

(q) Let o3 = 01 * 0. We consider the continuous case where

o3(t) = /jo o1(7)oa(t — T)dr.

Thus o
03(—t) = /:_ 01(T)oa(—t — T)dT.



2. Fundamentals 103
Set € = 7 and

o3(—t) = [Z_. o1(=&ox(—t+E)d¢
= Joo_ o (—o1(€) (—oa(t — €)) d€

= —o3(t)

(r) Let e; = e*o. For discrete time convolution,

o0

exn] = kz e[k] o[n — k].
Thus N
erl-n] = Y elk] o[-n—kl.
Set p = —k and o
ei[-n] = YL _el-plo[-n+p]

= —ein]

(s) For the continuous case, we use the continuous time Fourier transform

in (2.11) and write
e(t) +— E(u)
= ffooo e(t)e72mutdt
= [T e(t) (cos(2mut) + j sin(2mut)) dt.

Since sin(27ut) is an odd function of ¢ and e(t) is even, from (e),
e(t) sin(2wut) is odd and, using (k),

/OO e(t) sin(2rut)dt =0

— 00

and

E(u) = /OO e(t) cos(2mut)dt.

— 0o



Thus, setting & = —t,

E(—u)
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= [Z___e(t) cos(2mut)dt
= JZ o e(=€) cos(2mug)dt
= Joo_ . el€) cos(2mué)dt
E(—u).

104

Thus, the Fourier transform of a possibly complex even function is

an even function.

For the discrete case, using the DTFT in (2.112), let

oln] «— (/)

be DTFT pairs. Then

o(/f)

= Yoo olklemi* kgt

Y ore o olk] (cos(2m fk) — j sin(27 fk)) .

Since cos(2w fk) is an even function of ¢ and o[k] is odd, from (e),
olk] cos(2m fk) is odd and, using (o),

and

o(/)

Thus, setting p = —k,

oo

Z o[n] cos(2mfk) =0

k=—oc0

=—j Z o[n] sin(2mut)dt.
k=—oc0

Y he—oo —J olk] sin(27 fk)

> oe oo —J 0[=p] sin(2mf(—p))
Y ope—oo —J (—olp]) (= sin(27 fk))
—j O(f).

Thus, the Fourier transform of a possibly complex odd function is an

odd function.
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2.23.

(a) Using the inverse Fourier transform of a Dirac delta, we can write

S(u)y = [T el?mutdr
= limao [0, e~ eltlgi2mut gt :  convergence factor
= limao [0, e~ cos(2rut)dt ; eliminate odd integrand
= lima02 ;" e cos(2mut)dt ; even integrand
= 2 [;7 cos(2mut)dt.

Substituting the proposed inversion into the forward cosine transform

gives

x(t)

[~

2 f5° X (u) cos(2mut)du] p(t)

= [202,[2 )2, x(r) cos(2mur)dr] cos(2mut)du] p(t)

= 4%, a(r) [, cos(2mur) cos(2mut)du] dt] u(t)

= (27, w(r) [[22, (cos(2mu(t — 7)) + cos(2mult + 7)) du] dt] u(t)
= [[Zox(r)[6(t —7) +d(t + 7)) dt] u(t)

= [2z(®) +2(=t)] u(®)

= a(t).

(b) Let z,(t) be any odd function of t. Then, since the bilateral cosine
transform of z,(t) is zero, we see that the bilateral cosine transform of
any x(t) is the same as that of z(t) + 2z,(t). Many functions therefore

map to Xcos(w) which cannot be uniquely inverted.

2.25.

d , 1
7 sgn(t) = 26(t) < (]27ru)jﬂ_—u =2.
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(b) Since
ud(u) =0,
we conclude that
d . 1 1
7 w(t) =6(t) + (j2mu) x B {5(15) + W} =1

2.26. (a) The Dirac delta has finite area since

/ 5(t) =1 < oo.
(b) The Dirac delta has infinite energy. From the sifting property of in
(2.27),
(o)
/ ()3t — 7) dr = 6(2).
— 00
Thus*!, for ¢t = 0,

/: 5%(7)dr = §(0) = oo.

2.29.

(a) g(t)

~ dg(to)
dt -
Since 4(t) is nonzero only when £ = 0, we conclude

a(t — tg) around the neighborhood t = t; where a =

6(g(t)) = d(al(t—to))
— F;d(t—to).

g(t) =In(t/b); to=0
gt)=1/t —a=1/b

and

3(In(t/b)) = ba(t — b).

4IGenerating a true Dirac delta current or voltage waveform requires more
power than is available from all of the world’s power generation plants. Physically,
the Dirac delta is a good approximation for a short high value waveform.
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(¢) The argument has an infinite number of zero crossings:

sin(mt,) =0 ;t, =0, £1, £2, ....

Since
g (tn) = mcos(nty)
= (=1)"x
= Qp,
we have
: = 1
w(sin(rt)) = w Y | |5(t—tn)
T 10n
= comb(t)

(d) From the quadratic formula, the quadratic equation
q(t) = at* + bt +c

has zeros at 1
te = o (—bi N= 4ac> :
a

there are three cases of interest, depending on the discriminant,

d = b* — 4ac.

(i) If d < 0, there are no real solutions of the quadratic and
S(at* + bt +¢) = 0.
(if) If d > 0, there are two zeros at

ty = % (—b:t \/62—4ac>.
Then
a) = (t—t ) (t—ts).

The derivatives at these two points are

dg(t-)
dt

:t_—t_;,_



(iii)

2.30.
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and
dq(t+) ¢
dt o
Thus
ot —t ot —t_
S(at®> + bt +c) = (t=t4) + 9 ). (2.159)
ty —t_
If d =0, there is a double zero at t; =t_ = 5—5 and
b\ 2
t)=|t+—)] .
q(t) < + 2a>
Thus
AN
MN2a) ™
and

dq (54)
dt
The delta function with argument ¢(t) is then not defined in the

=0.

sense it has infinite area.
b
§(at? + bt +c) =00 x 5(t+2) .
a

This is the same result we would obtain in (2.159) by letting
t_;,_ —1_.

(a) From duality

sinc(t) +— II(u).

(b) We have established (see (2.39))

Thus

sech(mt) «— sech(mu) = / sech(rt) e 2™t dt.

— 00

P(t) = sech(wt) e™ +— W(u) = [7 Sech(ﬂt)e’j%(“+%)tdt.

= sech (7r (u + %)) .
e”(“*é)ﬁ_e*”(“*%)

2
j eﬂufj e—7mu

= —j cosech(mu).
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Since ¢ (—t) +— ¥(—u), sech is even, and cosech is odd, and
(—t) = sech(rt) e ™ +— W(—u) = j cosech(ru).

It follows that

W) —v(=t)] = (™ —e ™)sech(nt)
= sinb{nt) seeh(nt) = SR

= tanh(nt)
5 [T(u) - T(-u)]

= —j cosech(mu).

(¢) Recall that

%tanh(t) = sech?(t).

Using the derivative theorem applied to the tanh transform gives the

desired result.

(d) For the sine integral, we first note, using the signal integral property,
that

/too sinc(t) = I(0) = 1.

Using the integral theorem in Table 2.3 applied to the pair sinc(t) +»
II(u) gives

¢ M(u) 1
sine(7)dr +— - + —d0(u).
/_o<> 127w 2
Thus, using (2.78),

Si(rt) = fot sinc(7)dr

= 7 [—% + ft:_oo sinc(T)dT]

30w + {5 + La(u) }]

j2mu

I (u)
J2u

(e) Using a convergence factor

(oo}

;5(15 - = Jlim Z [a"6(t —n)].

n=0
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Then
lima—ﬂ— [Zzo:o ané(t — ’I’L)] > lima_)l_ [ZZO:O ane*j%rnu]

— 3 1

= limg 51— |:1,ae—j2nu:|
1

1—e—J27u
eimu

ejvru_e—jvru

1 eitu
72 sin(mu)

—j cos(mu)+jsin(mu)
2 sin(mwu)

= 1[1- jcotan(mu)]

where )
cotan(z) = = C9S(Z) .
tan(z)  sin(z)

2.31.

(a) Use Parseval’s theorem with 2(t) = sinc?(t),

o0 1
/ sinct(t)dt = / A2 (u)du
—o0 -1
1

= 2/0 (1 —wu)*du
= 2/3.

(b) Same approach, but z(t) = jinc(t):

/Oo jin2(t)dt = /1 (1 — u2)du

—o00 —1

= 4/3.
(c) Parseval’s theorem gives
o) 1 1 d
—c0 v 1 ]. — U



2.32.

(a)

2. Fundamentals

Using (2.83), we have

J~"Pn(0).

DN | =

/ o (2mt)dt =

111

From (2.47), the Legendre polynomials are evenly odd. Thus P, (0) =

0 when n is odd and

— 00

oo
/ Jn(27t)dt = 0 when n is odd.

For even n, we use the recursion equation for the Legendre polynomial

in (2.80). Assuming n is odd, we have
(n+1)Py41(0) = —nP;,—1(0)

or, for m = n + 1 even,

Pm(o) - _mT—l m—2(0)-

Since Py(0) = 1, the first few values are

1 1
Py(0)=—= Py(0) = —=
2(0) = =5 Po(0) = —3,
3 3-1
P, =—- P = —
2(0) = —7 2(0) = —,
5 5.-3-1
From this pattern, we deduce
_ m (m =1l
Py (0) = (1) o
Thus
0 ; modd
Po(0) =4 ((n/2)-1)1
o ;. neven
and

DI

a 0 ; nodd
/ Jn(27”f)dt{ 1 ((n/2)-D1
2

(2.160)

(2.161)



(b)
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Using the spherical Bessel function Fourier transform in (2.83) and
the power theorem

/OO Jn(27t) i (27t dt :j”_m/ P, (u) Py, (u)du.

oo -1

Using the orthogonality property of the Legendre polynomial in (2.81)
gives the final answer

° 2
in (2 i (2 = — .
/_Oo]n( 7t) jom (27t) dt 1 d[n —m]

Using the Chebyshev polynomial Fourier transform in (2.87)

O
/_1 L e = 571,(0).

The series for the Bessel function in (2.152) is

0= (3) ()

Clearly, J,,(0) = 0 for m # 0. For m = 0, we have J,,,(0) = 1. Thus

This is graphically evident in Figure 2.15. In conclusion, we have

LT, () B
/71\/@(#75[”].

Use the Fourier transform of the spherical Bessel function in (2.83)
as applied to the Poisson sum formula in (2.102). The result is

T Z Je(2n(t —nT)) = Z ik P, (%) I (%) pi2mnt/T.
o C (2.162)
T <1,
(g7 =0
and (2.162) becomes

o0

S Jk(n(t —nT)) = 2P (0).

n=—oo



2.33.

(a)
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Using the equations for P;(0) in (2.161)

= 0 . kodd
Z Je@r(t—nT)) =9 (mp-vn . i
2= T(n o : even.
Use the Poisson sum formula.
Z sinc(t —n) = Z II(n)el?™nt
— Z 5[n]ej27rnt
=1

since II(n) = d[n].
Same result since A(n) = d[n].
Same result since v'1 — n? II(n/2) = d[n].

sinc(at) «— I(u/a)/a. Thus

o0 oo

> sincla(t—n) = — Y (%)

n=—oo n=—oo

N
— 1 § ej27'rnt
a
n=—N

SHE
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where N is the greatest integer not exceeding a/2. Using a geometric

series

Yoo sinc(a(t —n)) = %&;M]

= 2]\%1 array,y 4 (t).

Part (a) is a special case fora=1 (N =0).

oo

Z sinc (a(t — n)rrr) = 2

n=-—oo n=1

N
142 Z cos(27mt)] .

Part (a) is special case for a = 1(N = 0).
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Use (2.104) with T'= 2

> jine(2n) % > V1= (n/2)2 1(n/4)

n=—oo n=—oo

(1+v3)/2.

Use (2.104) with T = 1/4.

> jinc’(n/4) =4 Y C(4n)

where
Cu) = V1—u?I(u/2)*v1—u?II(u/2)
= C(u)(u/4).
Thus -
Z jinc?(n/4) = 4C(0)
where |

1

co) = /(l—uz)du

-1
= 4/3.

The n > 0 and n < 0 terms cancel. The n = 0 term is zero.

d

dt
can be founded iteratively by 6,,[m] — 6,, as m — oo with

sinc(t) = 0 = 0 = tan(#); 6§ = wt. The n** extrema location, 6,,,

On[m + 1] = nm + arctan(d,[m]) ; n =0, £1, £2,....

The first few locations and the corresponding extrema are listed in
the Table 2.8.

0, — n+1/2asn — oo and

(=D"

sinc(t,) — ————.
1n(n) 7T(’I’L+%)

To justify, simply compare plots of 6 and tan(6) vs. 6.
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| n | 0, | sinc(6,,) |
1 | 44934 | -0.21723
2 | 7.7253 0.12837
3 | 10.9041 | -0.09133
4 | 14.0662 | 0.07091
5 17.2208 | -0.05797
6 | 20.3713 | 0.04903
7 | 23.5194 | -0.04248
8 | 26.6661 | 0.03747
9 | 29.8116 | -0.03353
10 | 32.9564 | 0.03033
11 | 36.1006 | -0.02769
12| 39.2444 | 0.02547

TABLE 2.8: The first few extrema of sinc(t).

2.35. Using (2.18), the Fourier transform of the periodic function, z7(t),
is

T+T )
Xo(u) = / (t)e=I2mut gy,
t

=T

Thus

n T+T )
) = —j2mnt/T
Xr (T) = /t:T z(t)e dt.

Using Liebnitz’s rule (see Appendix 16.2)
AXp(2) = a(r + T)e 2w (+D)/T _ g(T)e=s2mn7/T
= 0.
Therefore, X (%) is not a function of 7.

2.39.

(a) The function in (2.146) is periodic with period 27. Using (2.14), its
Fourier coeflicients are
1 s

_ e? cos(t) e_j”tdt
2 J_, '

Cn
Since e?°*(*) ig an even function of ¢,

1 s

=5 e* <) cos(nt)dt.
T J)_n

Cn
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The integrand is even, so

1 ™
Cn = 7/ () cos(nt)dt.
T Jo
Using (2.75), the Fourier coefficients are seen to be modified Bessel
functions.

cn = In(2).

The Fourier series is thus

o0

ezcos(t): Z I»,L(Z)ejnt.

n—=—oo

From the Bessel function identity in (2.76), we find that
In(z) = §" In(—jz).

The integral in defining the modified Bessel function in (2.75) be-
comes .

Jn(z) = I /0 e=97¢98(0) cos(nd)de. (2.163)

s

The periodic function, z(t) = e—77¢05(t) hag a period of 27 and, from

(2.14), has Fourier series coefficients

1 ™

_ eszcos(e) efan’da'
2 J_,

Cn

Since e=72¢05(9) is an even function of @, this is equivalent to

1 ™

=50 e=77205(0) cos(nd)de.
ﬂ— —T

Cn
The integrand is even. We can therefore write

Cn = f/ e=97¢o5(0) cos(nd)de.
0

™

Using (2.163), we therefore conclude the Fourier series coefficients of

the periodic function in (2.147) are

cn=7"" Ju(2).
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2.41. The Fourier series is

y(t) = a Z sinc(an)el 2™/ T
Thus -
y(t/2) =« Z sinc(an) cos(nra).

Write sinc as sin(mz)/(nz) and use a trigonometric identity

o0

y(1/2) =« Z sinc(2an).

n=-—oo

We evaluate using (2.104) which, for x(t) = sinc(t), can be written

oo

! Z sinc(2an) = ;nimﬂ(;a)

n=—oo

= 1/2.

2.42. Since the integrand in (2.104) is even

J,@2rt)  (w/2)” /1
@)~ VAl +1) )
Thus we have the transform pair
Jy(2mt) (m/2)"
—
(2t)” Val(v+3)

The entries in Table 2.4 for v = 0,1 follow immediately using (2.65).

(1- UQ)V*% cos(2mut) du.

(1—u2)r— 31 (g) . (2.164)

2.44.

(a) We first find the coefficients, «y, for the Legendre polynomial expan-
sion. From (2.149),

Pa(t) = Y nn0r 11 (5 )
k=0

JLP@a@)dt = T o [1, Pt)Pe(t)dt

= Yrco akmfﬁ‘;[i — k]

20(,;
2i+17
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or
o = (k + ;) /_11 x(t) Py (t)dt. (2.165)
For a period of T' = 2, the Fourier series coeflicients are
cn = %f_ll x(t)ed ™ dt
L I anPu(®) et (2.166)

= % lei() y [f—ll Pk(t)ejwntdt}
From (2.83),

Jr(27t) < % 37 Pe(u)I (g) (2.167)

so that the inverse Fourier transform is

1
/ Pp(u)e?* ™ du = 25" ;. (2nt).
-1

or, substituting ¢ <- v and u < 5 gives

1
/ Py (t)e?™ dt = 25" ji.(7n). (2.168)

-1

Therefore, (2.166) becomes
Cn = ijozkjk(ﬂ'n). (2.169)
k=0

Here, we express the Legendre polynomial coefficients, ayg, in terms

of the Fourier coefficients, ¢,. From (2.165),
ap = (k+1) [ 2(t)Pu(t)dt.
= (k+3) JL [0 ™ ] Pyt
(2.170)
= (k+3) 20l o cn [ffl Pk(t)ej”"tdt]

= (2k+1)7*30 caju(mn)

where, in the last step, we have used (2.168).
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(d) Substitute (2.169) into (2.170) gives

ar = Ch+ 1T (S P aip(mn)) jik(en)

= (2k+1)j* Z;io JPap (ZZO:_OO jp(wn)jk(wn)) :
For this to be an identity, we must have the following orthogonal-
ity condition for the spherical Bessel function with respect to the

function’s index.

o0

(2k+1) Z §PE G, () jk(mn) = 6k — p).

n=—oo

(e) Substitute (2.170) into (2.169) gives

e = Yoot [+ 1) emin(mm)] ji(mn)

= o so Cm [opmo (= 1) (2K 4 1)k (mm) i (7n)]
We therefore have the following orthogonality condition for samples

of the spherical Bessel function.

o0

S (1) (2k + L) (m) s () = 8ln — m].
k=0

2.47.

(a) Using the definition of the Legendre polynomial in (2.81), we have

Po(~t) = 51 (ﬁ)n (2 —1)"
= (D" ()" @ -
= (=1)"P,(t).

(b) Using the definition of the Hermite polynomial in (2.88) gives
Hy(—t) = (—1)"et2 (d(i_t))ne_t2
= (D [nret (4)"e ]
= (=1)"H,(¢).

Yes, Hermite polynomials are evenly odd.
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(¢) The Chebyshev polynomials recursion in (2.85) is repeated here
Tht1(t) = 2tT,(t) — T—1(2). (2.171)

We know Ty(t) = 1 is even and T} (t) = ¢ is odd. When T, (t) is even,
2tT,(t) in (2.171) is odd, and, for T},_1(t) odd, we see Tp4+1(t) in
(2.171) is odd. A similar argument can be made for even recurrence,

and we have established that Chebyshev polynomials are evenly odd.

2.48. Chebyshev polynomials of the second kind can be defined by

sin(n 4+ 1)0

U, (cos 0) = e~

Up(cos ) =1 — Up(t) =1.

sin 260
Ui (cos 0) = pr (2.172)
but 4
sin 20 = Sei??
= Qedlel?

)

= (cosf + jsinf)(cosb + jsinb)
= 2 cosf sinf
so that (2.172) becomes*?

2 cos 0 si
Ui (cos 0) = W =2 cosf.

Thus
Uy(t) = 2t.

(b) Equation 2.151 is the imaginary part of the equation

eI (112)0 — 9 og el (M1 _ ind
Multiply through by e=7("+1¢ and this reduces to Euler’s formula.

42 Alternately, we could have looked up a trig identity.
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z(t
® 172 ,T

| -1 L
FIGURE 2.33: See Exercise 2.52.

(¢) Divide (2.151) through by sin 6.

sin(n +2)0 5 cosf sin(n+1)6  sinnf

sin sin @ sinf ’

or, equivalently,
Un+1(cosf) = cosf U, (cosf) — U,_1(cos0)

from which the recurrence relationship for Chebyshev polynomials of
the second kind in (2.150) follows.

2.50. From (2.14), since x(¢) is real,

1 .
¢, = T/Tac(t) e? 2t/ T gy

Thus L
., = —/ z(t) e 92T gt = ¢,
T Jr

2.52. With attention to Figure 2.33:

rt) =TI (’}g) 1 (t;é) .
Zr(u) = —j sinc (TQU) sin (”2“) .

The Fourier coeflicients follow as

Thus

1
= Zr(n/T)

= —jsinc(n/2)sin(mn/2).

Cn
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Thus, since z(t) is real,

o

z(t) = Z —j sine(n/2) sin(rn/2) 227t/ T
- 2mnt
= Z sinc(n/2) sin(7wn/2) sin (?)
The truncated series is
al 2mnt
zn(t) = ;Nsinc(nﬂ) sin(7mn/2) sin (T> .
Extrema come from
d
N
2mnt
= T n; sinc(n/2) sin(mn/2) n cos( 7;1 )
4 2mnt
T _z_: sin?(7n/2) COS( >
But
1— (=1

and

n=—N
9 N
= Zg Z [1 _ (_1) ]6327rnt/T
n=—N

Applying a geometric series?? gives

_ sin(N +3)0 B (=1 cos(N + 1)6
~ sin(0/2) cos(6/2)

or, for N even,

tan (N + ) 0 = tan(0/2).

43Gee Appendix 16.4.2.

122



2. Fundamentals 123

Therefore ) P
<N+2>92+p7r; p=0, £1, £2, ...
or 2t T
™ pm p
9: —_— = — :>t:7~
T N 2N

The first extrema is at p = 1 corresponding to ¢ = T/2N. Substituting

gives

. (T) _ zNj S (T/2) e/

2N /2

Let2m+1=n
4 Y2 gin ”(2;3“)

T Pl Skl Bl
v (av) =3 2
Define o
in(2 1)t
ney =3 EREDE N

so that

4
Note that h(0) = 0. Now

N
dh(t
% = mZ::Ocos@m + 1)t
sin2(M + 1)t
2sin(t)
= 2(M + 1) arrayy a1 (/7).

Thus
t T
h(t)=2(M +1) ; arrays 1) ( ) dr

s

T 2(N +1) [N T
ZN (2N) = ?/0 array y 1 (;) dr.

and
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Since the interval of integration gets smaller and smaller, sinT — 7 and
as N — oo

T 4 (7/N sin(N+2)1
ZN <2_ZV> — = Jo 5y dr

_ 2 mt% sin@©)
=%)o ¥ Trdg

Since Si(m) = 1.8519370, we conclude that, as N — oo,

2
A — 1— = Si(m) = 0.1789797.
s

This is the Gibb’s phenomenon overshoot of the Fourier series expansion
of the square wave.

2.53. Using the shift theorem
comb(t —1/2) <— comb(u)e 9™
= Y _Su—n)ed™
Yoo (=)™ O(u =)
= even n (v —n) = X6dd , 6(v—n)
= Ym0 —=2m) =370 0 (u—(2m+1))
2 [0 (3 —m) = X 0 (4 —m)]

— 1 [comb (%) — comb (%51)] .

2.55. This problem illustrates that finite area does not dictate finite energy.
Neither does finite energy dictate finite area.

(a) See Table 2.9.

(b) On the interval (0, 1), z(¢) has finite area and infinite energy. On the
interval (0, 0o), the area is infinite and the energy is finite.

(¢) A< oo = F < oo. This follows from the proof that the space of
{1 sequences is subsumed in o [932, 1116]. The converse is not true.
Consider

x(t) = sinc(Bt).
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TABLE 2.9
0] 0,0 |
A 4 00

E 0 2

TABLE 2.10: See the solution to Exercise 2.55.

Clearly, E = 1/B. However, since

1 ; n=0
n B 9 .
2(35) | = 7 ¢ oddn
0 ;  otherwise

we have the divergent series

2 1
A=14+2 — 0.
+7r’;)2k+1 >

2.56.

125

(a) A spectrum with finite area has a bounded inverse Fourier transform,

but the converse is not true.

()| = | [75, X(u) &> ™ du]
< 701X (u) | du
= A.

Thus, C = A. Note, then, that xz(¢) is bounded if X (u) has finite

area.

(b) A counterexample is x(t) = sgn(t). Since |z(¢)| < 1, the function z(t)

is bounded. The Fourier transform of z(t), though, does not have

finite area.

2.57. To show all finite energy bandlimited functions are bounded, we write



2.58.

(a)
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2 _ B j2mut 2
l2(t) |2 = ‘LB X (u) 927t dy
B 2

<2B [, [ X(u)| du

=2BE.

Yes, the pth derivative of a finite energy bandlimited function has
finite energy and is bandlimited. Applying Parseval’s theorem to the

derivative theorem gives

Ey

/ 2P (1) |? dt

— 00

B
:/ | (j2mu)? X (u) 2 du.

-B
Since (u/B)?" < 1 over the interval |u| < B,
B, = (2B [T (u/B)* | X (u) | du
< (2rB)% [T, | X (u) |2 du
= (2rB)* E
where E is the energy of 2(t). Also, 2(P)(t) is clearly bandlimited.

Yes, the pth derivative of a bounded bandlimited function is bounded
and bandlimited.

)m(”)(t) ‘ = |ffB (j2mu)P X (u) eI27 dy |
< [ |2nulP | X (u)| du
= @By [P |u/BP | X(u)| du

< (2nB) A

where, in the last step, we have recognized |u/B| < 1 over the interval
if integration, and A is the area of X (u).
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2.59.

(a) From the derivative theorem

2

2
‘x(M) () ’

B
= ‘/ (j2mu)™ X (u) du
-B
2M Y
< 202m)*Y E /_B u™ du

which, when evaluated, gives (2.156).

(b) Clearly

2t +7) - a(t)| ] / e df‘

t+7
/t |2/(€) | de

(2rB)3E "7
S Vs / %

which, when evaluated, gives (2.157).

IN

2.61. Define o
B= [ 150P

—00

Then, applying Schwarz’s inequality to the integral gives

lg(t) > < Ej En(t).

2.62 To show the inversion of the DFT, substitute the DFT in (2.116) into
the inverse DFT in (2.117).

F LS X[/ = &y [N alm]eimmb/N | gr2nnk/N

_ %Zﬁ;éx[m] { 11;[;01 €j27r(n7m)k/N]

= % Zz;éx[m] [N eIm(N=1)(n—m)/N

n—m

x arrayy (%72)]

(2.173)
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where, in the last step, we have used (16.9). Since

array <n—Nm> =dn—m]for0<m< N -1,

(2.173) becomes z[n].
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L]
Linear Systems Theory
“Nature laughs at the difficulties of integration” Pierre-Simon de Laplace
(1749-1827) [849].

“God does not care about our mathematical difficulties. He integrates
empirically.” Albert Einstein (1879-1955) [703].

“Does anyone believe that the difference between the Lebesgue and Riemann
integrals can have physical significance, and that whether say, an airplane would
or would not fly could depend on this difference? If such were claimed, I should

not care to fly in that plane.” Richard W. Hamming (1915-1998) [1297].

3.1 Introduction

In the most general sense, any process wherein a stimulus generates a cor-
responding response can be dubbed a system. For a temporal system with

single input, f(t), and single output, ¢(t), the relation can be written as

g(t) =S{f(t)} (3.1)

where S{-} is the system operator. This is illustrated in Figure 3.1.

f@ S{y | 8o

—_ Y

FIGURE 3.1: A temporal system with a single input and output.

3.2 System Classes

There exist numerous system types. We define them here in terms of con-

tinuous signals. The equivalents in discrete time are given as an exercise.’

1See Exercise 3.16
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3.2.1 SysTEM TYPES
3.2.1.1 Passive Systems

A passive system is one containing no stored energy. For an input of zero,

the output will therefore be zero.

S{0} =0

3.2.1.2 Homogeneous Systems

For homogeneous systems, amplifying or attenuating the input likewise

amplifying or attenuating the output. For any constant, a,

S{af(t)} = aS{f(t)} (3-2)

This is illustrated in Figure 3.2.

[ g
V48 NN I3 B R 7% Ve N
t t
af (t)
ag (1)
| S{} :
t t

FIGURE 3.2: For homogeneous systems, amplifying the input corresponds

to an equal amplification of the output.

3.2.1.3 Additive Systems

If the response of the sum is the sum of the responses, the system is said

to be additive. Specifically,

S{1(8) + f2(t)} = S{/1()} + S{f(D)} (3-3)
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3.2.1.4 Linear Systems

Systems that are both homogeneous and additive are said to be linear.
The criteria in (3.2) and (3.3) can be combined into a single necessary and

sufficient condition for linearity.

S{afi(t) +0fa(t)} = aS{f(H)} + 0S{fa(1)} (3-4)

where a and b are constants.

All linear systems produce a zero output when the input is zero.
S{0} = 0. (3.5)

To show this, we use (3.4) with a = —b and f;(¢) = fa(t).
Note that, because of (3.5), the system defined by

g(t) = bf(t) + ¢
where b and ¢ # 0 are constants, is not linear. It is not homogeneous since
S{af} =bf +c
#aS{f} = a(bf +c).

Neither is it additive since
S{fi+ fo} =0(f1 + f2) + ¢
#S{fi} +5{f2} = (bf1 + ¢) + (bf2 +¢).

3.2.1.5 Time-Invariant Systems

If, as illustrated in Figure 3.3, shifting any input by, say, 7 results in the
output being shifted by the same amount, the system is said to be time —

tnvariant. Let D, be a delay operator so that
D{f(t)} :== f(t = 7).
The system is time-invariant if D, commutes with S. That is
D {S{f(t)}} = S{D-{f(t)}} .

Time-invariance models systems that do not change with respect to time,

i.e. all system parameters are fixed and do not change in time. A circuit
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with a defined input and output that uses fixed parameter diodes, resistors,
transistors, and capacitors is a time invariant system. Systems changing
with respect to time are time —variant or dynamic. A circuit that contains
a thermal resistor whose resistance changes with ambient temperature is
time variant. For spatial systems, like imaging systems, the time-invariance

property is dubbed shift invariant or isoplanatic.

S g
J S{} :
t t
f(t-7) g (-7
/N sty L,
T t 3 t

FIGURE 3.3: For time-invariant systems, shifting the input corresponds to
an equal shift in the output. Thus, the response today will be the same as
the response tomorrow. The system has not changed. It is invariant over
time.

3.2.1.6 LTI Systems

Linear, time-invariant (LTT) systems, as their name indicates, are systems
that are both time-invariant and linear. Thus, input signal superposition,
amplification and shift results in equivalent superposition, amplification
and shift of the output. Specifically, for shifts 7 and 79,

S{afl(t — ’7'1) + bfg(t — Tg)} = agl(t - 7'1) + bgg(t — Tg) (36)

where g (t) = S{fx(t)}, k=1, 2.

3.2.1.7 Causal Systems

As is illustrated in Figure 3.4, the output of a causal system must be
“caused” by the input. The output g(£) at time £ is due only from the
input f(t) for times ¢t < &. Equivalently, the system output cannot be a
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function of an input which has not yet been fed into the system. Causal
systems are also referred to as monanticipatory systems since the output
cannot anticipate a future input.

Causality applies only to temporal systems and is nearly nonsensical
when applied to spatial systems. In optical imaging, for example, requiring
an image output at a point to a function of only points to the left and
below the point is a property rarely if ever observed. A temporal signal,
when stored in memory such as a CD or a WAV file on a hard drive, is
transformed into a spatial signal.

Real time filters, both digital [626, 712, 1085, 1153] and analog [212,
1579], feed signals, as they are received, into the filter. Causality plays a
monumental role in the synthesis of such systems. A low pass filter, for ex-
ample, has an impulse response of a sinc function. The sinc is not a causal
signal and thus can’t serve as the impulse response of a causal filter. We
can, however, shift the sinc down the positive time axis and accept a lin-
ear delay in the filter output. To insure causality, however, the portion of
the shifted sinc for ¢ < 0 must be set to zero thereby altering the desired
rectangular shape of its Fourier transform. Therefore, a compromise must
be made between the causality required by real time filters and the ap-
proximation to the shape of the ideal low pass filter’s sinc function impulse
response. Hamming, Chebyshev and other filters explore the tradeoffs of
this compromise [1347, 1481, 1515, 1645]. When the signal is spatial, such
as when stored in memory, a low pass filter is readily accomplished by

truncation of a Fourier transform followed by inversion.

3.2.1.8 Memoryless Systems

A system is memoryless if the output at time ¢ is determined only by the
input at time ¢ or, more generally, a diminishingly small neighborhood
around time ¢ such as required by a derivative. See Figure 3.4.

One class of memoryless system consists of signals represented by a Tay-

lor series.
g(t) = 3 n = 0%, fr(t) (3.7)
3.2.1.9 Stable Systems

There are numerous ways to define a stable system. A commonly used

definition is bounded input - bounded output (BIBO) stability. An input is
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S
SO
e :
>
g() L =©
AN
\Z £ t

FIGURE 3.4: For a system to be causal, the output cannot anticipate
the input. Thus, g(§), the output at time t = &, is determined only by the
input, f(t), for t < £. This portion of the input is shaded. For a memoryless
systems, the output at time ¢ = £, denoted g(), is determined only by f(£),
the input at ¢ = £. A more general definition, allowing derivatives to be
memoryless operations, allows contribution of input around a diminishingly

small neighborhood around ¢ = &.

bounded if it is a bounded signal?. If, for all such signals, there is a finite
D < o0, such that |y(¢)| < D, then the system is said to be BIBO stable. In
other words, all bounded inputs to the system produce bounded outputs.

Like causality, stability is a temporal property. An unstable spatial sys-
tem, with no reference to time, is nearly conceptually nonsensical.

3.2.1.10 Invertible Systems

If a system in invertible, its input can be determined by its output. If
S{f(t)} = g(t) then there exists an operator S~ such that S™*{g(t)} =

f@).

3.2.2 EXAMPLE SYSTEMS

We consider three example systems: the magnifier, the Fourier transformer,

and convolution. Each is categorized according to its properties.

2See (2.4).
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3.2.2.1 The Magnifier

The magnifier with magnification M # 0 is defined by the input-output

relationship

o0 =510} =37 7 (57 ) (35

e The magnifier is homogeneous since

S{a f(O)}

I
S

S

~
—
[~ &~
SN—

= aS(f(®)
e The magnifier is additive since
S{A®) + R0 = 5[4 Gr) + 2 (1)
= ahi(Gr) + a2 (37)
= S{A®}+S{f(t)}

e The magnifier is linear since it is both homogeneous and additive.

e The magnifier is not time-invariant since shifting a magnification is
not the same as magnifying a shift. Shifting f(¢) to f(t — ) followed
by magnification gives f (3 — 7). On the other hand, if we magnify
to f (ﬁ) followed by shifting, we obtain the different answer f (%)

The two results are equal only in the degenerate case of M = 1.
e Since the magnifier is not time-invariant, it is not an LTT system.

e The magnifier is not, in general, causal. If M > 1, then, as shown on
the left in Figure 3.5, the function spreads. The output at time ¢t = o
occurs before the corresponding input at ¢ = e. The relationship is
not causal. When M > 1, as illustrated on the right in Figure 3.5,
the operation is still not causal. The output at ¢ = [ occurs before

the corresponding point on the input.

If a system is limited to causal inputs and M > 1, the input-output
relationship of the magnifier is causal. The input at any time ¢t > 0
dictates the output only at time Mt > t.
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FIGURE 3.5: Examples of magnification for (left) M > 1 and (right) 0 <
M < 1.

e The magnifier is not memoryless for all M # 1.
e The magnifier is stable since, if |z(t)| < C, then |y(t)| < C/M = D.
e Solving for f in (3.8) gives
F(t) = M g(M),
Since the input can be uniquely determined from the output, the
magnifier is invertible.
3.2.2.2 The Fourier Transformer

The Fourier transformer is defined be the input-output pair
o) =8{70) = [ fryemar, (39)

The operation is identical to the Fourier transform, except ¢ is used in
lieu of u in order to remain consistent with the systems notation we have

established.
e The Fourier transformer is homogeneous since
S{a ft)} = [TLaf(r)e*"7dr
a ffooo f(r)e 9% 7 dr

aS{f(t)}

e The Fourier transformer is additive since
S{fi(t)+ f2(t)} =[O [fr(7)+ fa(7)]e 7™ Tdr
= [T fulm)e ™ dr + [T fo(r)e I dr
= S{A®)}+S{f(t)}
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e The Fourier transformer is linear since it is both homogeneous and
additive.

e The Fourier transformer is not time-invariant since shifting a Fourier
transform is not the same as Fourier transforming a shift. Let f(¢) +»
F(u). Shifting f(¢) to f(t — &) followed by a Fourier transform gives
F(t) exp(—j2m&t). On the other hand, if we Fourier transform to
F(t) followed by shifting, we obtain the different answer F(t — &).
The two results are equal only in the degenerate case of a zero shift

corresponding to £ = 0.

e Since the Fourier transformer is not time-invariant, it is not an LTI

system.

e The Fourier transformer is not causal. Indeed, the value of the input

at time t contributes to the output at all times.
e For the same reason, the Fourier transformer is not memoryless.

e The magnifier is not stable in the BIBO sense. Consider the bounded
input, x(t) = C cos(2nt). Hence, |z(t)] < C. No matter how small
we make C, the Fourier transform contains unbounded Dirac delta

functions.

e Since the Fourier transform has an inverse, the Fourier transformer
is invertible.
3.2.2.3 Convolution

For a given h(t), we define the system operation of convolution, from (2.25),

as

o(t) = F(t) = h(t) = /_ T ) Rt — 1) dr. (3.10)

e Convolution is homogeneous since

S{a f(t)} = [ af(r)h(t—")dr
a ffcoo f(r) h(t —1)dr
a S{f(t)}
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e Convolution is additive since
S{f(t) + f2(t)} I U1 () + fo ()] B(t — T)dT
= [ At —7)dr+ [T fo(T)h(t — T)dT
S{A®)}+S{f(t)}

e Convolution is linear since it is both homogeneous and additive.

e Convolution is time-invariant since shifting a convolution is the same

as convolving a shift.

— Shifting the convolution by £ gives
si-0= [ sone-g-na @
— Conwolving the shift by ¢ gives
St = [ 1 -9 h-m)

Making the variable substitution 7 = 7 — £ results in an expres-
sion identical to (3.11).

e Since the convolution operation is linear and time-invariant, it is an
LTT system. Indeed, in Section 3.3.3 we will show the converse is also
true. Any time-invariant system can be expressed as a convolution

operation.

e The causality of convolution is determined by the specified value of
h(t). If h(t) is a causal signal (i.e. h(t) = h(t)u(t)), then convolution
corresponds to a causal system® To show this, we substitute h(t)u(t)

for h(t) in the convolution integral in (3.10)

g(t) = f{t)* (h(t)u(t))
= [ f() bt = T)u(t —7) dr (3.12)
Jo F(7) Wt —7) dr

3 Because of this property, signals which are zero for negative time are dubbed
causal signals.
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where, in the last step, the unit step has been imposed explicitly in
the integration limits. From (3.12) we see that the output g(t) at
time ¢ is determined by an integral containing the input, f(7), from
—oo < 7 < t. Thus, the output is determined by no future point of

the input and the system is causal.

e Except for some specific choices of h(t), convolution is not generally

memoryless?.

e Convolution is stable in the BIBO sense when h(t) has a finite area.
To show this, we begin with the definition of convolution in (3.10)
and use the inequality in (2.24).

9@ = [ f@) bt —7) dr
< A bt =) dr
SO Iat =) dr
To establish BIBO stability, let | f(t)| < C. Then

g < C[Z |h(t—7)| dr

= C f )| dr
Thus, if the area A = [*_|h(7)| dr is finite, then
lg(t)] < AC

and the convolution system is stable in the BIBO sense.

3.3 System Characterization

A system is characterized if, for any input, the corresponding output can be
ascertained. In order to completely characterize the input-output relation-
ship of a system of an unspecified type, every response to all possible inputs
must be cataloged. If the system is linear, only the response to all impulsive
inputs is required to uniquely specify the input-output relationship. If the
system is both linear and time invariant, a single function, dubbed the im-

pulse response, is required. The impulse response of linear time variant and

4 An memoryless counterexample is h(t) = 6(t).
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linear time invariant system goes by other names. In optics and imaging,
it is referred to as the line spread function or the point spread function. In

electromagnetics, the impulse response is called the Green’s function.

3.3.1 LINEAR SYSTEM CHARACTERIZATION
3.3.1.1 Continuous Time Systems

The input output relationship of a system can be written in terms of the

sifting property of the Dirac delta in (2.27).

o) =ty =s{ [ st~ nar}.

Since the integral is a continuous sum, due to the additive property of the

linearity, we can write
o) = S{F @} = [ SEIs(e— ryar}.

The operator, S{-}, operates only on functions ot ¢. Thus, () and dr can
be extracted from operator due to the homogeneity property of linearity.
The result is

o) =ssn = [ T S — 7)Y, (3.13)

Define the impulse response, h(t,7), as the system response to all Dirac
delta inputs.
h(t,7) =S{é(t —1)}. (3.14)

This is illustrated in Figure 3.6. When the input impulse is shifted to a
different value of 7, the impulse response generally changes its shape.

Substituting (3.14) into (3.13) gives the superposition integral

o(t) = / S ot (3.15)

=—00
Knowledge of the impulse response, h(t,7), therefore suffices to totally
characterize a linear system.

3.3.1.2 Discrete Time Systems

Discrete Time Systems have an analogous characterization. Let S be a linear

operator. The steps for derivation of the superposition sum characterization
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o(t-7) h(t, 7)
S{} /\
TN
\/

FIGURE 3.6: The linear system is totally characterized by its response to
all Dirac delta inputs, {6(t — 7)] — 00 < t < 00,—00 < T < 00}, for all
values of (¢, 7).

|
T

of discrete time linear systems follow the same steps as the continuous time

case.
gln] = S{fIn]}
= S{>___ flm]dln—m]} ; Kronecker delta sifting property
= > S{flmlé[n—m]} ; additivity property
= Yome—oo f[MIS{d[n —m]} ; homogeneity property

= Y flmlh[n,m] ;  the superposition sum

where the discrete time impulse response is

hln,m] = S{0[n —m]} (3.16)

3.3.2 CAUSAL LINEAR SYSTEMS

The impulse of a causal linear system is zero for t < 7. Hence
h(t,7) = h(t, 7)u(t — 7). (3.17)

To show this, we make use of the property that a zero input into a linear
system produces a zero output. Thus, with reference to Figure 3.7, the input
0(t — 71), zero from —oco < ¢ < T, produces an output which is zero on the
same interval. No output can occur before a system stimulus is applied.
Thus, h(t, 1) in Figure 3.7 is zero for ¢t < ;. Similarly, in Figure 3.7, with
an input 0(t — 7o) (drawn with a broken line), the impulse response, h(t, 72)
(also drawn with a broken line) of a causal linear system must be zero for

t < 7. These observations substantiate (3.17).
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FIGURE 3.7: If a system is both linear and causal, the response to an
input Dirac delta at t = 7 must result in a response that is zero for t < 7.

3.3.3 LINEAR TIME INVARIANT (LTT) SYSTEMS

Consider the linear time invariant system in Figure 3.8. Let an impulse,
4(t), applied at t = 0, have a system response of h(t). Since the system is
time invariant, shifting the input to 6(¢t — 71) similarly shifts the output to
h(t — 71). Similarly, §(¢t — 72) produces h(t — 72). Hence, if S{6(t)} = h(t),
then

S{o6(t—71)} = h(t—1). (3.18)

Compating with (3.14), we see that the impulse reponse of an LTT system

is only a function of the distance between t and 7. Specifically®
h(t,7) =h(t—17) (3.19)

and only a single function, h(t), is required to totally characterize the LTI

system.

h(t) = S{3(t)}. (3.20)

When the impulse response in (3.20) is used, the superposition integral in

(3.15) becomes the convolution integral

o(t) = / Fh(E - 7)dr. (3.21)
— 00
A shorthand notation for convolution is

g(t) = f(t) = h(t). (3.22)

®The relation in (3.19) is a common abuse of notation. A two dimensional
function, h(t,7), cannot be equated to a one dimensional function.
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FIGURE 3.8: For a time invariant system, shifting the location of a Dirac
delta input results in an equivalent shift in the response of the system.

For discrete time systems, the convolution sum is

gln) = Y% flmlhln—m]
= ffn] * hln]

where the discrete time LTI impulse response is
hln] = S{d[n]}.

3.3.3.1 Convolution Algebra

Convolution algebra properties for continuous time and discrete time op-
erations are in Tables (3.1) and (3.2). Using the definition of convolution
and Fourier transformation, these properties are straightforward to show.

The frequency response property of convolution indicates a single fre-
quency signal, expressed as a complex exponential, when placed through
an LTI system, yields an output of the same frequency albeit with differ-
ent magnitude and phase. The magnitude and phase are expressed by the
frequency response as a complex number. The magnitude of the complex
number indicated amplification of the input complex exponential and the
angle of the complex number indicates the phase shift. Specifically, for an

LTT system with impulse response h(t),
S{e2™tY = o2V y h(t) = H (v)el?™ ", (3.23)

where the frequency response, H(u), is the Fourier transform of the impulse

response.
h(t) +— H(u).
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Property Continuous
definition z(t) * h(t) [ x(r)h(t —7)dr
identity element z(t) * 8(t) x(t)
commutative () * h(t) h(t) * z(t)
associative 2(t) * {y(t) * h(t)} {2(t) * y()} * h(t)
distributive 2(t) = {y(t) + h(t)} {x(t) * y(1)}
+{x(t) « h(t)}
shift a(t —7) % h(t) 2(t) * h(t — 1)

frequency response

Fourier transform

derivative

h(t) * ei2mut

x(t) * h(t)

TABLE 3.1: Continuous time convolution algebra.

144
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This property, illustrated in Figure 3.9, reveals the LTI system alters the
amplitude and phase of each frequency, but otherwise does not alter the
frequency. If a large mechanical body has a single component vibrating at
a given frequency, then, if an LTI system, all vibrations in the body are of
the same frequency, albeit at different phases and amplitudes. Likewise, in
large LTT systems of arbitrarily connected resisters, inductors, capacitors
and amplifiers, a single sinusoid al voltage source inserted at any part of
the circuit will result in every current and voltage in the circuit oscillating
at the same frequency. The phasor used in linear circuit analysis allows the

magnitude and phase of these oscillations to be characterized [156, 1290].

ejzﬂ'"l H(l) ejl,‘T\'I
— 1 h@® >

FIGURE 3.9: A sinusoid al input into an LTT system always results in
a sinusoid al response of the same frequency. The magnitude change and
phase shift are specified by the frequency response, H(u).

The complex frequency response in (3.23) is physically interpreted by its
real component. Taking the real part of both sides of (3.23) gives

S{cos(2mvt)} = cos(2mvt) * h(t) = |H(v)|cos (2mvt + LH (v))  (3.24)

where
H(v) = [H(v)|e“H ).

keeps tally of the phase shift and amplitude scaling of an input cosine. This
is illustrated in Figure 3.10.

3.3.3.2 Convolution Mechanics

The convolution integral in (3.21) can be interpreted using the “flip and
shift” mechanics of convolution illustrated in Figure 3.11. The integral is
a function of 7. To visualize the operation, we begin with the impulse
response, h(7), shown in the upper left corner in Figure 3.11. We transpose
this function to form k(7) = h(—7) as shown. As a function of 7 for a fixed
t, the expression k(7 —t) is recognized as k(7) shifted from 7 =0 to 7 = ¢.
This is shown in the upper right of Figure 3.11. Clearly, k(7 —t) = h(t —7)
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Property Discrete
definition x[n] * hn] S afmlhln — m]
identity element z[n] * 8[n] z[n]
commutative z[n] * hn] hin] * 2[n]
associative z[n] * {y[n] * hln]} {z[n] * y[n]} * hln)
distributive zln] * {y[n] + hin]} {a[n] * y[n]}

+{z[n] * An]}
shift zn — m] * hn] zln] * h[n — m]

frequency response

Fourier transform

h[n]  es27nf

TABLE 3.2: Discrete time convolution algebra.
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FIGURE 3.10: A cosine into an LTI system will emerge as a cosine of the

same frequency with different magnitude and phase.

and h(t—7) is the impulse response contribution to the convolution integral
n (3.21). The function h(t —7) is recognized as the “flip and shift” of h(7).

As t increases, h(T — t) moves down the 7 axis. The mechanics of the
convolution integral are now clearly seen. With f(7) fixed, as illustrated on
the bottom of Figure 3.11, h(t —7) shifts to the right as ¢ increases. For any
fixed value of t, the area (integral) of the product f(7)h(t — 7) produces
the output, g(t), for the corresponding value of ¢.

The procedure for discrete time convolution is similar.

3.3.3.3 Circular Convolution Mechanics

Circular convolution is obtained by performing an inverse DFT on the
product of two DFT’s and is the topic of Section 2.6.1. For convenience,
the circular convolution sum is repeated here from (2.119).

N—

=

x[m]h[n —m]. (3.25)

m=0

t
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h(7) h(-7) = k(1) k(7-t) = h(t-7)

FIGURE 3.11: The “flip and shift” mechanics of convolution.

Relation to Linear Convolution. Circular convolution can be ex-

pressed as linear convolution if we define

o] = zln] ; 0<n<N
METY 0 ;  otherwise.

Then the circular convolution in (3.25) can be written in terms of linear
convolution

o0

y[n] = Z xn[m]hln — m] = xy([n] * h[n]. (3.26)
This is illustrated in Figure 3.12.

Circular Convolution Mechanics. The term “circular” in circular
convolutions comes from the ability to interpret (3.25) by performing the
“flip and shift” operations of convolution on a circle. The values of zy|[n]
are labelled [a,b,c,d] in Figure 3.12 where the period is N = 4. Likewise, the
values of hln| for its first period are labelled [A,B,C,D]. Using these same
letters, the convolution of xx[n] with hln] can be interpreted as shown
in Figure 3.13. The letters [a,b,c,d] corresponding to zx[n] appear on the
outer circle and do not move. The [A,B,C,D] letters of h[n], shifted, rotate
clockwise on the inner circle. At time n = 0, the circular convolution result
is

y[0] = aA +bD + ¢C + dB.
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O

n

FIGURE 3.12: Illustration of performing circular convolution of two dis-
crete time periodic signals with identical periods, N. One of the functions,
x[n], is truncated to a single period and forms 2 [n]. The linear convolution

of zn[n] with h[n] is the circular convolution of z[n] and h[n].

For time n = 1, the inner circle rotates one unit and
y[1] = aB +bA+cD +bC.

The circular shift continues one unit at a time. Since N shifts bring us back
to the beginning, the output y[n] is periodic with period N.
Continuous circular convolution® is performed analogously.

3.3.3.4 Step and Ramp Response Characterization

An LTT system’s impulse response can be determined from the system’s

step or ramp response. Define
hno(t) = S{r,(t)} (3.27)
where N
(i) ra(t) = 8(t). (3.28)
The general solution is, for n > 1,
ro(t) = %t”‘l,u(t). (3.29)

Clearly, ho(t) = h(t) is the system’s impulse response. hq(t) = S{u(t)}
is the system’s step response and ho(t) = S {tu(t)} is the system’s ramp

response.

S¢.g. See Table 2.6.
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FIGURE 3.13: Hlustration of the mechanics of circular convolution. The
values [a,b,c,d] and [A,B,C,D] are the same as in Figure 3.12. The two fig-
ures illustrate two visualizations of the same circular convolution problem.

L
d

For LTT systems, differentiation is commutative with the system opera-
tor. Differentiating (3.27) and using (3.28), gives

()" () = ()" (S{ra(D)})
= S{(#) )}

= 5{5(0)}
0

(3.30)

Thus, the impulse response, h(t), can be obtained by differentiating the
step response once or the ramp response twice. For continuous time sys-
tems, this characterization is particularly important due to the difficulty
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of realization of an approximation of a Dirac delta”. The unit step, on the
other hand, can be better realized experimentally without exposing the

system under test to high power levels.

3.3.3.5 Characterizing an LTI System

An LTT system is characterized by its impulse response or, equivalently,
its frequency response. The frequency response can be experimentally de-
termined by repeated experiments of the type shown in Figure 3.10. The
response of the system to a cosinusoid is used to determine the magni-
tude and phase of the frequency response for a single frequency. Changing
the frequency results in determination of a second magnitude and phase.
Finding these points for all frequencies constitutes determination of the
system’s frequency response®.

Alternately, the impulse response of an LTI system can be determined
from a single experiment either directly by application of a Dirac delta input
or indirectly by appropriate differentiation of the system’s step or ramp
response. The Fourier transform of the impulse response is the system’s

frequency response.

3.3.3.6 Filters

Commonly used filters are LTI systems characterized by their frequency
responses. They are illustrated in Figure 3.14. Ideally, they are zero phase
filters in that the phase and, consequently, the imaginary part of the Fourier
transform is zero. We will here treat the case for continuous time. The
discrete time case is the topic of Exercise 3.21. For the continuous case, the
filters are

(a) The low pass filter with bandwidth B has a frequency response of
u
H(w) =11 (57 ).
(u) 5B
All frequencies components less than B are set to zero. The corre-

sponding continuous time impulse response follows from the inverse

"A Dirac delta has infinite height and infinite power and “the infinite is
nowhere to be found in reality” David Hilbert.

8For all real systems, negative frequency values follow as the result of the
conjugate symmetry of the frequency response.
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Fourier transform
h(t) = 2B sinc(2Bt).

(b) The band pass filter passes frequencies in a band of width B cen-
tered at fy. The frequency response of the band pass filter is

H(u) =TI (“;ﬂ’) I (“;fo) .

It follows that the impulse response of the high pass filter is

h(t) = 2B sinc(2Bt) cos(27 fot).

(¢c) The high pass filter has a frequency response of

H(u)zl—H(%).

and an impulse response
h(t) = §(t) — 2B sinc(2Bt).

(d) The band stop (or notch) filter rids the signal of frequency com-
ponents in a band of length B centered at frequency fy. The frequency

o= [o(50) (5

and the corresponding impulse response follows as

response is

h(t) = 0(t) — 2B sinc(2Bt) cos(27 fot).

3.4 Correlation and Detection

The correlation matched filter is the most commonly used method of detect-
ing and extracting signals from noise and is a foundational signal processing
tool in pattern recognition [851], radar [365, 902, 1280] and communication
[1388, 1353]. The correlation between a signal g(t) and f(t) is related to

convolution by

9(t) % J(1) = g(t) * F*(~1). (3.31)
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FIGURE 3.14: Commonly used ideal filters include (a) the low pass filter,
(b) the band pass filter, (c) the high pass filter and (d) band stop filter.
The band stop filter is also referred to as a notch filter.

3.4.1 MaTtcHED FILTER BANKS & CORRELATION

Detection using correlation has its roots in the matched filter bank.

Assume we have a library of N possibly complex signals

{g(1)]1 <n < N} (3.32)
all of whom have the same energy. That is, for all n,
lgn ()| = C (3.33)

where [[h(t)||* := [, |h(t)|*dt. For an arbitrary signal, f(t), which of the
signals in the library the best match? Closeness is a good criterion for best
match. If we define closest in the mean square sense, we want to find the g,
that minimizes the distance || f(t) — gn(t)||?>. The best match to f(t) (we’ll
call it g7 (t)) is then

g% (t) = arg min || £(t) — ga ()| (3.34)

Since |w — z|? = |w|? + |2]? — 2Rwz*, this is equivalent to

g* () = arg min (Ilf(t)||2 Hlgn®lF =2 [ %f(t)gii(t)dt) (339)
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Using the equal energy criterion in (3.33) and recognizing ||g(¢)||* is con-

Filter Bank

R (ﬂW

| 9:(0
—) i

f(®

o~

17

gn(®)

FIGURE 3.15: A matched filter bank.

stant for all considerations reveals the minimization occurs when R f (¢) gz (¢)

is maximum. This recasts (3.35) as a maximization.

g*(t) = arg max <8% /t f(t)g;;(t)dt) .

The inner product between two signals «(t) and 5*(t) is

@®IB®) = [a®)p @ (3.30

t

Therefore f(t) will be will be closely related for g, () when R ((f(¢)|gn(t))

is large. The optimization can now be written as
g* (1) = arg max R (£(1)]ga (1))

The collection of library signals g,, is called a matched filter bank. It is
used to find the best match to a signal f(t).
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3.4.2 UNEQUAL ENERGY PROPERTY

What if the signals in the matched filter bank do not have equal energy
as required in (3.33)7 One answer is to simply replace the signals in the
matched filter bank by

gn(t)

lgn ("

In lieu of (3.34), the optimal signal is given be the minimization

gn(t) = (3.37)

g (1) = axg min[[£(6) ~ gu(0)]

gn(t)
llgn (t)

gn(t)
||gn(t)

2

ft) -

= arg min
n

arg min
n

f) -

We therefore wish to minimize

gn(t)
||g (t)

which is the same as maximizing

[, F(®)ga(t)t
%( lon (@] ) |

The optimization can therefore equivalently be written as

=l f)° +172§th )gn (t)dt

Hf EAGI

oy (@)
g7 () = arg mg %< NG > (3.38)

3.4.2.1 The Correlation Integral

The elements in the library need not be isolated as is the case for the
matched filter bank in Figure 3.15, but can be positioned sequentially on
a timeline as shown at the top of Figure 3.16. The signal f(t) can then
be slid along the timeline so that the inner product is computed at every
point. This is illustrated at the bottom of Figure 3.15. The inner product
for a shift of 7 is the correlation integral

g(r)x f(r) = (g@®|f*(t—1))
/ g6 (¢ — 7). (3.39)

— 00
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Correlation is related to convolution by the relationship in (3.31).° Con-
volution is often described by ‘the phrase ‘flip and shift.” Correlation can
likewise be described as “conjugate and shift.”

To detect the the presence of f(t) in the signal g(¢) we wish to find those
points that maximize Rg(t) = f(t).

O]

f®

t
g L\/ \/\

flt=1)

N VAN

FIGURE 3.16: Sliding correlation.

Matched filter correlation is used extensively to detect signals in noise.
An example is shown in Figure 3.17 where a unit height rectangular pulse is
added to a Gaussian white noise with a standard deviation of one. The sum
of the noise and the pulse is labeled g(t). Examination of the g(t) waveform
does not clearly reveal the location of the pulse. From the correlation of
the noisy signal with the rectangular pulse, the location of the pulse is
clearly identified by the peak of the triangular waveform in the correlation
g(t) * f(t) shown on the bottom of Figure 3.17.

An illustration of the ability of the correlation integral to extract binary
signals from noise is shown in Figure 3.18. A sequence of +1 height rect-
angular pulses is added to white Gaussian noise with unit variance. The

encoded binary sequence of length L = 20 is

S = [11000010110010010110]. (3.40)

9 See Exercise 3.9
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FIGURE 3.17: A rectangular pulse is added to white Gaussian noise to
generate g(t). Correlating g(t) with a rectangular pulse gives g(t) x f(¢)
shown in the bottom plot. The correlation integral peaks at the location of
the pulse.

A bipolar representation of a string of bits merely replaces all of the 0’s
with -1’s. The bipolar form of S is thus

B=25-1.
Denote the rectangular pulse encoding function by

f(t)=H<t;g>

so the replication of pulses can be written as

L
x(t) = Bl f(t—(T) (3.41)
(=1

where T is the pulse separation. In sequence, everywhere B[{] = 1, we
place a f(t) and everywhere B[¢] = —1 we place —f(t).
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FIGURE 3.18: White noise is added to a bipolar rectangular pulse train
to give g(t). Correlation of g(t) with the pulse gives a correlation which
peaks at positive pulse locations and dips negative for negative pulses. The

alignment is illustrated in more detail in Figure 3.19.

Let’s obscure the pulse locations with noise. Let

g(t) = (1) +£(1).

where we will assume £(t) is zero mean white Gaussian noise. Correlating
the encoding signal with the noisy rectangular pulses gives the plot shown
at the bottom of Figure 3.18. Peak values in the correlation correspond to
the pulse locations and polarity. This alignment is illustrated more clearly
in Figure 3.19. The decoding is simple. If the correlation is positive at a
sample location, we announce a one. If negative, a zero. As is illustrated
in the Figure, we have successfully extracted the binary signal S in (3.40)
using a matched filter correlation.
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FIGURE 3.19: The two plots here are identical to the bipolar rectangular
pulse train and correlation plots in Figure 3.18. The peaks and valleys of
the correlation are seen to align with the pulse train. Polarity of +1 is also
indicated. (The pulse f(t) used in this example and Figure 3.18 has its
right edge at t = 0.)

3.4.3 CHOICE OF SIGNALS

In Figures 3.18 and 3.19, a rectangular pulse is used for the encoding signal
f(t). If a rectangular coding pulse has amplitude A and duration a, the
corresponding autocorrelation is

ATl <Z> « AT (2) YN <Z> (3.42)

Ideally, we would like to have an encoding signal f(¢) with a Dirac delta
autocorrelation

f@)* f(t) = 5(t) (3.43)

In a fashion, (3.42) comes close since, for A% = L, we have A2A (L) — 6(¢)
as a — 0. This, though, requires short high amphtude pulses with lots
of energy.'® Here are some alternative less demanding signals with good

correlation properties.

10 Bandwidth constraints of broadcast channels also prohibit such a choice.



3. Linear Systems Theory 160

3.4.3.1 Encoding With White Noise.

White noise is so named because the expectation of its autocorrelation
function is a Dirac delta the Fourier transform of which is a constant in
frequency. The presence of all components equally in an optical spectrum
constitutes white light. From (3.43), the Dirac delta autocorrelation is the
criteria we seek in an encoding function. We can, indeed, use white noise
effectively in a matched filter [846, 847]. An example of a short instantiation
of 25 points of white Gaussian noise and its autocorrelation are shown in
Figure 3.20. The autocorrelation looks as if it is trying to look like a Dirac
delta.

—
—

——
=
et

(a) f(2) (b) F() = f(t)

FIGURE 3.20: (a) An occurrence of zero mean white Gaussian noise, f(t),
with unit variance. There are 25 points. (b) The corresponding autocor-
relation f(t) x f(t). The ideal correlation, from (3.43), is a Dirac delta.

Using the noise instantiation in Figure 3.20(a) as an encoding function
f(t), we code S in (3.40) using (3.41). This is shown in Figure 3.21(a) where
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FIGURE 3.21: Illustration of regaining the binary sequence S using the
Gaussian white noise instantiation in Figure 3.20(a) as an encoding signal.
Both the encoding signal, f(t), and the noise £(T) are drawn from a unit

variant distribution.

f(t) in Figure 3.20(a) is replicated to from x(¢). At every red marker, the
function f is placed when S[¢] = 1 and —f is placed when S[¢] = 0. The
replications in Figure 3.21(a) and correlated with f(¢) and the result is
shown in Figure 3.21(b). A large positive spike occurs when S[¢] = 1 and
a negative spike when S[¢] = 0.

More interesting is when the encoded sequence z(t) is corrupted by unit
variance white Gaussian noise, £(t), as shown in Figure 3.21(c) to form
g(t) = x(t) + £(¢). Correlation of g(t) with the encoding signal f(¢) gives
the result shown in Figure 3.21(d). As can be seen, the samples at the
locations with red markers still give strong positive spikes thereby revealing

the desired encoded bit stream corresponding to S.

3.4.3.2 Encoding With White Pulses.

The same encoding function is needed to encode and decode using corre-
lation. An encoding signal simpler than white Gaussian noise is a bipolar
string of pulses. Let the pulses have values of £1. The pulse stream is

white noise if the values are chosen by sequentially flipping a fair coin. An
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10F

FIGURE 3.22: Autocorrelation, f(t)* f(t), of the bipolar version of the bit
sequence in (3.44).

instantiation of such a binary sequence with a zero representing —1 is
f =1[1010110010010] (3.44)

The autocorrelation of this sequence, shown in Figure 3.22, has a rough
resemblance to the Dirac delta requirement in (3.43). Its use in encoding
the S sequence in (3.40) is shown in Figure 3.23. The two figures in the top
row show the encoding signal on the left and the autocorrelation with f on
the right. The autocorrelation peaks perfectly at the values of +1 values
corresponding to S.

The bottom row of Figure 3.23 shows the same process in the presence

of noise.

3.4.3.3 Barker Codes.

A carefully designed deterministic signal will outperform a randomly chosen
signal every time. The randomly chosen pulse train on (3.44) is of length
13. Rather than using such a randomly designed sequence of bits, we could
look at all of the possible 2!3 = 8192 binary sequences of length 13 and

chosen the sequence with the best autocorrelation properties. Specifically,
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FIGURE 3.23: Encoding and decoding the bipolar bit sequence S in (3.40)

using the instantiation of the white bipolar version of bit sequence in (3.44).

from (3.43). we seek an encoding signal with a high Dirac delta- like peak
and low (ideally zero) off peak values.

There are a set of bit sequences called Barker codes [61] that are optimal
in the sense that, besides the desired Dirac delta appearing peak at the
origin, the value of the magnitude of the autocorrelation does not exceed
one. Ideally, to resemble the Dirac delta, the off peak values should be zero
- but this is the best we can do with a finite duration encoding signal.
A few Barker codes are shown in Figure 3.24.!! 1In all cases, the Barker
code autocorrelation shown in the right column of Figures has a correlation
whose off-peak absolute values do not exceed one.

The longest known Barker code is of length 13.12

Let’s see how Barker codes work on our running problem. Encoding S
using a Barker code of length 13 is illustrated in Figure 3.25. The same
additive noise instantiation £(¢) used in Figure 3.23 is used here.

A side by side comparison of the decoded signal using the random encoder

1 The Barker code of length 11 shown in Figure 3.24 is used in the IEEE
802.11b wireless local area network (WLAN) Standard [1077, 792].

12 Tt has been proven that there are no further odd length Barker codes,[1558]
nor even length codes less than 1022. [901]
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FIGURE 3.24: Barker codes of length 4, 7, 11 and 13. The Barker code is
shown on the left. The autocorrelation of the corresponding Barker code is

shown on the right.
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FIGURE 3.25: Encoding and decoding S using a Barker code of length 13.

and the Barker code of length 13 is shown in Figure 3.26.' Both use an
encoding f of length 13 and the noise £ is the same in both plots. Although
both encoding functions identify the +1’s, the Barker code example has
fewer peaked spikes that may cause false alarms. This follows from the low
off-peak values of the Barker code autocorrelation seen in Figure 3.24 in
comparison with the larger off peak values of the randomly chosen encoding

function in Figure 3.22.

3.5 Amplitude Modulation

AM radio derives from amplitude modulation used to multiplex audio fre-
quencies on the AM radio frequency band. The modulation process is shown
in Figure 3.27. An audio baseband signal, z(t), has bandwidth B. The sig-
nal is added to a bias, b. For coherent demodulation, the value of b is

unimportant.

wt)=xz(t)+b>0 (3.45)

3 The comparison of performance here is cursory. Detailed performance anal-
ysis is available from the field of information and communication theory.
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FIGURE 3.26: A side by side comparison of the correlation of a noisy signal
encoding S with the random signal encoding signal in (3.44) (top) and a
length 13 Barker code (bottom). These are copies of the bottom right hand
plots in Figure 3.23 and Figure 3.25 respectively.
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This signal is multiplied by a carrier frequency, fy, to form

x(7) | w(f) Z(T)Y

b 2 cos(2mfpt)

FIGURE 3.27: The process of amplitude modulation. A signal proportional
to the modulated signal, z(t), is broadcast by the antenna shown on the
right.

z(t) =2 w(t) cos(2mfot) (3.46)
Using the convolution theorem, the spectrum of this signal is
Z(u) = W(u) * [6(u+ fo) + 6(u— fo)]

Z(u) =W (u+ fo) * W(u— fo) (3.47)

where, from (3.45),
W(u) = X (u) +bd(u) (3.48)

As is illustrated in Figure 3.28, the baseband signal is shifted or heterodyned
down the frequency axis. AM radio multiplexes a number of such baseband
signals side by side on the AM frequency spectrum by using different carrier

frequencies.

3.5.1 COHERENT DEMODULATION

Coherent demodulation of the amplitude modulated signal, z(t), is illus-
trated in Figure 3.29. The coherent modulator regains the original base-
band signal, x(t). For reasons to become obvious, however, it is not used
for commercial AM radio.

An antenna receives a broadband signal which is passed through a band-
pass filter equal to one for fo — B < |u| < fo + B and zero otherwise.
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X(u) Z(1t)

" o Jo

<+ 2B —» - 2B

FIGURE 3.28: The spectrum, X (u), of the baseband signal and the spec-
trum, Z(u), resulting from the amplitude modulation performed in Fig-
ure 3.27. See (3.46).

| K, BoF |2 e |1y 2,

cos(2mfot + ) -b

FIGURE 3.29: Coherent demodulation of an AM signal. The band pass
filter (BPF) over the band fo — B < |u| < fy + B. The low pass filter
(LPF) passes the band of frequencies —B < u < B.

From Figure 3.28, this is the band of frequencies over which the we see the
spectrum Z(u). As shown in Figure 3.28, we will assume the output of the
band pass filter is z(¢). This signal is then multiplied by a cosinusoid with
the same frequency, fy, as the carrier. If there is coherence (i.e. the phase
is 6 = 0), then the filter output is

v(t) = 2(t) cos(2 fot) (3.49)
or, in the frequency domain
1
V() = Z(u) * § [6(u+ fo) +5u— fo)].
Using the expression for Z(u) in (3.46) gives

Vi) = %W(u+2fo) W () + %W(u—2f0). (3.50)
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The component of interest is W (u). The other terms are high frequency
components can be removed using the low pass filter (LPF) in Figure 3.29
which is one for |u| < B and is otherwise one. The output of the low pass
filter is therefore

u(t) = w(t)

or, from (3.45),
u(t) = z(t) +b.

Thus, after subtracting the bias in the last step shown in Figure 3.29, the

output is the originally transmitted signal
y(t) = z(t). (3.51)

The coherent demodulator has therefore regained the original signal from

the heterodyned signal, z(t).

3.5.1.1 Loss of Coherence and Fading

Coherent demodulation must maintain the carrier frequency phase 8 = 0
in Figure 3.29 and must therefore be synchronized with the phase of the
transmitter carrier in Figure 3.27. To illustrate, suppose the phase in the
coherent demodulator is § = —m /2. The carrier thus becomes cos(27 fot —
0) = sin(2w fot) and, instead of (3.49), we have

v(t) = z(t) sin(27 fot).

Its Fourier transform is

or, using (3.46)

1 1
V(u) = —=W(u—-2f) — =W 2f0).
(u) 2 (u—2fo) I (u+2fo)
Note, in comparison to (3.50), the spectrum of the low pass signal, W (u),
has been destroyed by destructive interference. The output of the coherent

demodulator is thus
y(t) = 0. (3.52)

Therefore, as 6 changes from zero to 7/2, we see fading of the original signal

to zero. Greater details about fading are the topic of Exercise 3.11.
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3.5.2 ENVELOPE DEMODULATION

To avoid the synchronization of the transmitter and receiver oscillators
required by coherent demodulation, an envelope detector can be used to

demodulate z(t). Doing so requires that the bias, b, be chosen such that!?,

w(t) =z(t) +b>0 (3.53)

The modulated signal, z(t), in (3.46) then resembles that shown in Fig-

ure 3.30. The signal, w(t), rides the upper envelope of z(t). Roughly, the

envelope can be found by connecting the relative maxima of the signal'®.

FIGURE 3.30: The modulated signal, z(¢) in (3.46) when the bias is suffi-
ciently large to assure that w(¢) > 0. The signal, w(t), then rides the upper

envelope of the amplitude varying sinusoid .

The necessity of requiring w(¢) > 0 is apparent in Figure 3.31 where
w(t) is allowed to go negative. When the envelope hits zero, we are faced
with the problem of whether to follow the envelope into negative territory,
or to keep the envelope positive. The information is there to make this
decision. Otherwise, coherent demodulation would not be possible for all

values of bias. From the perspective of envelope detection, however, taking

4 Choosing the bias to minimize the average power required by the modulated
signal is the topic of Exercise 5.26.
15 For details of recovering z(t) from the envelope, see Exercise 7.15.
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advantage of this information is difficult'®.

FIGURE 3.31: The modulated signal, z(t) in (3.46) when the bias is too
small to assure that w(t) > 0.

3.6 Goertzel’s Algorithm for Computing the DFT

Goertzel’s algorithm uses an LTI system to compute the discrete Fourier
transform (DFT)!7 of signal at a single value of k. The impulse response
of the filter for Goertzel’s algorithm is

han] = /27 (nHDE/N (3.54)
there N is the length of the DFT. The resulting convolution is

yln] = a[n] xhaln]
(3.55)
_ €j21'r(n+1)k/N E:Ln:() x[m] e—j27‘rmk/N.

The output signal at time n = N — 1 is

N—1
y[N —1] = Z x[m) e~ J2mmk/N

m=0

16 See Exercise 3.12.
1"See (2.116).
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Thus, with reference to the DFT in (2.116), the output at this point in
time is equal to the DFT of the input at the frequency corresponding to k.

yIV — 1] = XT[k].
This is illustrated in Figure 3.32.

n=N-1

x[n] vinl 7, XK

hgln]

FIGURE 3.32: Hllustration of Goertzel’s algorithm for computing the DFT.
A discrete time signal, z[n], is placed into an LTI filter with an impulse
response given by (3.54). The filter’s output, y[n], is equal to the DFT value
X|[k] at time n = N — 1.

The Goertzel algorithm is more efficient than an FFT when only a few
values of Fourier transform are required.
Implementation of Goertzel’s algorithm and its use in generating short

time Fourier transforms is the topic of Exercise 10.7.

3.7 Fractional Fourier Transforms

The fractional Fourier transform [265, 1166, 1202], a generalization of the
Fourier transform [1730], was first presented by Namias [1110, 1058] and
has subsequently found application in sonar [906], radar [723, 1489], beam-
forming [1697], signal recovery [277, 454], signal synthesis [1250], pattern
recognition [1709, 768], time-frequency representations [18, 1164, 1165], ul-
trasound [106], speech recognition [1314], target detection [1489], quantum
mechanics [1110], and optics [843, 1166]. The fractional Fourier trans-

form is also called the angular Fourier transform [1058].
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3.7.1 PERIODICITY OF THE FOURIER TRANSFORM
OPERATOR

The Fourier transform operator, F, is defined through the Fourier trans-

former relation in (3.9),

Falt)=X(t) = /_00 x(1)e I dr, (3.56)
where
z(t) < X(u)

are Fourier transform pairs. From the duality theorem, application of the

operator a second time gives transposition of the original signal
F2 x(t) = x(—t). (3.57)
A third application gives
F3a(t) = X(—t) (3.58)
A fourth application returns to us the original signal.
Fha(t) = x(t) (3.59)

Additional applications of F repeat the cycle.
The operations F™ are linear for n = 1,2,3,4 and therefore can be

written using a superposition integral

Froalt) = / 2(F)bu (t, 7)dr (3.60)
where the impulse kernel is
o(r—t) ; n=
e—jQTrtT T on= 1
¢n(ta 7') = (3'61)

o(r+t) ; n=2
6j27rt7' : n=3

The kernel ¢, (¢,7) can be viewed as periodic in n with a period of four.
Thus, for example, ¢g(t,7) = ¢1(t, 7).
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3.7.2 FRACTIONAL FOURIER TRANSFORM CRITERIA

The fractional Fourier transform is motivated by a generalization of (3.60)
to operations of the form F* x(¢) where a is a real number. We require the
generalization to be linear. Thus the generalization can be expressed as a

superposition integral of the form

F¢x(t) = /00 (7)o (t, T)dT (3.62)

— 00

The generalization then corresponds to identifying the fractional Fourier

transform kernel, ¢, (¢, 7). The solution must
(a) meet the boundary conditions in (3.61) when a = n, and
(b) be periodic in a with a period of four.

These criteria do not specify a unique generalization.

3.7.3 THE WEIGHTED FRACTIONAL FOURIER
TRANSFORM

The weighted fractional Fourier transform, one of many possible definitions
of the fractional Fourier transform meeting the boundary conditions in
(3.61), is defined as [265]

Fx(t) = to(a) x(t) + t1(a) X(t) 4+ t3(a) z(—t) + t3(a) X(—t) (3.63)

where the weights are

1— €j27ra

1
- Z —1 — ejfr(a—m)/Z . (364)

tm(a)
The kernel of the weighted fractional Fourier transform follows as
ba(t, 7) = to(a) 6(T—1t)+11(a) e 2™ +u3(a) §(T+t)+13(a) 727 (3.65)
The plots of ¢, (a) in Figure 3.33 reveal that

tm(n) = d0[n —mj,

a property we can also demonstrate analytically. At n = m, this Kronecker
delta sifts the proper term in the kernel in (3.65) and the boundary condi-
tions in (3.61) are satisfied. The weights in (3.64) thus smoothly interpolate
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the fractional Fourier transform. For all values of a, the weights also sum

to one!s.

3
S t(a) =1 (3.66)

m=0

1 T
AN
>\ .
0 \ -

T — =
\ /

o\d -
. wa) |
1F _ T T 3
/\\
o / N~ _ a
< 7 -~ -
T — —<"
1 < /7 .11(61)
1.
N
/ \
0=~ < £ A
—N\Y S
1 12(61)\,’

- N —
<~
Bla N
0 1 2 3 4

FIGURE 3.33: Plots of the real (solid line) and imaginary (dashed lines)

components of ¢,,(a) in (3.64).

An example of a weighted fractional Fourier transform is shown in Fig-
ure 3.34 for the case of x(t) = II(¢).

18 See Exercise 3.33.
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FIGURE 3.34: The weighted fractional Fourier transform of x(t) = II(¢) for
the parameter a between zero and one in stems of ;. The real (solid line)
and imaginary (dashed lines) components in each step show the transition

from the rectangle (a = 0) function to the sinc (@ = 1).

3.8 Approximating a Linear System with LTI
Systems

A linear system response can be approximated by a superposition of LTI

systems. Here is one way to perform this operation. Sample 7 at points

{Tn] — 00 < n < oo} such that 7,, < 7,,4+1. Then the superposition integral

in (3.15) can be written as

gty = [Z__ f(r)h(t,T)dr.

. (3.67)
Yoo oo S (Tt 7).
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The input, f(7), can be chopped into intervals.

f(T) i T ST < Tpg
fu(T) = (3.68)

0 ;  otherwise

and (3.67) becomes

oty= 3 /O:_ Fu(T)R(E 7)dr (3.69)

Choose a point s,, in each interval such that
Tn S Sn S Tn+41-

We would like to use the impulse response, h(t,7) at 7 = s,, to approximate
an LTT system. If, indeed, the system is LTI, then A(t,7) = k(t — 7) where
k(t) is the LTI impulse response. Equivalently, for an LTT system, h(t +
7,7) = k(t). Motivated by this expression, we denote the impulse response

assigned to the nth interval in 7 by
kn(t) = h(t + sn, Sn) (3.70)

or
kn(t—7) = h(t — T + Sn, Sn)- (3.71)

The superposition integral in (3.69) is then approximated by

g(t) =~ Z?:—oo Toi,oo Jn(T)kn(t — 7)dr
(3.72)

= ZZO:_OO Jn(t) * kn(t)

The piecewise invariant approvimationt® [964] in (3.72) is a summation of
convolutions. As illustrated in Figure 3.35, the time variant linear system
is approximated by a superposition of LTI systems. The piecewise invariant
approximation meets the boundary condition of becoming exact when the

linear system being approximated is time invariant2°.

19Gee Exercise 3.24 for the discrete time equivalent.
208ee Exercise 3.23.



3. Linear Systems Theory 178
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FIGURE 3.35: Block diagram visualization of the piecewise invariant ap-
proximation in (3.72). For the time interval, 7, > ¢t < 7,41, the input, f(¢),
is fed into the LTT filter whose impulse response, k, (t), is determined from
a sample of the time varying linear system impulse response, h(t, 7). The
outputs of the LTI filters are summed to obtain an approximation of the

linear system output, g(t).

3.8.1 EXAMPLES OF THE PIECEWISE INVARIANT
APPROXIMATION

3.8.1.1 The Magnifier.

For the linear time variant magnifier in Section 3.2.2.1, the impulse response

from the input-output relationship in (3.8) follows as
h(t,7) = 6(MT —t).
The operation is time variant. Choose s,, = 7,,. Thus, from (3.70),
En(t) =0 (M7, — (t+ 7)) =6 (M — 1)1, — t)
Using the piecewise invariant approximation in (3.72) gives

g(t) =~ an (t—= (M —1)75)

This is illustrated in Figure 3.36. The piecewise invariant approximation
shifts the nth subinterval from the point ¢ = 7, to the point t+ (M —1)7,, =
Mr,.
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FIGURE 3.36: The piecewise invariant approximation, gpya (), of the lin-
ear time variant magnifier with an input-output relationship of ¢(t) =
ﬁf (ﬁ) In this figure, M = 2.

3.8.1.2 The Fourier Transformer

The Fourier transformer in (3.9) has an impulse response of
h(t,T) = e 92m7

Thus
h(t+7,7) = e 72mt+TT

and
En(t) = o927 (t+sn)sn

Substituting into the piecewise invariant approximation in (3.72) gives

9(t) = Eal_o [T Falr)em 2T Um D s on gy

Zoo e*jZTr(t+Sn)Sn fix’oo fn(t)ej%rsnrdT (373)

n=—oo

Zoo 67j27r(t+sn)snFn(7sn)

n=—oo

where we use the Fourier transform pair
fu(t) «— F,(u).

To illustrate, let f(t) = II(¢). Divide the [—3, 3] interval into 2N + 1

subintervals of length A = (2N +1)~! and center points { s, = nA | =N <
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> S

FIGURE 3.37: The piecewise invariant approximation to the Fourier trans-
former response to f(t) = II(t) given in (3.74) for N = 5,10 and 50. The
N = 50 curve is close to the desired result of g(¢) = sinc(t) which is plotted
with a dotted line.

n < N}. Then

fat) =11 (t _A5n> < Fp(u) = A sinc(ul)e 72msnv,

Substituting into (3.73) gives
g(t) =~ Zngj\r e—I2m(t+sn)sn A sinc(snA)e_ﬂ”i
= A ZTJY:?N sinc(s, A) e—d2msnt (3.74)

= A [1 +2 22;1 sinc(s, A) cos(27rsnt)}

Plots of this piecewise invariant approximation are shown in Figure 3.37
for various values of N. The N = 50 plot is very close to the desired result
of sinc(t) which is plotted with a dotted line.
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3.9 Exercises

3.1. Let’s look as systems that are passive.

(a) Show that all additive systems, homogeneous systems and all linear
systems are passive.

(b) Counsider a memoryless nonlinear system characterized by a Taylor

series.
y(t) = Zn = 0%,z (t).
3.2. Evaluate the following convolutions.
(a) jinc(t) * sinc(at);a > 2.
(b) sech(mt) * cosech(mt)
1

3.3. (a) Evaluate the autoconvolution of h(t) = 3.

(b) Are the real and imaginary parts of the Fourier transform of the unit

step, u(t), Hilbert transform pairs?

3.4. Show that, if 2(¢) is bandlimited in the sense that X (u) = X (u)II(u/2),
then [522]

(a) convolving x(t) with the spherical Bessel function, 2jo(27t), is x(t).

(b) convolving x(t) with the spherical Bessel function, ji(27t), gives a

result proportional to the derivative of z(t).

3.5. Let z(¢) in (3.46) be a system output.
(a) Do we have a linear system if x(¢) is the input? If w(t) is the input?
(b) If linear, what is the impulse response, h(t,7)?

(¢) Do we have a time invariant system if z(¢) is the input? If w(t) is the

input?
(d) If LTI, what is the impulse response, h(t)?

(e) Do we have a memoryless system if z(t) is the input? If w(t) is the
input?
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3.6. Repeat Exercise 3.5 except the system output is v(¢) in (3.49) rather
than w(t).

3.7. The inner product in (3.36) is not commutative. Show that

1. Switching orders results in conjugation, i.e.
(Bt)la(t)) = {a(t)|B(1)" (3.75)
2. The real portion of the inner product is commutative
R (a(®)8(1)) = R (B(#)](t)) (3.76)

3.8. When the signals in the matched filter bank, g, (t), are replaced by the
normalized function g, (¢) in (3.37) results in the maximization problem in
(3.38). If we also replace f(t) by

o w
TO =170

show that minimization of mean square difference
~ 2
g* (1) = arg min || () ~ G (1) (3.77)
gives the same result as when f(t) is not normalized in (3.38).
3.9. Prove the correlation relationship to convolution in (3.31).
3.10. Prove the following properties of the correlation integral.

1. Variation on the correlation integral.
oo
o) = s = [ gt (3.73)
— 00

2. Fourier transform of the correlation integral.

g(t) x f(t) +— G(u)F*(u) (3.79)
3. Autocorrelation destroys spectral phase.
g(t) * g(t) «— |G(u)|? (3.80)
4. Conjugate symmetry commutativity.

Ft) xg(t) = [9(&) * F(E)e—_, (3.81)
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3.11. Fading. Evaluate the strength of the signal y(¢) in the coherent
amplitude modulation demodulator in Figure 3.29 as a function of 6. From
(3.51), the strength is one (the coefficient of z(t)) for § = 0 and, from
(3.52), the strength is zero.

3.12. Consider use of an envelope detector on a signal where w(t) dips be-
low zero. An example of of such a modulated signal is shown in Figure 3.31.
When the envelope hits zero, explain how we can use the phase of z(t) to
decide whether to follow the envelope into negative territory, or whether

to continue with a positive envelope.

3.13. Single side band suppressed carrier amplitude modulation
(SSSC AM). Consider amplitude modulation of a real signal, x(¢). The
spectrum, Z(u), of the heterodyned signal in Figure 3.28 has symmetry in
that knowledge of Z(u) for fo < |u| < fo + B, called the upper sideband,
can be used to construct Z(u) over the lower sideband fo — B << |u| < fo.
If only the upper side band were broadcast, then the number of baseband
signals multiplexed on an AM frequency band could be doubled. The signal
Z(t) with spectrum?!

Xu—1fo) 5 fo<|u[<fo+B
0 ; otherwise

2(t) «s Z(u) = {

is referred to as the single side band suppressed carrier amplitude modula-
tion encoding of the baseband signal, z(t). Using a bias of b = 0, the signal
Z(t) can be generated as shown in Figure 3.27, except only the frequency
band fy < |u| < fo + B of z(¢) is broadcast.

(a) Consider the coherent demodulation procedure in Figure 3.29 except
that Z(t) emerges from the band pass filter instead of z(¢). Do we

generate a form of x(t) at the demodulator output when 6 = 0?
(b) When 6 # 07

(c¢) Explain in words what happens to the demodulated signal when the
oscillator frequency in Figure 3.29 is slightly greater than fjy.

(d) Slightly less than fj.

21 Note that Z(t) is the amplitude modulation of the analytic signal, Z(t),
corresponding to z(t). See Exercise 2.15.
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3.14. Mellin convolution. The Mellin transform of a signal f(t) is
Fa(z) = / fOt=~at. (3.82)
0

(a) Evaluate the Mellin transform of f (1) for 7 > 0 in terms of Fa(2).

(b) Define the Mellin convolution by

o(t) = /OOC F)h (j) dTi. (3.83)

Express the Mellin transform of ¢(¢) in terms of the Mellin transforms

of h(t) and f(t).

3.15. Mellin transfer functions. Similar to the Mellin convolution in

(3.83) is the convolution

o) = /0 T r)h(tr)dr. (3.84)

(a) Evaluate the Mellin transform of f (¢7) for 7 > 0 in terms of the
Mellin transform in (3.82).

(b) Show that
G]y[(z) = FM(l - Z)HM(Z) (3.85)

We will call Hys(z) the Mellin transfer function.

(¢) The Laplace transform is a special case of Mellin convolution. What

is its Mellin transfer function?

(d) What is the Mellin transfer function of the Hankel transform?? given
by

g(t) =2m /O T f(7)Jo(2ntT)dr.

3.16. Let g[n] = S{f[n]} denote a discrete time system. Define discrete

time systems that are
(a) homogeneous (see Section 3.2.1.2),

(b) additive (see Section 3.2.1.3),

2 The Hankel transform is introduced in Chapter 9 in (9.41).
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(c) linear (see Section 3.2.1.4),
(d) time-invariant (see Section 3.2.1.5),
(e) LTI (see Section 3.2.1.6),
(f) causal (see Section 3.2.1.7),
(g) memoryless (see Section 3.2.1.8),
(h) stable (see Section 3.2.1.9), and
(1) invertible (see Section 3.2.1.10),
3.17. Specify a system that is
(a) additive but not homogeneous.

(b) homogeneous but not additive.

3.18. IIR Filters. An IIR (infinite impulse response) filter can be ex-

pressed as
Q P
Z ap yln — k] = Z b, x[n — 1] (3.86)
k=0 i=0

where z[n] is the input and y[n] is the outputs. The coefficients are fixed

constants.
(a) Is this system LTI?

(b) If so, what is its impulse response and frequency response?

3.19. Linear differential equations with constant coefficients. Re-

peat Exercise 3.18 for the linear differential equation with constant coeffi-

ﬁ:ak (i)ky(t) = gbk (;lt)ix(t).

k=0

cients.

3.20. Show that the superposition integral in (3.15) can be written as

o(t) = / " F(w)H (t,u)du, (3.87)

—00

where f(t) + F(u) and

H(t,u) = / h(t,)e?* ™ dr.

— 00
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™ delayz [
G > Y [
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g

FIGURE 3.38: A system which is apparently noncausal. See Exercise 3.22.

3.21. The four continuous time filters presented in Section 3.3.3.6 are (a)
the low pass filter, (b) the band pass filter, (c¢) the high pass filter and (d)
band stop filter. Derive the impulse responses, h[n], for these signals for the
discrete time equivalent. Assume the frequency responses in Figure 3.14

are functions of f and show a single period of the frequency response on
11

[=2:2]-

3.22. Unlike space, time only flows in one dimension. As a consequence,

all temporal systems must be causal. The LTI system in Figure 3.38 seems

to violate this property. The output is
g(t) =¢e(t) +e(t—71) (3.88)
where
e(t) = f(t) +g(t).
Substituting (3.88) gives
e(t—71)=—f(t).

Thus,
ety =—-f{t+71).

Substituting the last two equations into (3.88) gives

g(t) = =f(t) = f(t+7).

Thus, the output at time ¢ depends on the input at a future time, t + 7.
This appears to not be a causal system. Since all temporal systems must

be causal, something here is wrong. What is it?

3.23. Show the piecewise invariant approximation in (3.72) becomes exact

for LTT systems.
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3.24. Derive the equivalent of the piecewise invariant approximation in
(3.72) for discrete time systems.

3.25. Show that, when s, = nT for a fixed T, the piecewise invariant
approximation for the Fourier transformer in (3.73) is periodic with period
1/T.

3.26. Time variant linear systems a and b have impulse responses h,[n, m]
and hy[n, m]. A signal, z[n], is placed into system a whose output is placed
into system b.

(a) Express the impulse response, h[n,m|, of the composite system in

terms of hg[n,m] and hy[n, m].
(b) Does the order of the cascade of the systems matter?

(¢) Under what sufficient condition does the cascade order of the systems

not matter?

(d) Can there exist two time variant systems that, when cascaded, results

in a time invariant system?

3.27. The magnifier in (3.8) is subjected only to signals that are identically
zero for —oo < t < 0.If M = —1, does the input-output relationship display

causality?

3.28. Consider the linear system defined by

o= 1057 7 (57) (3.59)

Derive an expression to invert this system, i.e. given g(t), find f(¢). A two

dimensional illustration of this problem is shown in Figure 3.39.

3.29. The input to an LTT system is, for a fixed &,

0 ; t<0
f)=qt ; 0<t<¢
£ 5 t>¢&

Express the impulse response of the system, h(t), as a series of derivatives
of the output. HINT: Consider the solution methodology used in Exer-
cise 3.28.
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FIGURE 3.39: Illustration of (3.89) as an image for M = %. The image on
the left, Monika, is degraded by superimposing a smaller brighter negative
version of the image as shown on the right. (Gray scales are scaled for
display purposes.) The restoration problem is to recover the original image

from the degradation.

3.30. Linear Motion Blur [324]. A causal signal, f(¢) is subjected to
uniform motion blur.

o(t) = F() 11 (%) (3.90)

where T is a known time duration. An image illustration of this linear
motion blur, shown in Figure 3.40. Specify a procedure to invert the system,
i.e. find f(t) from knowledge of g(t) and T. Hint: One might perform a

Fourier transform of the convolution in (3.90) to obtain
G(u) = 2T F (u)sinc (2Tu) e 92T,

Then solve for F(u) and inverse transform. The reciprocal of the sinc,
however, contains undesirable poles and renders the procedure ill-posed.
Here is an alternate approach. Differentiate g(t) and apply the methodology

used in Exercise 3.30.

3.31. Causal convolution. If both z(t) and h(t) are causal, show that

the convolution integral can be written as

g(t) = / 2(F)h(t — 7)dr.
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FIGURE 3.40: The image on the left, Modulo Man, is degraded by a hori-
zontal linear motion blur from left to right. The restoration problem is to
find the original image from the smeared degradation on the right given by
(3.90). See Exercise 3.29.

3.32. The following are examples of systems, g(t) = S{f(¢)}. Categorize
each as linear and/or time-invariant. Assume that ¢ is a given number, p a
given integer, and h(t) or h[n] is a specified function. If linear, determine

the impulse response.

(a) gln] = |f[n —p]*.
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(2) gln] = |f[n]]

(h) gln] = flp) fln]

(i) gln] = f[2n]

() glnl = f[n?)

(k) g(t) = f() +E£(t — &) — L f(2).
1) g(t) = 6 (f(1))
(m) g(t) = [, f(r)dr
(n) g(t) = £ (h(1))).
(0) g(t) = (£ (1)

(0) g(t) = JJ " n(r)dr
(@) 9(t) = & (1)

(1) g(t) =1

() g(t) =0

3.33. Show that the sum of the weights in the weighted fractional Fourier

transform sum to one as in (3.66).
3.34. Some functions are their own Fourier transforms.

(a) Evaluate the weighted fractional Fourier transform for z(t) = ¢~™*".

(b) Evaluate the weighted fractional Fourier transform for x(t) = K, (t)
where K, (t) is the Hermite-Gaussian function in (2.92). Hint: From

Exercise 2.47, Hermite polynomials are evenly odd in the sense that
Hi(t) = (=1)"Hp(—t).

(¢) What does the result in (b) say about weighted fractional Fourier

transforms that are expressed as a series

2(t) =Y anKn(t).
n=0
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3.35. Let z(t) be bandlimited with bandwidth B. Can the weighted frac-
tional Fourier transform also be a bandlimited function?

3.36. Show that the weighted fractional Fourier transform, F¢ is periodic

in a with a period of two when z(t) is real and even.

3.37. ¥ Transfinite numbers and systems theory. Georg Cantor (1845-
1918), the creator of set theory, also developed the theory of transfinite
numbers [8; 264, 526]. Basically, Cantor showed that some infinities are
larger than others®3. An example of a set containing the smallest transfinite
number of elements, Ry, is the set of nonnegative integers, {0,1,2,3,---}.
An example of the next largest transfinite number, Ny, is the number of
elements in the set of all real numbers. An example of the next largest, No, is
the set of all functions of a real variable. Interestingly, like comprehending a

24 comprehension of N3 or higher escapes

fourth or higher spatial dimension
the intuition [526]. Such sets, however, can be constructed mathematically.

The set of all subsets of a set with X elements contains Ny elements?>.

Consider then, characterizing a continuous time system. If we know noth-
ing about the system, we require the cataloging of every response to every
input. Thus we require knowledge of Ny input-output relationships. If the
system is linear and time variant, we require the response of the system
to a Dirac delta at every instance in the input time domain, i.e. for all
real numbers. Thus, we require the cataloging of X; input-output relation-
ships for complete system characterization. If the system is LTI, a single
input-output relationship is required: the response of the system to an in-
put impulse at time ¢ = 0. For any given input, the output is given by the

convolution with the impulse response thus generated.

(a) What transfinite numbers analogously correspond to characterizing

discrete time systems?

(b) Specify a scenario where a continuous time linear system is completely

characterized by Ry input-output relationships.

23R # 0o. The symbol oo, rather, is always used mathematically in terms of a
limit.

24 See Section 9.3.

25 Possibilities of sets with Ny, Or even NNNO elements etc., prompted Cantor
to correspond with the Vatican on possible theological implications of his theory
[360].
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3.10 Solutions for Selected Chapter 3 Exercises.

?? Concerning passive systems:
(a) An additive system is passive since
S{0} =S{f(t) = fF(®O)} =S{f ()} = S{f ()} =0.
For a homogenous system
${0} =S{of(t)} = 08{f(*)} = 0.

Linear systems are both additive and homogeneous. Linear systems

are therefore passive.

(b) With reference to the Taylor series in (3.7), simply set ag = 0.

3.2. (a)
jinc(t) * sinc(at) «— V1 —wu? (%) [II1(%)]
= LV1-w2I(%);a>2
Thus

jinc(t) x sinc(at) = 2 jine(t).
(b) From Table 2.5 and the duality theorem
cosech(mt) «+— —j tanh(mu).
Since sech(nt) +— sech(mu), we conclude
sech(mt) * cosech(mt) +— —j sech(mu) tanh(mu).
From Table 2.5 and duality, we also conclude
7w sech(mu) «— —j sech(mu) tanh(mu).

Hence

sech(7t) * cosech(wt) = wu sech(mu).

3.3. (a) Since

i jm sgn(t),
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if follows that

11 )
— x4 -
t t
Thus L1
2
— % — = —7oi(t
L E mo(t)

=1
wt?

this problem illustrates the Hilbert transforming a Hilbert transformation

Note: Since Hilbert transformation is equivalent to convolving with

results in the negation of the original signal. Equivalently, an inverse Hilbert
transform is obtained by convolving with %
(b) Yes. From (2.99) and (2.100), for a causal signal,

I(u) = % R(u),
and )
R(u) = pi I(u)
For the unit step (see Table 2.4),
B(t) — X (u) = % (6(u) - Wju) . (3.91)

For X (u) = R(u) + jI(u), we have I(u) = % Clearly, from (2.99), we
have, proceeding as in (a), the Hilbert transform

-1 -1 -1
Tu)s — = — % ——
21U 2mu 27U

From (3.91) this is, indeed, R(u).

%§(u).

3.4. (a) From the Fourier transform of the spherical Bessel function in
(2.83),
2jo(27t) < Po(u)II (u/2) =1 (u/2).

Therefore, the zeroth order spherical Bessel function is a sinc.
Jo(2mt) = 2 sinc(2t),

Thus
z(t) * 2 jo(2mt) +> {X(u)H (E)} I (B) = X(u),

and, as was to be shown,

x(t) * 2 jo(2mt) = x(t).
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(b) From (2.83),
—dmjy (27t) & % 4w Py ()T (u/2) = j2mull (u/2).
Then
—drmjy (2mt) % () > [j2mull (u/2)] [X ()T (1/2)] = j2ruX (u).

From the derivative theorem, we therefore conclude

—4qjy (27t) * x(t) = %x(t)

3.7.

1. Using the definition of the inner product from (3.36),
ise) = | [a@soa
t
/a*(t),@(t)dt

t

(B(B)|a(t)) (3.92)

2. From (3.92),
(a®)|B()) = (Bt)|e(t))" -
Since Rz = Rz*, (3.76) follows, i.e.

R(a(@®)[B(1)) =R (BH)]alt)) -

3.8.

Minimizing (3.77) requires minimization of

|76~ 3.

_ H f(®) gn(t)
£ @)l ||gn(t)||
Ji F g5 (8)dt
= %7
~ N1
which is the same as maximizing
(flg)

RTOIIro]
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which, in turn, is equivalent to maximizing

(flg)
RPRa]

3.9. Using the correlation definition in (3.39)

sy = f TG () dr

— 00

= [ s -na

— 00

g(t) x f(t)

3.10.

1. Variation on the correlation integral. From (3.39),

(oo}

g(r) % f(r) = / 9(€) [ (6 — 7).

Setting t = & — 7 gives (3.78).

2. Fourier transform of the correlation integral. Consider the

Fourier transform

fr(—t) e /_ [ (—E)eI2mu g

- [ / Z f(—f)eﬂ”“fdﬁ]*

[ som]
F*(u)

(3.93)
where we have set t = —¢. From (3.31)

g(&) > f(t) = g(t) * f* (=1).
From which it follows that

g(t) * f(t) «— G(u)F" (u)

3. Autocorrelation destroys spectral phase. (3.80) is a special case
of (3.79) for F = G.



3. Linear Systems Theory 196

4. Conjugate symmetry commutativity.
o) = F0)=gl) = [ (rlgx(r—tar

Set £ =71 —t.

o)
—~~
~
N
I
By
—
o~
~—
*
<
—~
~
N
I

/ T e+ g # (©)de

= [ e *

(3.94)

Thus
c(=t) = g(t)* f(t)

which can equivalently be written as (3.81)

3.15. Mellin transfer functions.

(a) Setting £ = t7 and using (3.82), the Mellin transform of f (¢7) is

| semesta= [T (f) e G

T

(b) Applying this result to (3.84) gives

> o0
Gu(z) = / f(r) [T_ZHM(Z)] dr = HM(z)/ f(T)T(_Z+1)_1
=0 7=0
from which the desired solution in (3.85) follows.

(c) For the Laplace transform, h(t) = e~!. Using the definition of the
gamma function in (2.64) gives the following Mellin transfer function

for the Laplace transform.

Hy(z) = / t*~le7tdt =T(2) ; Rz > 0.
0

3.16. The discrete time system is defined analogous to (3.1) as g[n| =
S{f[n]}. The answers to this problem are straightforward restatements of

continuous time counterparts.
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(a) From Section 3.2.1.2, a discrete time system is homogeneous if, anal-
ogous to (3.2),
S{af[n]} = aS{f[n]} (3.95)

where a is a scalar.

(b) From Section 3.2.1.3, a discrete time system is additive if, analogous
to (3.3),
S{fi[n] + f2[n]} = S{f[n]} + S{ f2[n]} (3.96)

(¢) From Section 3.2.1.4, a discrete time system is linear if it is both

additive and homogeneous.

(d) From Section 3.2.1.5,a discrete time system is time-invariant if the

system operator, S{-}, commutes with all shift operators.

(e) From Section 3.2.1.6, a discrete time system is linear time-invariant

(LTT) if is is both linear and time-invariant.

(f) From Section 3.2.1.7, a discrete time system is causal if the response

at n =k, g[k], is determined only by the input f[n] for n < k.

(g) From Section 3.2.1.8, a discrete time system is memoryless if the
response at n = k, g[k], is determined only by the input at n = k,
1K)

(h) From Section 3.2.1.9, a discrete time system is stable in the BIBO
sense if for all bounded inputs, |f[n]] < N < oo, there exists a finite
number M < oo such that g[n] < M.

(i) From Section 3.2.1.10, a discrete time system invertible if its input
can be determined uniquely by its output. If S{f[n]} = g[n]} then
there exists an operator S™* such that S™*{g[n]} = f[n]}.

3.17. (a) An example of a system that is additive but not homogeneous is
the conjugation operation, S{f(¢)} = f*(¢) is additive since the sum of the
conjugate is the conjugate of the sum. It is not, however, homogeneous since
S{af(t)} = a*f*(t) # af*(t). There is no known example when the signals
and systems are constrained to be real. (b) A system that is homogeneous
but not additive has yet to be identified.

3.18. IIR Filters
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(a) Yes, the system is LTI.

(b) Perform a DTFT in (2.112) on both sides of (3.86) and use the shift
theorem?S to give the frequency response

_ Yo(f) _ Eigare ™

C Xp(f) X bpeizmis

The corresponding impulse response is obtained by applying the in-

verse DTFT in (2.113). There is no closed form solution.

Hp(f)

3.20. The power theorem in (2.101) can be written

[ T k() dt = / " P K () du. (3.97)

— 00

Set k*(7) = h(t,7) for a fixed t. Then

*

K*(u) = {ffoooh*(t,T)e*jQ’T”TdT]

= [ h(t,T)e? ™ dr

oo

H(u,t)
Hence, (3.97) becomes (3.87).
3.25. When s,, = nT for a fixed T, the piecewise invariant approximation

for the Fourier transformer in (3.73) is

g(t) ~ Zoo ooeij27r(t+sn)snFn(_5n)

n=—

_ 00 _ —j2ns? | J—j2mntT
= T [Falsei] e
This is a Fourier series with Fourier coefficients
— 7j27rs2
cn = Fp(—sn)e n,

The period is 1/T.

3.26. (a)
ylnl = 3Rl heln, K|2[K]
= oo ol K [0 halk, m]a[m]]
= Yoo [Dohe—oo to[n, klhalk, m]] 2[m]
Yoo oo hn, mlz(m]

26 See the entry in Table 2.6.
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where the composite impulse response is

hln,m] = Z hy[n, kha [k, m].

k=—oc0

The results are similar to that obtained by multiplying two matrices.

(b) As is the case with multiplying two matrices, order matters.

(c) Order does not matter when the linear systems are time invariant.?”

(d) Yes. A Fourier transformer followed by an inverse Fourier trans-
former, for example, gives the degenerate albeit valid counterexample of a
time invariant identity operation.

3.27. Yes, the input-output relationship is causal. All (nonzero) response

points are for ¢ > 0 and occur after the stimuli for ¢ < 0.
3.28. To solve (3.89), define the magnifier operator, M, by

wMise) =576 (5)

so that (3.89) can be written

g9(t) = (L= M) f(?).

We will assume the operator is invertible and solve for f(¢).
Ft) = (1= M)"g(t). (3.98)
Expand the operator into a geometric series
1-M)=> M
k=0
so that (3.98) becomes
f0) =3 MEq(t) (3.99)
k=0
or

f(t) = g; ﬁ g (A;k> : (3.100)

*"There may be preferred ordering in certain cases. A low pass filter, for ex-
ample, should precede a differentiator so that a smooth signal rather than a
potentially spiky signal is differentiated.
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This is our desired answer.

The steps in (3.98) through (3.100) lack a solid mathematical foundation.
The problem under consideration, though, is of the type that can be verified
by substitution of the result into the problem statement. If the answer
works, there is no need to substantiate the steps leading to it.

The mechanics of the solution in (3.100) can be best be illustrated by

truncating the series to K terms and letting K tend to infinity.

Ko '
fr(t) = Z ViR (W) : (3.101)
k=0
The first few terms are

o) =90 = 10 - 571 (7).

-5 b (2) s o)
— 10~ 5/ (572
oo ()] [ () - 5]
— 105557 (57 )-
The pattern is now evident and we can show by induction that

Fiet) = 10~ 37t (37 )

The limit of the unwanted residual term is
1 y 0 ;o M >1
Jm et (57w ) =
Ad(t) ;5 M<1
where?® -

A= / ft)dt.
The iteration therefore converges for M > 1 and converges with a Dirac

delta artifact for M < 1. Thus, with reference to Figure 3.39, if we attempt

28Gee, e.g., Exercise 2.17.
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to restore the larger signal by first demagnifying and subtracting, there will
be an asymptotic delta in the middle of the restored image. If the smaller
of the two images on the right side of Figure 3.39 is restored, there will be
no artifact.

3.29. The input can be written as
f)=r@)—rt-¢
where the ramp is r(t) = ¢t p(t). From (3.30), we have
g'(t) = h(t) = h(t = ).
Define w(t) := ¢’(¢). Then, using the shift theorem
w(t) +— W(u) = (1 —e*™) H(u).

Solving for H(u) and using a geometric series gives

W(u = j2Tnu
H(u) = 1_6% =3 W(u)ermme, (3.102)
n=0
Inverse transforming gives
oo
h(t) = Z w(t —nk).
n=0

The accuracy of this solution becomes more evident when we define

N
ha(t) =3 g/t = ne).

n=0

so that hy(t) approaches the impulse response, h(t), as N — oo in the
following pointwise sense.

ho(t) = h(t); 0 <t <,

ha(t) = h(t); 0 <t < 2,

ha(t) = h(t); 0 <t < 3¢,
so that, in general

ha(t) = h(t); 0 <t < (N +1)¢. (3.103)
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As is the case in the solution to Exercise 3.28, use of the geometric series
in (3.102) should be questioned since

|27 £ 1

as required??. As is the case in the solution in Exercise 3.28, however, this
questionable step becomes moot in light of the success of the solution in
(3.103).

3.30. Linear Motion Blur [324]. Differentiate (3.90)

d d t—T
o0 =10 g1 (5 ).
or

d

2900 = f() x[6(t) — o(t = 2T)] = f(t) — f(t - 2T). (3.104)
The horizontal derivative of the right to left linear motion blur in Fig-
ure 3.40 is shown in Figure 3.41. A negative of the original image is shown
to the right of the original image. Applying the methodology of the solution
to Exercise 3.29 gives

f#)=>_g'(t—2nT).
n=0

If we define
N

fn(t) =Y g'(t—2nT) (3.105)

n=0

we have, as in the solution to Exercise 3.29,
n@)=f(t); 0<t<2(N+1)T.

Thus, the image in Figure 3.41 is shifted and added to eliminate the nega-
tive image on the right. Doing so inserts another negative image farther to
the right. The original image is shifted and added to eliminate this image,
ete.

3.32. See Table 3.3.

29 See (16.6).
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input-output relation linear | TI impulse response
(a) gln] = [fln —pl? no | yes
(b) gln] = r[n] fln] yes | no hln, k] = r[n] 6[n — K]
() gln] =1 (f[n]) no | no
(d) gln] =n fln] no | no
(e) gln] = fln] = fln - 1] yes | yes hln] = é[n] — é[n — 1]
(f) gln] =3 f[n] -2 no | yes
(g) gln] = L f[n]] no | yes
(h) gln] = flp] fIn] no | no
(i) gln] = f[2n] ves | no hin, k] = 6k — 2n]
) gln] = f[n?] yes | no hln, k] = o[k — n?|
(k) | g(t) = () +Ef(t =€) — Zf(t) | ves |yes|h(t)=0(t)+&(t — &) +3'(t)
M g(t) =3 (f(1)) no | yes
(m) g(t) = [7, f(r)dr yes | yes h(t) =1
(n) g(t) = f (h(1)) yes | no’ h(t,m) =0 (1 — h(t))
(0) g(t) = f (£(1)) no | no
() 9(t) = [ n(r)dr no | yes
(a) g9(t) = G f(t) yes | yes h(t) = &'(t)
(r) g(t)=1 no | yes
(s) g(t) =0 yes | yes h(t) =0

TABLE 3.3: Solution to Exercise 3.32.
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FIGURE 3.41: Tllustration of the horizontal derivative of the linearly

blurred image Modulo Man shown in Figure 3.40. This is an illustration of

(3.104). To restore the original image according to the formula in (3.105),

repeatedly shift this image to the right and add.

3.33. Substituting (3.64) into (3.66) gives

anzo tm(a) =

1_€j27ra 23 1
m=0 T_cin(a—m)/Z
1-ed2ma [ 4 1
1 T=gmaz T =@z

1 1
tigreorz t+ 1_ejw<a—3)/2}

1—e?me [ 1 1 1

4 1—eima/2 + 1+5 eima/2 + 1+ej7ra/2 + 1—j ejwa/2:|
1—¢i2ma [ 2 + 2

4 _(1_8_7‘m/2)(1+€jm/2) (1.»,_]‘ e_7'7ra,/2)(1_]‘6_71ra,/2)
1-¢i2 [ o 2

4 | (1—eima + 1+ E-j"":|
1—ei2ma [ 4

4 (1—eima)(1+ eim™a)
1_ej27ra 4

4 1—ei2ma
1

(3.106)
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(a)
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For z(t) = e=™", we have X(t) = x(—t) = X(—t) = e~™. Thus,
from (3.63), the weighted fractional Fourier transform is

3

Fo e = et Z tm(a)
m=0
Since, from (3.64), the sum of the weights is one, we see that the
weighted fractional Fourier transform of the Gaussian is the same for

all a.
Fee v = € ¢ .

From (2.91), the Fourier transform of the Hermite-Gaussian function
is
Kn(t) = (=)" Kn(u).

Thus, taking advantage of the evenly odd property of the Hermite

polynomial
x(t) = Ka(t),
X(t) =" Ka(t),
z(—t) = (=1)"Kn(t),
and

X(_t) = jnKn<t)7
The weighted fractional Fourier transform follows as

F¢ Kp(t) = wn Ky (t)

where
w, = tola) + 7 ™(a) + (—=1)"2(a) + 7"e3(a)
i 1 —n
- (:1 1—eima/2 + 1+jjejm/2

_|_ (71)71' _|_ jn
1+eima/2 1—j eima/2 | *

The coefficients w,, are periodic with period four, i.e. w,14 = w,.

Algebraic manipulation similar to (3.106) gives
mo = [+ 6m) (1) 1 (1) (1= 7))

+5" (L—e™) {(1+j eI™/2) + (=1)" (1 — j e7™/2) }]
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Simplifying gives

1 i n=20
€j37ra/2 o on=1
Wn = ei2ma cn=2
eimal? i n=3

2(t) =Y anKn(t).
n=0

then -
FOKn(t) =) anmnKn(t).
n=0

3.35. When z(t) is bandlimited, X (¢) has compact support and, therefore,
cannot be bandlimited. Any weighted sum of z(¢) and X (t) can therefore
not be bandlimited. For 0 < a < 4, the weighted fractional Fourier trans-
form, F%x(t), is bandlimited only for ¢ = 0 and a = 2.

3.37. Transfinite numbers and systems theory
(b) The piecewise invariant approximation in Section 3.8 requires the
cataloging of Xy impulse responses.

For a second example, consider a linear system whose inputs, z(t) are

limited to signals of the type [974]
2(t) = angn(t) (3.107)
n=0

where the ¢, (t)’s form a (not necessarily orthogonal) basis of some
sort. Examples include (1) periodic signals represented by a Fourier
series and (2) bandlimited signals expressed as a superposition of

sincs as in the cardinal series.

The output to a linear system when (3.107) is the input is

y(t) =S{z(t)} =D anbn(t)
n=0
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where
On(t) = S{on(t)} .
Knowledge of the 6,,(t)’s for n = 0,1,2,--- constitute a catalog of Rg

input-output responses required to characterize the linear system.



4

Nonlinear Systems

Any system that is not linear is nonlinear. The variety of nonlinear systems
is so vast that a single theory cannot address them all. In this Chapter, we
deal specifically with systems that, in a loose sense, are smoothly nonlinear.
We consider two theories of nonlinear approaches: Nonlinear time invariant
periodicity preservation (TTPP) system theory and Volterra series.

4.1 Volterra Series

The Volterra series combines ideas from memoryless systems expressed as

Taylor series and LTT systems to model weak nonlinear systems.

4.1.1 INTRODUCTION

The Taylor series for a function g(x) can be written as a power series.

y(1) =3 ana()
n=0
=g + ayx(t) + azx?(t) + azax®(t) + - . (4.1)

A generalization of the Taylor series that provides memory is the Volterra

series.

y(t) = ho(t) + / 2t — m)hy (m1)dms

T1

+/ / x(t — 11)x(t — 72)hao(11, T2)dT1dTo
71 J T2

+ / / / x(t — 11)x(t — 72)x(t — 73)h3(11, T2, T3)dT1dT0dT3 + - - -
T1 Y T2 Y T3
(4.2)
The functions h.,(-) are Volterra kernels. Notice the relation to convolution.
Indeed, the second term is a one dimensional convolution. The third term

is the 2D convolution of h(ty,ty) with x(¢1)z(t2). In the same sense, the

final term in (4.16) is a three dimensional convolution.
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Note that hq(71) is a one dimensional function, ha (71, 72) is a two-dimensional
function, hs(7y, 72, 73) is a three dimensional function, etc. We will assume
unless otherwise stated that the system is passive in the sense that a zero in-
put (z(t) = 0) gives a zero output. This is assured in (4.16) when ho(t) = 0.

We can write (4.16) as

y(t) = y1(t) + ya2(t) + ys(t) + - - (4.3)

where the nth order term is

)= [ 2t =m) [ t-m) [ att-m)

n

X hn(TlaTla"' 77-1)d7.1d7-2"'d7.n (44)

For example:

e for n =1, we have conventional convolution
yl(t) = / LL’(t — Tl)hl(Tl)dTl
T1

o forn=2

yQ(t):/ / l'(t7Tl)z(t77’2)h2(7’1,7’2)d7’1d7’1 (45)

e and forn =3

nt) = [ | / /Tgw—n)x(t—mx(t—m

X h3 (71, T2, T3) dridTodTs. (4.6)

4.1.1.1 Properties

e Time Invariance: The Volterra series is time invariant.If an input
of x(t) yields y(t), then an input of z(t — §) produces an output of

y(t—¢).!

e Scaling: If the input to the nonlinear system were ax(t) rather than
x(t), then instead of (4.3), the output is?

y(t) = ayi (t) + a’ya(t) + a’ys(t) + - - (4.7)
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+
x(t) y(®)

FIGURE 4.1: Simple LTT system.

LTI memoryless

x(t) . w(t) O y(®)

FIGURE 4.2: Cascaded LTI and memoryless system.

4.1.1.2 Example: Cascading LTI and Memoryless Systems

As an example of a Volterra series, consider a cascaded LTT and memoryless
system shown in Figure 4.2. The output of the LTI system is

y(t) = 2(t) * h(t)

where h(t) is the impulse response of the LTT system. Using the Taylor series
in (4.1) with g = 0, the output of the memoryless system is therefore
g(x(t) = any”(t)

am (a(t) * h(t))"

(o)
But
(/T h(T)z(t —T) dT) / / (T1)h(T2) -~ h(Tp)

X x(t — 1)zt —12) - x(t — 7)dTdr - - - dTy,
(4.8)

||M8 I %8 ng

1We assume ho(t) = 0. See Exercise 4.2 on page 283.
2See Exercise 4.3 on page 283.
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The cascaded system can therefore be modeled as a Volterra series with

kernels

hn(Fn) = hn (7—177-2a e Tn)

= aph(m)h(r2) - h(1,)

4.1.2 AVERAGED SYMMETRIC KERNELS

To facilitate discussion of symmetric Volterra kernels, consider the second

order Volterra term in (4.5) which we repeat here.

/ / t—Tl t_Tg)h2(7—177—2)d7-1d7—2 (49)

It does not immediately follow that the second order Volterra kernel in (4.9)
is either unique or symmetric even though switching dummy variables
and 7 does not effect the result.® In other words, we can use ho(To,71)
instead of ha(m,72) in (4.9) and, due to the symmetry of the integral,
obtain the same result. That is,

=/ / z(t — 11)x(t — 72)ha (72, 71)dT1dTs.

If this equation is averaged with (4.9), we still get the same result

t) = /T /sz(tTl)x(tfz)izg(ﬁ,@)dnda

where the averaged second order Volterra kernel is

ho(ty,ts) = ;(hg(tl,tg) +h2(t2,t1)>. (4.10)

Note that the averaged second order Volterra kernel is symmetric.

ho(ty,ta) = ha(ta, t1). (4.11)

Averaged Volterra kernels, we will see, emerge naturally from nonlinear
system analysis.

As is the case with the second order Volterra kernel, there are a number

of different values of hs that satisfy (4.6). For example, for the Volterra

kernel solution in (4.6), the kernels

h’S(T27 T1, T3)

3 See Exercise 4.8 for an example.
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and the kernel

ha(T1, 73, T2)
will give the same result as (4.6). There are n! different ways to arrange
the arguments of h,, when are the arguments are different. For n = 3, for

example, we would have 3! = 6 combinations:
h(71,72,73), h(T1, 73, T2), h(T2, 71, 73), h(T2, T3, T1), h(73, T1, T2), h(T3, T2, T1).

As with the second order kernel, we’ll average all of the n! solutions into
the averaged nth order Volterra kernel

n!

1
ho(T1, T2y Tn) = ] Z h., (kth permutation of arguments). (4.12)
k=1

The kernel h,, remains unchanged under any permutation of its arguments.

4.1.2.1 Multinomial Coefficients and Averaged Kernels

The expression in (4.12) is applicable when all arguments are distinct in the
sense all of the 7,,’s are different variables. Not covered is averaging kernels
with redundant arguments like hg(71,71,72) where 71 appears twice. In
such cases the number of terms in the average is given by a multinomial
coefficient.
To illustrate, suppose we had the sequence of four 1’s, three 2’s, three
3’s and one 1.
{11112223334}. (4.13)

These numbers correspond to the 7 subscripts for
h’ll(Tla T1,7T1,T1,72,72,72,73,73,T3, 7_4)'

There are numerous shuffles of the same terms, like {11112223343} and
{43331111222}. Let the total number of digits be n with k1 one’s, ks twos,
etc. For (4.13), the values are n = 13 arguments in the Volterra kernel,
ki1 =4, ko =3, k3 =3 and k4 = 1. There are m = 4 different digits. Note
that we require

i k[ =n.
(=1

In general, the number of possible distinct shuffles is the multinomial coef-

ficient

A " _ n! 4.14
plmsks k)= (k) T R R (440
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The binomial coefficient is a special case for m = 2. For (4.13), the total

number of unique shuffles is

1!
41313!1!

The average kernel is the average of all these 46,200 permutations.

1(11;4,3,3,1) = 46, 200.

hll(TlaTla7_1,7—177—277—237_2; 7_3,7—377—377—4)
1
46, 200

E hi1 ( four 7’s, three 7o’s, three 73’s, one 74)
all cases

A special case of (4.14) is n distinct digits in an nth order kernel like

hn(t17t27t3a e 7tn)~

In this case, the number of distinct shuffles is

n
=nl.
(1,17... ’1>

We have already seen this special case in the kernel averaging in (4.12).

4.1.2.2 An Average of One
When all arguments are identical as in
ho(t,t,t, - t),
there is only one term in the averaged kernel. Hence

B (t b, - 1) = hy(t,t,t, - ). (4.15)

4.1.3 EXPERIMENTAL CHARACTERIZATION USING THE
IMPULSE RESPONSE

Consider a system modelled as the Volterra series. In practice, we limit the
order of the series. For a second order system, then, only h; and hy are
considered and 0 = hg = hy = --- ..

e If the input stimulus is x(t) = §(¢), let the response be z1(t). Then
the second order system response is

zl(t):/ 5(t — 7 )h()dn
+/ / (S(t—Tl)é(t—Tg)hQ(Tl,Tg)dTldTQ

= ha(t) + ha(t,t). (4.16)
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We only have access to the sum and there is no way to separate the

two terms shown from this experiment alone.

e Consider next a two impulse input

Z‘(t) 25(t—T1)+5(t—T2), (417)

so that the system response is

Z9 (t)

[, (6(m = Th) + 6(m1 — T2)) ha(t — 71)dm
I, (6(n =T + 8(m — T2)
X (5(T27T1)+6(7'27T2))h2(t77'1,t77'2)d7'1d72

., (6(n —T1)+5(7'1— 2)) hi(t — m1)dm

+f7_1 f‘r2 5(7’2 — Tl) +5(7‘1 T1)5(Tg — TQ)
+5(T1 2)5(72 - Tl) + 5(7’1 - 2)5(T2 - TQ)]
th(t—Tl,t—Tg)dTldTQ.

Using the sifting property of the Dirac delta

Zg(t) = hl(t — Tl) + hl(t — TQ)

+h2(t*T1,t*T1) +h2(t*T1,t 7T2)
+ ho(t = To,t — T1) + ha(t — Ta,t — 1)

= [hl(t —T1)+ ho(t — T, t — Tl)}
+ [t = T2) + ha(t — Tz, t — T3)]
- [ha(t = Tuyt = To) + ha(t — To,t — Ty)] (4.18)

Note the natural emergence of the averaged Volterra kernel. We will

see this again and again. Since

h(ty,ty) = ;(h(tl,tg) + h(tg,t1)>

we see that (4.18) can be written as

20(t) = 21 (t — Ty) 4 21 (t — To) + 2ho(t — Ty, t — Th)

where the single Dirac delta impulse response is given in (4.16).

Therefore, for a second order system the second Volterra kernel can be

found from the results of the single and the double impulse response.

ho(t — Tyt —Tp) =

3 ealt) = 21 (t = T0) — 21t — ).
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4.1.4 FREQUENCY RESPONSES OF SIMPLE SYSTEMS

Interpretation of the Volterra series in the Fourier domain is more intuitive
than in the time domain. Before going there, let’s review the Fourier trans-
form notation for two simple systems: LTT and memoryless. The Volterra

series expressed in the frequency domain is a generalization of both.

4.14.1 LTI

A linear time invariant (LTT) system with impulse response h(t) is charac-

terized by the convolution
y(t) = x(t) * h(t)
= /x(t — 7)h(T)dT.
When
z(t) = 2™, (4.19)

the output is of the same frequency with different magnitude and phase.*
That is,
y(t) = H(v)el*™ (4.20)

where h(t) +— H(u) are Fourier transform pairs.

4.1.4.2 Memoryless

The (time invariant) memoryless system is characterized by

y(t) = g (x(t))

where g(+) is a function. Assume that g has a Taylor series in (4.1).

When the input to the nonlinearity is the complex exponential in (4.19),
the output is periodic with frequency v. The Fourier series of the output
follows directly by substituting (4.19) into (4.1).

g (ej27r1/t) _ Zanej%rnut. (421)
n=0

This is a Fourier series has a DC® term, ag. If the system is passive then
¢ (0) = 0 which requires that ag = 0. The Fourier series has a fundamental

frequency v, and harmonics nv.

1See Exercise 4.1 on page 283.
5i.e zero frequency
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Unfortunately, this convenient relationship does not apply in practice.
It does not exist in reality since the complex exponential and the Fourier
series it spawns is complex. Complex numbers are not real.

A more useful relationship is the response of the memoryless system to

a sinusoid . The result for an Nth order system is

N
g (cos(2mvt)) = By + 2 Z B, cos(2mkvt) (4.22)
k=0

where the Fourier series coefficients are related to the Taylor series coeffi-

cients by®

N
n \ an
Br=2>_ (n;k>2n (4.23)
+2
n=|k|
and the +2 means increments of 2. For example

13
> by = by +bg + bs + bio + bz

+2
n=4
4.1.4.3 Fourier Transforms in Higher Dimensions

As a tool in characterizing the response of a Volterra series to sinusoid
al stimuli, we use the n dimensional Fourier transform of the nth order

Volterra kernel

Hn('Uq,U/Q,"' , U / / / h tlatQa ’ Tl) (424)

w e~ d2m(uitituatat-tunt ")dtldtg ~dt,
, .

In shorthand

H, (i) = /ﬂhn(f)e_ﬂ”ﬂ”d{
t

=L

the superscript T denotes transposition,

where

al = [ur w2 ug - Uy,

and
dt = dty dty dts - - dty,.

5See Exercise 4.11 on page 284.
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4.1.5 SYSTEM CHARACTERIZATION FREQUENCY
RESPONSE USING COMPLEX SINUSOID STIMULI

Interpretation of the Volterra kernels in the frequency domain is more in-
tuitive than in the time domain.

One way to characterize an LTI system is with a stimulus of e/?7#1t,
The response is Hy(v1)e/?™1t where H; is the LTI system’s frequency re-
sponse. The system’s frequency response, Hy (u), is the Fourier transform of
the system’s impulse response, hi(t). For repeated experiments using sin-
gle sinusoid s of different frequencies, the values of the frequency response
can be found for frequencies over a desired band. To find the impulse re-
sponse, H; (u) must be defined for all u. In many cases, however, knowledge
of the frequency response over a limited band suffices for an engineering
application.

Generalization of the frequency response definition of a system applies to
characterization of Volterra systems. Instead of measuring the Volterra ker-
nels using impulse stimuli, frequency stimuli are used. The system output is
then used to define points in the Fourier transforms of the Volterra kernels.
Generalization of a second order system requires simultaneous stimulation
with two sinusoid s, a third order system with three sinusoid , etc. There
are cases where a higher order Volterra kernel need not be totally char-
acterized and a response of a third order kernel to two sinusoid al stimuli
might suffice for an engineering application.

In this section, we consider complex sinusoid stimuli. Even though com-
plex sinusoid s do not exist, the resulting analysis gives valuable insight into
performance of real sinusoid stimuli which turns out to a bit more math-
ematically difficult. Use of real sinusoid al input is the topic a subsequent

section.

4.1.5.1 First Order

A first order Volterra series is a conventional LTI system. The output is
y(t) = (t) = / () (t — 7).
T1

For a system to be a first order Volterra, we require all higher order kernels

to be zero.
O=hyg=hg="---



4. Nonlinear Systems 218

Let the stimulus be

x(t) = ed2mt,

Then the sinusoidal response is
y(t) =11 (t) = / 6‘j27ﬂ/171h1(t — Tl)dTl
T1

:/ ej27”’1(t_ﬁ)h1(7'1)d7'1
T1

= Hy(v)e?*™!, (4.25)
The corresponding Fourier transform gives

Yi(u) = Hy(v1)d(u — vy).

This is a single line in the spectrum at the frequency u = 7 with weight
Hy(v).
4.1.5.2 Second Order

A second order system is determined by the expression

y(t) = y1(t) + ya(?)

where
yi(t) =/ x(ri)ha(t —71)dn (4.26)

and

yz(t) :/ / .’E(Tl)x(TQ)hQ(t—Tl,t—TQ)dTldTQ. (427)
T1 Y T2
We are assuming that higher order kernels are zero.
O=h3=hg="---. (4.28)

Our job is to find hy(t1) and ha(t,t2) or, equivalently, their Fourier trans-
forms Hj(uy) and Ha(ui,us2). To do this, we excite with two complex si-
nusoid s.

x(t) = eIt 4 gi2mvet (4.29)

Computing y; (¢) is easy.
yl(t) :/ (ej27r(t—7'1)l/1 4 ej27r(t—7-1)1/2) hl(Tl)dTl
T1

_ Hl(yl)ej%rult +H1(V2)ej2m/2t
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The corresponding Fourier transform is
H(’U,) = Hl(ul)d(u—ul)—|—H1(1/2)5(u—1/2). (430)

These two points in frequency are shown on the left in Figure 4.3.
Evaluating y»(¢) is more complicated. Using (4.27), the response to the
double complex sinusoid al input in (4.29) is

yQ(t) :/ / (6j27r7'11/1 +6j27TT1V2) (6j27r7'21/1 +6j27TT2V2)
T1 VT2

X hz(t — Tl,t — Tg)dTldTQ

:/ / (ej27r(7'1V1+7—21/1)+ej27r(7—1y1+72y2)
T1L Y T2

+ej27T(T1V2+T2V1) + 6j27r(7'1112+7'21/2)) hg(t -7, t— TQ)dTldTQ
— HQ(Vl, Vl)ejQTr(Qul)t + }12(V17 V2)6j271-(u1+u2)t
+ HQ (VQ7 V1)€j2ﬂ(u1+y2)t + HQ(VQ, Z/2>6j27r(2’/2)t (431)

This expression contains points on the 2D Fourier transform of the second

order kernel. Note the emergence of the symmetric kernel.
Hy(vy,1) = ;(HQ(I/l, va) + Ha(va, 1/1)) .
Thus (4.31) can be written as
ya(t) = Ho(vy,11)e 2™t 4 2 (17, )21 Tv2)E 4y (1, 1) el 27 (2120t
The corresponding Fourier transform is
Ya(u) = Ha(vi,v1)8(u — 2v1) + 2Ha (v1, v2)8(u — (v1 + 1))
+ Hy(va, v2)d(u — 213) (4.32)

This second order term as a function of u is illustrated on the right in

Figure 4.3. The total spectrum of the response is
Y (u) = Y1 (u) + Ya(u)
= Hl(ul)é(u — Vl) + Hl(yg)é(u — VQ)
+ Ho(v1,11)8(u — 2u1) + 2Ho (01, 12)6(u — (1 + 112))

(V17 1
(V27 Vo
Note that the spectrum in Figure 4.3 allows individual separate measure-
ment of Hy (), Hi(v) and f{g(l/l, v9). Varying the values of the two input
frequencies, 1 and vs, allows characterization of ﬁQ(Vl, Vo) over any range

of frequencies desired.
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Yi(w) Yzi”)
[ |
Y(u) 2H,(vy ,v,)
H A Hy(vz,v))
Hi(v1) L) Hy(vy,vq) i 4 e
T 4 i
N .
121 v, 2vy vitv, 2y,

FIGURE 4.3: Spectrum of a two complex sinusoid al stimulus of a second

order Volterra system.

4.2 Minkowski Addition Produces Convolution
Domains

In Figure 4.3, note that autoconvolution® of Dirac deltas at frequencies
v1 and v, result in Dirac deltas at frequencies 2vq, v1 + v5 and 2v,. The
autoconvolution of the Dirac deltas in Y7 (u) give the locations of the Dirac
deltas in Y5(u). Simple math that tracks autoconvolutions of Dirac deltas
is Minkowski arithmetic.

The Minkowski sum, or dilation, between two sets {a,b} and {b,c,d} is
the set of all sums of elements of the first set with the elements from the

second.
{a,b} & {b,c,d} ={a+b,a+c,a+d,b+bb+c,b+d}.

With reference to Figure 4.3, the Dirac delta values of Y;(u) are located at
the frequencies
Sy ={v1,12}

The frequency location for Ys are at given by the Minkowski sum
So =A{vi, 12} @ {v1, 12} = {v1 +vi,v1 H o, v+, v e}
7 Minkowski arithmetic is used in mathematical morphology as discussed in

Chapter 14 on time scales. Specifically, see Section 14.7.1 on page 1000.
8 Autoconvolution means convolution of a signal with itself.
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So the location of the Dirac deltas in Y5(u) are at
(21/1, V1 + Vo, 21/1).

There is a redundant term {v; + vo,v9 + 11} in Sy which manifests itself,
in combination, as the averaged kernel Qﬁg(yl, V).

Note that the locations of the Dirac deltas indirectly dictate the values
of the weights. For the first order kernel

e In Sy, the delta at u = vy is Hy(v1).
e In Sp, the delta at u = vy is Hy(v2).

Therefore
Yi(u) = Hi(v1)d(u — v1) + Hy(12)d(u — va2).

For the second order kernel
e In Sy, the delta at u = 2v; has weight Ha(v1,11).
e In Sy, the delta at u = 2vs has weight Ha(va, 12).

e In Sy, the delta at u = v1 + po = Vo + 11 has weight 2ﬁ2(yl, vy) since

the sum appears twice.

Adding these gives
Yé(u) = HQ(I/l, Vl)(S(U72I/1)+21:IQ(I/27 VQ)(;(Uf(l/1+I/2))+H2(I/2, V2)5(U72l/2).

This is the same result as in (4.32).
Autoconvolution of Dirac deltas results in more deltas. The location of
the convolution deltas is given by the Minkowski addition of the location

of the two sets of deltas being convolved.

4.2.1 Two COMPLEX SINUSOID AL RESPONSE FROM A
THIRD ORDER SYSTEM

Our analysis has thusfar assumed a second order system. Let’s apply the
Minkowski sum to find the response from 2 complex sinusoid s if a system

is third order. In lieu of (4.28), we now assume

O=hy=hs=---. (4.34)
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Following our analysis approach

S3 = S185 65
= 5185
= {v, )@ {1+, +vo, 00+ 11,08 + 110}
= {vituv+v,v+vFve, v v v, e e,
Vo +v1+ v,V V1 Vo, Ve + V2 + 1, Ve + Ve 1y,

vs+ v+ v, v+ v+ 1,3+ 1 + U, 03 + Vo + s}

We not combine sums of the same value. The following terms result. For
each line, the 7 subscript numbers are listed. For example, (213) corre-

sponds to 7o, Ty, T3.
e (111) At location u = 3wy, the weight is
Hs(vy,v1,11).
e (112) At location u = 211 + va, the weight is

3Hs(v1,v1,10) = Hs(v1,v1,19) + Hs(vi,va, 1) + Hs(va, v1,11)

e (122) At location u = vy + 29, the weight is
3H3(v1,v2,v2) = H3(v1,va,10) + Hy(va, v1, ) + H3(va,10,11)

e (222) At location u = 3vs, the weight is

H3(va, v, 13).

Therefore, for the two complex sinusoid stimulus

Ys(u) = Hy(vr, v1,11) 0(u — 3u1) + 3Hs (1, 1, 1) 6(u — (201 + 112))

+ 31{13(V1, Vo, VQ) (5(’[1, — (Vl —|— 21/2)) —|— flg(VQ7 Vo, Vg) (5(’[1, — 3V2)
(4.35)

The composite response for a third order Volterra series with the two

sinusoid al stimulus in (4.29) is now completely calculated. It is
Y(u) = Y1(u) + Ya(u) + Y3(u)

where the three component terms are given respectively in (4.30), (4.32)
and (4.35).
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4.2.1.1 Third Order System Total Characterization

For the more complicated third order system with three inputs, (4.34) still
applies. For total Volterra series characterization, we require the response

of the system to three sinusoid s.
.’E(f) _ ej27ry1t + ej27rl/2t + ej27rl/3t
The first order response for the system has a spectrum of
Yl(u) = Hl(l/l) 5(11, — 1/1) -+ Hl(l/g) 5(’[1, — 1/2) —+ Hl(l/g) 5(U — Vg)

For the second order response, we look at the frequency combinations two
at a time. To simplify bookkeeping, we’ll only use the frequency subscripts.
The first order Minkowski sum is

{1,2,3} @ {1,2,3} = {11,12,13,21, 22, 23, 31, 32, 33}

Note that this is simply counting in base 3 with two digits. We combine
similar terms that differ only in order. These terms when combined will
give an averaged kernel.

(11,12 + 21,13 4 31, 22,23 4 32, 33)

From this simple calculation, we can immediately write the second order
result.

Ya(u) = Hy(vi,v1) 6(u—2uy) + 2Hs(v1,v9) 6(u— (v1 4 1))
Jr213[2(1/17 VS) 5(“ - (Vl + Vg)) + HQ(I/Q, 1/2) §(u — 21/2)
+2H5 (v, vs) 6(u — (va + vs)) + Ha(vs, vs) 6(u — 2v3)

For the third order term, we calculate a three fold auto Minkowski sum.

{1,2,3} @ {1,2,3} @ {1,2,3}
= {1,2,3} @ {11,12,13,21,22,23,31,32, 33}
= {111,112,113,121,122,123,131,132, 133,
211,212, 213, 221, 222,223, 231, 232, 233,
311,312,313, 321, 322, 323, 331, 332, 333} (4.36)

Note this sequence corresponds to counting in base 3 using three digits. To

indicate how many times different order terms, e.g. 123 and 132, occur is
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this list, we introduce a useful rule: make a list so that the three digits are
arranged such that a smaller digit does not follow. This assures we have all
combinations and don’t write down two shuffled versions of the same term.
For example, 123 and 112 are allowed by the rule, but not 132 because 3
is larger than 1. Applying the rule gives

{1x111,3x112,3%x113,3x122,6x123,3x133,1x222,3x223,3x233, 1x333}
(4.37)
This is all we need to know to write Y5(u). For example the second term,
3x 112, corresponds to superposition of the three sequences {112,121, 211}.
The third order term in the Volterra series when excited by three complex

sinusoid s follows immediately as:

Ys(u) = Hs(vi,v1,v1) 6(u—3vy) + 3Hs(vy, 01, 10) 8(u — (201 + 1))
+3Hs (11, v1,v3) 8( (
+6Hs (11, v2,v3) (1 — (
+3Hs(vy,vs,v3) 6(u— (v1 + 2v3)) + Hs(va, vo, 1) 6(u — 312)
+3Hs(va,v2,v3) 6(u — (
( ) 6(u—(

u —

u —

3

+3Hs(va, 3, v3) 6(u —

A simpler approach for Y3(u) is the use of the multinomial coefficient in
(4.14). For (223), we have no 1’s, two 2’s and three 3’s. The multinomial
coefficient is therefore

1(3;0,1,2) = 3.

In (4.37), we therefore see the term 3 x 223. Likewise, for (333) we have
1(3;0,0,3) = 1 corresponding to 1 x 333 in (4.37) and (1,2,3) produces
1(3;1,1,1) = 6 and the term 6 x 123.

4.2.1.2 Examples

Low Q example: In Figure 4.4 stimulus frequency locations for the 11 =1,
vy = e~ 2.71828, and v3 = m ~ 3.14159 are chosen as the three frequency
lines shown in Yj(u) shown on top. These strange values are chosen to
assure that no integer multiplication of one frequency will be an integer
multiplication of another. In other words, there will be no overlap of any
of the Volterra spectral terms.

The system is low @ because low frequencies are used. We later see that
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Yi(u) Yo (u)
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Ya3(u)
. Y(u) = Yi(u) + Yao(u) + Va(u)
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FIGURE 4.4: Third order Volterra spectra for a low @ frequency spread of
a stimulus of three complex sinusoid s.

high @ frequencies, such as would be confined to an RF® band used in
radar and communications, have useful separation properties.

The location of the the three stimulating frequencies are shown in the
upper left plot of Y7(u). All three complex sinusoid s have an amplitude
of one. The autoconvolution of these three locations results in Y(u) in the

upper right plot. The Minkowski sum with like terms combined is
(Lie,m) ® (1,e,m)

=(1x(1,1),2x (1,e),2x (1,7m),1 x (e,e),2 x (e,m),1 x (m,pi))

Adding each term pair gives the locations and the weight of each component
of Y2 (u) .

(Ix(2),2x(1+e),2x(1+nm),Ix(e+e)2x(e+m),Ix(r+m)).

The location of all six of these frequencies Ya(u) is plotted with its desig-

nated amplitude on the upper right plot in Figure 4.4.

radio frequency
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To obtain the plot of Y3 on the bottom left of Figure 4.4, we compute

the Minkowski sum
(Le,m) @ (1,e,m) @ (1, e,7).

Doing so is left as an exercise. We’ll point out a few components. The
maximum value of Y3(u) is at the frequency p = 1 + e + 7 and has an
amplitude of six. The maximum frequency in Y3(u) is 3 x 7 and has an
amplitude of one.

To find the total response of the three sinusoid stimulus to the third
order system, the results for Y7, Y5 and Y3 must be added. This is shown
in the lower right plot in Figure 4.4. Note that components of Y7, Y5 and
Y3 are shuffled together in Y. There is no separation in frequency. This is
not the case for high @ signals.

High Q example: Terms are separated better when the @ of the three
stimulus frequencies is larger. This is illustrated in Figure 4.5 where the
frequencies in the previous example are all increased by 10. The frequencies
are now at 11,e + 10 and 7 4+ 10. The same Minkowski sums are used as
before to compute Y7, Y5 and Y3. Consider the bottom right plot where the
three components are added. As can be seen, the terms Y7, Y5 and Y3 are
now separated in frequency. This did not happen in the low @ example in
Figure 4.4.

Imaginary numbers are not real: We again are reminded that the complex
sinusoid s used in the previous two examples are not real. Real sinusoid s,

as we will see, yield more interesting properties.

4.2.2 COHERENCE

The Fourier Volterra kernels, ﬁn(yl, Vo, ,Up)’s are phasors - complex
numbers that keep track of magnitude and phase. The phasor H; () phasor
keeps track of the magnitude and phase of the response with respect to the

stimulus z(¢) = /2™, If the LTI system in Figure 4.1 has a stimulus of
2(t) = ef2mt 4 oi2mvat
the response will be
x(t) = Hy(v1)ed?™1 4 Hy(vy)ed?™2t,

The frequency response phasor Hi(v;) captures the magnitude and phase

with respect to the 14 stimulus and H;(v2) to the vy stimulus. But what
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FIGURE 4.5: The same as Figure 4.4 except the frequency spread has a
higher Q. Terms from the first, scond and third Volterra kernel no longer

overlap.

does the phasor Hi(v1) tell us about Hi(v5) and visa versa? As illustrated
in Figure 4.6, the answer can be little to nothing.

Shown are plots of cos(wt) (solid line) and cos(et) (dashed line) where
e = 2.71828... is Euler’s number. The two cosines start out at the point A
in phase but they will never be in phase again. If we move the origin to
either point B or C, the sinusoid s start with a totally different phase. The

two cosines are mutually incoherent with respect to each other.

4.2.2.1 Lissajous Patterns

Phasors at different frequencies have comparable phases if they are related
via harmonics. A way to illustrate this is with a Lissajous pattern [917]
where cos(2mv1t + ¢1) is graphed against cos(2mvat + ¢2) in a parametric
plot. If v1 = 15 and the phases are equal, the Lissajous pattern will be on a
45° line connecting the points (1,1) and (-1,-1). The Lissajous pattern for
a phase difference of 7, as is the case of a sin versus cosine plot, is a circle.
Harmonic Lissajous patterns for sin(27v;t) and an nth harmonic, cos(2mnusyt),
are shown in Figure 4.7. Harmonic sinusoid s repeat every n cycles of the

harmonic frequency so,as n increases in Figure 4.7, the Lissajous patterns
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FIGURE 4.6: Plots of cos(nt) (solid line) versus cos(et) (dashed line).

are seen to wiggle more.

As two sinusoid s become more incoherent, the Lissajous pattern’s wiggle
more. For the cos(wt) versus cos(et) example, the Lissajous pattern will
never trace the same path and cumulatively will fill the entire box with
corners at (1,1) and (-1,-1).

Here’s a rule of thumb: a nice Lissajous pattern emerges when the ratio of
frequencies can be expressed the ratio of small integers.'® This is illustrated
in Figure 4.8 where Lissajous patterns are shown plotted using a reference
of sin(27 x 5000¢) plotted against cos(2mvt) for various values on v. For

v = 4000, we get a nice Lissajous pattern because the ratio of frequencies

is
4000 4
5000 5
and 4 and 5 are small integers. Likewise, for v = 3000,
3000 3
5000 5

and again, 3 and 5 are small integers. There are lots of wiggles for v = 4500.

Note that
4500 g

5000 10
The integers are getting bigger.

10 Pythagorean music is based on the observation that two notes whose fre-
quencies differ proportional to two small positive integers sound harmonically
pleasing [1004, 1009]. See Section 15.1.3 on page 1056.



4. Nonlinear Systems 229

\ M
\
vV

VAL IDOU N/

FIGURE 4.7: Lissajous patterns of sin(27vt) versus cos(2mnvt) for various

values of n.
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When v = 4900, we have
4900 49
5000 50
and the integers are no longer small. As seen in Figure 4.8, the Lissajous
pattern has so many wiggles, it appears as a solid block. The same is true
for v = 4007. Since 4007 is a prime number, the frequency ratio cannot be

reduced any further than
4007

5000
These are not small integers.

When n and m are small integers, we will call the sinusoid s coherent. In
the Volterra sense, coherence is not an absolute classification. Sinusoid s can
be more or less coherent according to the wiggles in their Lissajous pattern.
Sinusoid s pairs such as cos(wt) and cos(et) are absolutely incoherent.

Where is the source of the small integer ratio rule of thumb for coherence?
The answer is simple. Consider plotting cos(2mnv;t) versus cos(2mvat) . The
two sinusoid s are in phase at ¢ = 0 where

cos(2mvt)|,_, = cos(2mit) 1.

|t:0 =

The periods of the sinusoid s, T} = 1/v; and Ty = 1/vs, will align again if

there are integers n and m such that
nT1 = ng =T (438)

where T is the period of phase realignment. Note that (4.38) is equivalent
to saying the frequencies are related by n and m.

nvy = muy.
When (4.38) is true, we have

cos(2mvit)|,_p, = cos(2mat)|

|t=7’L t=mTs
= cos(2mn) = cos(2mm)
=1

(4.39)

and the sinusoid s are again in phase. The Lissajous pattern repeats re-
tracing the same path every T seconds. The smaller the integers n and
m (assumed to have no common factors), the quicker this retrace and the

fewer wiggles there are in the Lissajous pattern.
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FIGURE 4.8: Lissajous patterns of sin(2w x 5000t) versus cos(2wvt) for

various values of v.
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(-)2 < filter )

ejZTrvzt

FIGURE 4.9: Generating the reference r(¢) in (4.40) for combined frequen-

cies.

4.2.2.2 Interpreting the Meaning of Phase in Volterra Fourier Kernels

In practice, any uncoupled oscillator pair will never generate coherent si-
nusoid s. Although Hi(r1) and Hi(vs) are related to the phase of the
excitations at frequencies v1 and vo, Hi(v1) tells us nothing about Hq(vs)
and visa versa unless the frequencies ratio can be expressed as the ratio of
two small integers.

Nevertheless, it is possible to give meaning to the phase of terms like
ﬁg(ul, v2). An example is illustrated in Figure 4.9. Two sinusoid s of fre-
quency v; and vy are added. They are supplied as inputs into a second order
system. The output is y(t) whose Fourier transform is given by (4.33). One
of the output terms has, as a phaser, ﬁQ(Vl, v9). To establish a reference
to which the the phase of ﬁg(l/l, vy) can be compared, we also square the

sum of the sinusoid s as shown in Figure 4.9. The result is

U)(t) — (ej2ﬂ'l/1t + ej27rt/1t)2

e]47r1/1t +26]27T(V1+l/2)t —|—€‘747”/1t.

A filter is applied to w(t) with magnitude % Only the beat frequency term
emerges. Specifically
r(t) = e/2rtva)t, (4.40)

This sinusoid serves as the reference to which the phase of ﬁg(vl, vy) can

be compared.
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ej2n'v1t
r(t
<x> (t)
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FIGURE 4.10: An alternative to the method in Figure 4.9 to generate the
phase reference signal r(¢) in (4.40)

An alternative method to generate the reference signal in (4.40) is simply

to multiply the two component sinusoid s as shown in Figure 4.10.

4.2.3 SOME COMBINATORICS

This is a good place to establish some useful combinatorics applicable to

the Volterra series.

4.2.3.1 Balls in Boxes

Suppose we have an Nth order Volterra system stimulated by k < n sinu-

soid s with distinct frequencies (vq,va, -+, vk ). The stimulus is thus

k
z(t) = Z e2mvet,
=1

What then is the total response

The first term is

Yl(u) = /T1 (Z 6j27rw‘r1> hl(thl)dTl.

{=1
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The second term is

k k
u) = / / (Z 6J2’”’m> <Z eﬂ’”’m> ho(t — 71,t — T2)d71dTo
T1 Y T2

/=1 (=1

/ / llj ( 2 jz”””ﬂ ha(t — 71,t — T3)dridrs

and the third term is

. & -
u) :/ / / H ( ej27rw7'p> h3(t—7’1,t—7'27t—T3>dT1d7'2d7’3.
™1 72 T3 =1 _

Lp=1

We see a pattern. The nth term is

= / N / H (Z j27rleP> h(t*'rla t77'27 e 7t77-n)d7'1 e dTn
T1 Tn : i

(=1

Expansion of the term

n k
11 (; eﬂ””m> (4.41)

will give all possible n tuples of the original k frequencies.
As an example, consider n = 2 and k = 6 sinusoid s. Expansion of (4.41)
will give all 2-tuple combinations of frequencies as illustrated in Table 77.

The table entries contain all of the solutions for which

6
> k=2
=1

In row m = 2, the entry is the tuple {v1,v5}. In the expansion, the two
tuples {v1, 2} and {va, 11} are both covered in row 2 giving a weighting of
1 = 2. Thus, the entry for the second row is

1£(2;1,1,0,0,0,0)(Hy(v1,v2) + Ha(va,11)) = 2Hy (1, 19).

Each row in Table ?? corresponds to a different term in the expression for

Y2(u). Row m = 12 corresponds to the term
#(2:0,0,2,0,0,0) Ha (v, v3) = H(vs, v3).

Note that Table ?? can be interpreted as the number of ways n = 2 balls
can be placed into k& = 6 boxes. In general, the number of ways n balls can
be placed into k boxes is

(4.42)

—1
# (n balls in k boxes) = (n +l]: )
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TABLE 4.1: Combinations of placing 2 balls in 6 boxes.

For Table 77?7, the number of items in the list is confirmed to be
. 7
# (2 balls in 6 boxes) = 9) = 21

Let’s generate a longer table. Table 4.2 corresponds to n =6 and k = 3
and contains all of solutions for

6
Zkzz?).

=1
Using (4.42), we confirm the number of combinations (rows) in the table
to be .
# (3 balls in 6 boxes) = (3) = 56.
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There are thus 56 terms in the expansion of Y3(u) when there is stimulation
by three complex sinusoid s. The m = 50th term in this expansion, from
the 50th row in Table 4.2, is

1(3;0,0,0,1,2,0) (Hs(va, Vs, v5) + Hs(vs, va,v5) + Hs(Vs, V5, 14))

= 3.H2(V4, Vy, 1/5).

4.2.4 REAL SINUSOID AL STIMULI

Now we repeat the bad news: Complex sinusoid s used in the previous
section do not exist. We must use real sinusoid s. The methodology of the
previous section, though, is still applicable. Let’s illustrate with a second

order system using a stimulus of'!

z(t) = 2 cos(2mv1t) + 2 cos(2mvat)

_ JZmnt y —j2mnt o 2muat | = j2mrst (4.43)
Note we can represent the frequency coefficients as
Sy ={-2,—-1,+1,+2} (4.44)
so that the first order term is

Yi(u) = Hi(—v2) d(u+rv2)+ Hi(—v1) 0(u+1q)
+H1(l/1) (S(U - 1/1) + Hl(Vl) (S(U - 1/1)

For the second term, the Minkowski sum in (4.44) with itself is

Sy = 5165
= {-2,-1,+1,+2} & {-2,-1,+1,+2}
= {-2-2,-2-1,-2+1,-2+2,
—1-2,-1-1,-1+1,-1+2
+1—-2,41— 1,41+ 1,41 +2,
+2—-2,42—1,42+ 1,42+ 2}. (4.45)

' The 2 multiplier in front of the cosines keeps us from keeping track of all of
the % terms.
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Vo 6] Vy Vs Vg

vy

V2 V3 Vg Vs Vg

141

10
11

12
13
14
15
16
17
18
19
20
21

22
23

24
25
26
27
28

TABLE 4.2: Combinations of placing 3 balls in 6 boxes.
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Collecting common terms for the averaged Volterra kernels gives

Sy = {(1x—2-2),(2x-2-1),(2x =241),(2x —2+2),
(Ix—-1-1),2x—-141),(2x—-1+2),(1 x+1+1),
(1Ix+2+2)}.

The second order response can be immediately written as

Yo(u) = Ho(—pz, —pi2) 8(u + 242) + 2Ho(—pz, —p11) 8(u + (p2 + 1))
+ 2H(—pig, 1) 0(u + (p2 — 1)) + 2Ha(— 2, 12)6 ()
+ Ha(—pa, —p1) 6(u + 2p1) + 2Ho(—pia, p11)6 (w)
+ 2Ho (— i1, p2) 8(u — (1 — p2)) + Ho(pa, p1) 0(u — 2u1)
+ Ha(p2, p2) 0(u — 2pz).

We finish by gathering the DC terms and placing them first. All other terms

occur at distinct frequencies unless equal by coincidence.

Va(u) =2 (Ha(~p2, p2) + 205(~ o1, 1) ) 6(u)
+ Hy(—pa, —p2) 8(u + 2p9) + 2Ho(—pa, —p1) 8(u + (o + p11))
+ 2H(—prg, p1) S(u + (p2 — 1))
+ Ha(—pa, —p1) 0(u + 2p1)
+ 2Hs (=1, i) 5(u — (1 — pia)) + Ha(pa, ) 6(u — 2)
+ Ha(pa, p2) 0(u — 2p2)

This is the final desired result.

Low @ example: Let’s now look at the math for three real sinusoid s
stimulating a third order Volterra system as shown in Figure 4.11. The
frequencies of the real stimuli are chosen to be +1,+e and +w. These
values are shown at the top of Figure 4.11. The autoconvolution of the Y;
terms give Y5. The weights and the locations of the terms in Y5 are shown
in the second plot in Figure 4.11. The third order Y3, given by a three fold
autoconvolution of Y7 follows. The combination of the three terms is shown
on the bottom of Figure 4.11. As can be seen, they are all shuffled together.
This shuffling does not occur using high @ tones.

High Q example:Perhaps a higher Q) set of frequencies will help separate
terms as they did with complex sinusoid s. In Figure 4.12 we use frequencies
+11,+(e 4+ 10) and £(m + 10). We see the terms are intermixed, but a
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FIGURE 4.11: Third order system for a stimulus of three real sinusoid s.

The frequency spacing of the sinusoid s has a low Q.
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n| —5f —4f -=3f —2f —f 0| +f|+2f +3f +4f +45f
1] - - - - 1 -] 1 - - - -
2| - - - 1 -2 - 1 - - -
3 - - 1 - 3 -| 3| - 1 - -
4] - 1 - 4 - 6] - 4 § 1 §
50 1 - 5 - 10 -|10| - 5 - 1

TABLE 4.3: Pascal’s triangle tracts the n-fold autoconvolutions the first

three lines of which are shown in Figure 4.13. The passband is the f column.

new useful property has emerged. The frequency lines at the bottom on
Figure 4.12 are divided into seven distinct frequency bands. We are often
interested only in the terms around the single frequency passband of the
stimulating signal.

This warrants closer examination.

When the stimulating frequencies are close together in a high @ config-
urations, they can be thought of as a cluster about some frequency. The
cluster locations can be tracked by viewing the cluster as a single delta
centered at f. This is illustrated at the top of Figure 4.13. Denote the
original cluster delta as Y7 (u) corresponding to a single sinusoid stimulus.
When autoconvolved, the clusters will be centered as shown in Y3(u) in
Figure 4.13 and the clusters in Y3(u) will be shown as seen in Y3(u). The
autoconvolution of the two delta functions in Y7 (u) can be tracked using
Pascal’s triangle. This is shown in Table 4.3.

Although the Dirac deltas in are dispersed in each closely packed cluster,

we note
e There are n + 1 clusters equally spaced in Y, (u).

e Only the odd order terms of Y,,(u) have clusters around the frequency
f. In Figure 4.13, only Y7 (u) and Y3(u) make a contribution in the
neighborhood of f. In Table 4.3, the contributions for even n are zero

in the +f column when n is even.

4.2.5 LIFE IN THE PASSBAND

If the output of a Volterra system is placed through a high pass filter

centered at f, only the frequency components in that frequency band need
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FIGURE 4.12: The same result as Figure 4.11 except the sinusoid s have a

larger . The values of Y (u) are in seven distinct frequency bands.
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=f f

—2f 0 2f

—3f —f
Y(u) =Y (u) + Ys(u) + Ys(u)

~n
w
~

ot Tt

FIGURE 4.13: lustration of the frequency band clustering seen in Fig-

ure 4.12. There are multiple frequencies in Y; but they fall into two dis-
tinct clusters. We denote all of the frequencies by a single bold Dirac delta.
The Dirac deltas in Y3, Y3 and Y all denote a representative frequency of
a number of close by frequencies in a cluster. The accumulation follows
Pascal’s triangle in Table 4.3.
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be examined. We assign the single value of f to the cluster of positive
frequency terms.

Let’s examine the cluster of frequencies around the passband defined by
the high @ cluster of stimulating sinusoid s. We start with analysis in
the frequency band for a two tone stimulus of a third order system. The
frequencies of the sinusoid s are v, and v5. In the passband, the first term

contributions are
YEPB(u) = H(vy) 6(u— 1) + H(v) 6(u — vs).

There is no contribution of the second order Volterra term. This is always
true for even terms.
Y (u) = 0.

More generally, even order terms will make no contributions to the pass
band.

The third order term, Y3(u), has passband contributions of 217 — v and
2v5 —v1. Note that the sum of the three frequencies must yield an f rather
than a 3f or a —2f.

4.2.5.1 A Fifth Order Volterra System.

To more clearly illustrate evaluation of passband terms, consider a two sinu-
soid al stimulus of a fifth order Volterra system. The passband frequencies

of the stimuli from Y; are
{1/1, VQ}.

Thus
VPP (u) = H(v1) 6(u— 1) + H(vz) 6(u — v2)

The contribution from Y3(u) to the passband are at frequencies
{v1,v2,2v1 — 19,200 — 11 }.
Since p(3;2,1) = 3, the contribution from Y3(u) to the passband is

YPB(u) = 6ﬁ3(V1,V2, —va) 0(u—vy1) + Gﬁg(yl,yg, —v1) 6(u — o)
+3H3(v1,v1,—12) 6(u — (2v1 — ) + 3H3(ve, vo, —v1) 0(u — (2v9 — 1)),

For the fifth order kernel, to have a frequency in the passband, we must
combine three positive and two negative frequencies from the stimulating
frequencies, like 311 — 25 or (21 +va) — (11 +v2). Any other combination
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of five terms, like 4v5 — v, will lie outside the passband. All of the possible
combinations of two negative stimulating frequencies are listed in Table 4.4
on the left. On the right is a list of all possible ways the two positive
stimulating frequencies can be listed in three ways.

The complete list of all possible combinations in the fifth order Volterra
kernel is the Cartesian product of these two tables in Table 4.4. This is

shown in Table 4.5 where we adopt the notation
v, =—Uy.

Also tabulated in Table 4.5 is the multinomial coefficient p for each row.
The last two columns contain the sum of the frequencies arising from the
Cartesian product. To illustrate for row m = 2, we have 2v, + 2v; +
vo = 2v1 — vy. Therefore, the last two entries in row m = 2 are 2 and -1
corresponding to the aggregation 2v; — vs.

Since there are three rows and four rows in Table 4.4, there are 3 x4 = 12
rows in Table 4.5. Therefore, Y5(u) will have 12 terms. Let’s examine some
of them.

1. The term corresponding to row m = 1 in Table 4.5 is
10 Hs(v1, 11,11, —v2, —12).

This will weight of the frequency line at u = 317 — 2v5. The term of
YBP(u) at this frequency is

10 ]?5(1/17 v,V1, —lV3g, 71/2)5(11, — (31/1 — 21/2)).

2. Row m = 2 in Table 4.5 points to the frequency v = 2v1 — 5. The

contributing weight is
A =30 ﬂ5(1/1,1/1,1/2,1/2, —v9).
But there is also a contribution to this same frequency from Y;2F (u).
B= 3ﬁ5(yl,y1, —1s).
The total contribution to the frequency u = 2v; — vs is then

(A4 B) 6(u — (2v1 — 12)).
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3. There are a number of rows in Table 4.5 corresponding to weights
for YPP(u) at u = v;. There are also contributions of weights at
this same frequeny from Y (u) and Y2 (u). Evaluating the sum of
these weights for the total weight of Y27 (u) at frequency u = vy is
the topic of Exercise 4.17.

— — vy V2
Vo 3
2
2
1
1

TABLE 4.4: On the left is all the ways the two frequencies can be combined
in two ways. On the right is all the way two frequencies can be combined

in three ways.

4.2.5.2 The Number of Terms in the Passband.

We can evaluate the number of terms in the passband of an nth order
Volterra kernel when stimulated by k real sinusoid s.

Only odd kernels contribute to the passband, so let n = 2i + 1. Pass-
band frequencies must be the sum of i + 1 positive frequency terms and
negative frequency terms. This is a “balls in a box” problem discussed in

Section 4.2.3.1. For negative frequencies, we conclude from (4.42) that

). (4.46)

Thus, the number of rows in the left side of Table 4.4 has, for n = 2 boxes

and i = 2 balls,
3\ _ 3 rows
o) = .
i+ k

# (i 4+ 1 balls in & boxes for negative frequencies) = < N 1). (4.47)
i

i+ k-1

# (4 balls in k boxes for negative frequencies) = (
i

For positive frequencies

For the positive frequencies on the right entry in Table 4.4, there are

4
(3) = 4 rows.
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mo| vy U v, U 7 vy U
1 2 3 10 3 -2
2 2 2 1 30 2 -1
3 2 30
4 2 10 1
5 1 1 20 1 -2
6 1 1 2 1 60 1
7 1 1 2 60
8 1 1 20 || -1 2
9 2 10 1

10 2 2 1 30

11 2 30 || -1 2

12 2 10 || -2

TABLE 4.5: The Cartesian product of the entries in Table 4.4.

In the Cartesian product of the entries in Table 4.5 there are

3 x4 =12 rows.‘ (4.48)

In general, the number of rows in the Cartesian product is the product
of (4.46) and (4.47).

= () () () e

As seen in Table 4.5, more than one term can be assigned to the same

passband frequency. Values of r;[k] are shown in Table 4.6 and plotted in
a semilog plot in Figure 4.14.
In the fifth order Volterra kernel, i = 2. For k = 2 real sinusoid s, the

number of terms in the passband is

4 2
ro[2] = 3 <2> = 12 rows

which is the same number calculated in (4.48).

4.2.5.3 A Simple Rule for RF Signals
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ilk— |1 2 3 4 5
1 1 6 18 40 75
2 112 60 200 525
3 1 20 150 700 2,450
4 1 30 315 1960 8,820
5 1 42 588 4,704 26,460
6 1 56 1,008 10,080 69,300
7 1 72 1,620 19,800 163,350

TABLE 4.6: Some values of r;[k] from (4.49).

247

FIGURE 4.14: Plot of r;[k] from (4.49).
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4.3 Nonlinear Time Invariant Periodicity
Preservation (TIPP) Systems

In disciplines requiring amplifiers, such as wireless, aerospace [1385, 781,
1488], radar [207] commercial communications [261], and electronic devices
[320, 89, 395] we can be required to operate in nonlinear regimes to pro-
vide adequate output power for required performance. As circuits are
driven into nonlinear regions of operation, the signal spectrum expands
based on the harmonic coupling characteristics of the system. Under-
standing the nonlinearities of the system, as manifested in the harmonic
coupling, can be essential in understanding perturbations about the op-
erating point. In the wireless area, for example, tighter regulatory con-
straints for the spectrum are being placed on both wireless communica-
tions and radar due to the increasing demand for bandwidth for broad-
band wireless systems and applications [1385]. The desire to conserve en-
ergy by operating amplifiers with higher efficiency decreases the linear-
ity of the amplifier. As the amplifier becomes nonlinear, the harmonic
transfer characteristics of the system cause expansion of the spectrum due
to intermodulation. As a result, being able to predict the harmonic cou-
pling of a nonlinear DUT is important in many applications. Harmonic
distortion [1488, 786] including AM/AM and AM/PM distortion [1200]
are examples. In power and energy systems, nonlinear power converters
often create significant amounts of harmonic distortion, causing “dirty”
power to be generated. Understanding the nonlinearities of the power con-
verter systems can allow analysis and potential development of compen-
sation methodologies for the nonlinearities, allowing cleaner power signals
to be generated. In a variety of signal processing and waveform diversity
applications, the ability to adjust a waveform to compensate for system
nonlinearities is also an expected useful result from accurate characteri-
zation of nonlinear systems. Groundbreaking nonlinear system harmonic
coupling characterizations [122, 705, 733, 1201, 1528] such as VIOMAP
[1528], S-functions [1589, 1107, 1487, 1584, 1585], polyharmonic distor-
tion (PHD) models [321, 322, 323, 1295, 1316, 1586], and X-parameters®
[120, 610, 678, 7, 675, 1262, 1296, 1380, 1381, 1504, 1587, 1659] have been
offered as approaches to the “black-box” modeling of nonlinear devices.

They differ from more traditional nonlinear models such as those of
Volterra & Norbert Wiener [1342, 1337, 102, 1054, 1744, 1081] and Her-
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mite [1519]. The periodicity preservation (PP) model is applicable to small
periodic input perturbations and allows characterization using straightfor-
ward harmonic measurements that can be performed in the laboratory.
These models have been shown to be effective tools for predicting the non-
linear behavior of RF front end systems in simulations. X-parameters® are
measured by Agilents PNA-X series of microwave network analyzers.

Our presentation of harmonic coupling uses a single input - single output
system configuration. In the sense parameters can be viewed as consisting
of two Thevinin circuits coupled with dependent voltage sources [163], the
single port characterization can be extended straightforwardly to two or
more ports [89].

Linear time-invariant (LTT) systems have a rich theoretical foundation
from which insightful characterization can be extracted. Despite their widespread
use, there exists no similar foundational, “from first principles” model from
which the harmonic characterization of nonlinear systems are made. In this
paper, we propose such a theory for one port networks where signal peri-

odicity is preserved.

4.3.1 FOUNDATIONS

We denote a nonlinear system by the operator Z so that
v(t) = Zi(t) (4.50)

where i(t) is the stimulus and v(¢) is the response. The operator Z is general
in the sense that it can represent in principle, for example, a wideband
system, a system with memory, time-variant systems, narrowband systems
and even noncausal nonlinear systems.

Consider, then, the perturbation of a nonlinear system operation about
the operating point in (4.50) to va(t) := Z {i(t) + Ai(t)}. If the nonlinear
operator is sufficiently smooth about the operating point we can make the

affine approximation

oa(t) = Z{i(t)} + / Ou(t) Ai(T)dr = v(t) + va(t) (4.51)

7 0i(T)
where the partial derivative is taken at the operating point. The term
Ov(t)/0i(7) can be viewed as the contribution of a differential stimulus,
0i(t), at ¢ = 7 to an incremental change in the response. The weighted

superposition of these contributions are then used to approximate the entire
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perturbation response, i.e.,

_ [ oo

A= | i

Ai(r)dr (4.52)

The term Ov(t)/0i(r is the Jacobian of the transformation. Circuit Jaco-
bians are commonly used to perform harmonic load balance [1054, 653, 717]
Define

V) = F(u(t)) = / o(t)e 72ty (4.53)

t
where F denotes Fourier transformation. The inverse transform of (4.53)
is

v(t) z/V(u)eﬂ”tdu (4.54)

The superposition in (4.52) can be represented in different mixtures of

time and frequency Jacobians.

Av(t) = g;((z)) AT(v)dv (4.55)

AV (u) = %Z(T”)) Ai(r)dr (4.56)
[ ov(w)

= | a1 Al(v)dv (4.57)

The four Jacobians above are related by Fourier transforms. The relation-

ship among the Jacobians is shown in Figure 4.15.

Proof. Here is the derivation of (4.55) through (4.57) and the corresponding

entries in Figure 4.15.

1. The Fourier transform of i(¢) is I(u) and the inverse is

i(t) = / I(u)e??™ 7 du. (4.58)

Setting

=d(v —u), (4.59)
we have, using (4.58),

82(7) _ 61(“) J2muT _ j2mvT
/u a1 (v) e du=e .

aI(v)
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out) _ [ov(t) i(r) . _ [ @)
oI(v)  J, 0i(r) aI(y)d /Tai(T)d : (4.60)

This corresponds to the leftmost vertical arrow in Figure 4.15. Typ-
ically, a negative sign is on the exponent of the time to frequency

Fourier transformation. This is not the case here, so the arrow points

up.

. Using (4.60) we can write, in lieu of (4.52)

Av(t) = g;((z)) AT(v)dv (4.61)
and we have (4.55). From (4.53)
av(u) _ —j2mut
o) ~© mut, (4.62)

Fourier transforming dv(t)/9i(T) gives

av(t)efj%rut _ [0v@) OV (u), OV(u)
/t 2i(7) di / 9i(r) o) = i)

Therefore dv(t)/0i(r) and OV (u)/0i(7) are Fourier transform pairs
as depicted in the top horizontal arrow in Figure 4.15.

. We next Fourier transform both sides of (4.52) to obtain (4.56).

AV (u) = / [ tgz’((g] Ai(r)dr

[0V (u)
= /. bitr)

Applying (4.62) to the Fourier transform dv(t)/01(v) gives

du(t) —j2mut g, _ ov(t) OV(u) .. OV (u)
L o1(v) = | 31tw) o T ait)

Ai(T)dr.

This corresponds to the bottom horizontal arrow in Figure 4.15.
Fourier transforming both sides of (4.61) then gives (4.55).

. Lastly, consider the Fourier transform

V(W) et [OV(w) L), OV(u)
/Vﬁl(u)e Ty = / o) 9itn) ™ = Bin)

This relationship corresponds to the rightmost vertical arrow in Fig-
ure 4.15.
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ov(t) F avV(u)
di(7) 2i(1)
F F
ov(t) F oV (u)
oI (v) al(v)

FIGURE 4.15: The four Jacobians in time and frequency and their rela-
tionships using Fourier transforms. The Fourier transform arrow depicts a

negative sign on the exponent of the Fourier transform kernel as in (4.55).

O

Unconnected nodes in Figure 4.15 are related by a two dimensional

Fourier transform. For example

8V(u) _ 8’11(U) 67j27r(ut+l/'r) v
9i() / /t o1 () did

Theorem 4.3.1.

Linear Systems. For linear systems [976, 1007, 1009, 980],the Jacobian
characterization in (4.52) and (4.55) through (4.57)are exact. Furthermore,
for linear systems the Jacobian is equal to the impulse response of the
possibly time-variant [965, 969, 846, 970] system, i.e.,

ov(t)
di(T)

= h(t,7) = Z{5(t — 1)}

where §(t) is the Dirac delta.

Proof. A linear system can be expressed as the superposition integral [?]

o(t) = / i(7)h(t, 7)dr.
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where h(t,7) is the impulse response of the system,
h(t,7) = Z{6(t —7)}.

Thus,
ov(t)
0i(T)

Therefore, we have the equality

= h(t, 7).

Z{i(r) + Ai(r)} = / (i(7) + Ai(r)) h(t, 7)dr
— v(t) + Av(t)
where Au(t) is given by precisely by
Av(t) = Z {Ai(t)}
= / Ni(r)h(t, 7)dr

4.3.1.1 Special Cases

We now examine Jacobians for some specific system classes.

4.3.1.1.1 Linear Systems

o(t) = /; i (J\i/) e*(tg)’zdg

where M > 0 is a scaling constant. The system is linear, time-variant, and

Ezample 1: Let

dv(t)
9i(T)

where the unit step is p(t) = 1 for ¢ > 0 and is zero otherwise.

= h(t,7) = Mu(Mt — 7)e” M7

Although the system operator Z is applicable to many nonlinearities, it

takes on a convenient form when the system has no memory.
4.8.1.1.2  Memoryless Nonlinearities

Theorem 4.3.2.

Memoryless Nonlinearities. Consider the nonlinearity be defined by a

memoryless nonlinearity g(-) i.e.,

v(t) = g (i(1)) (4.63)
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Then u(t)

5ir) = ()3 =7) (4.64)
and

Au(t) = §(i(t)) Ai(t) (4.65)

Proof: The result in (4.64) follows immediately from the chain rule of dif-
ferential calculus using
di(t)
i(T)
Then (4.65) follows from (4.52).
Example 2: Ezponential Nonlinearity: To illustrate affine modeling of a

=0(t — 7).

memoryless nonlinear system in continuous time, let
g9(x) = Voer* (4.66)

so that
v(t) = Zi(t) = g(t) = voe”®

where p and Vj are real constants. Since

g (i(t)) po(t),

(4.65) becomes
Av(t) = pv(t)Ai(t) (4.67)

An example of this affine approximation is shown in Figure 4.16. Even
though the perturbation is a significant percentage of amplitude of the
operating point signal, the affine approximation is seen graphically to give

a fair characterization.

4.3.2 PERIODICITY PRESERVATION (PP) SYSTEMS

A linear time-invariant (LTI) system, when stimulated by a sinusoidal
source will have all of its voltages and currents oscillating at the same fre-
quency albeit at different magnitudes and phases. Phasor analysis, a staple
of undergraduate engineering education, keeps track of these two quanti-
ties. A generalization of this class is periodicity preservation (PP) systems.
When stimulated by a periodic stimulus every voltage and current within
the system oscillates periodically with the same period as the stimulus.

A signali(t), is periodic if there exists a period, T, such that i(t) =
i(t+T) for all t. The system defined in (4.50) is PP if the response, v(t), is
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\Z {i(t) + Ai()} \

AY
\\v(t)
\

AY

Z{i(t) + Ai(E))
A/ \

0 t 0s 0 o1t

FIGURE 4.16: Affine approximation of the exponential nonlinearity in
TrumpTIPPO12for p = —2, Vo = 2, and i(¢) equal to the unit period
sinusoid shown in the left plot with a dashed line. The perturbation,
Ai(t), is the square wave shown on the left as is the sum i(t) + Ai(¢).
In the middle plot is shown the unperturbed output, v(t), the true output,
va(t) = Z{i(t) + Ai(t)}, and the affine approximation, v(t)+ Awv(t), where
Aw(t) is given in (4.66).0n the right is a close-up of the shaded region in
the middle plot.
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FIGURE 4.17: Saggital diagrams of cross harmonic coupling for the first 8
harmonics for (left) LTI systems, (middle) memoryless nonlinear systems,
and (right) general PP systems. The left side denotes the harmonic count
of the stimulus and the right the response harmonic to which contributions
are made. In the most general PP case, shown on the right, the harmonic

coupling can be exhaustive.

periodic with period, T', for all periodic stimuli with period, T. A system
can be PP for all periods as is the case for a memoryless nonlinearity, or
for a single period as is the case when the system contains an independent
periodic source.

For small perturbations in the stimulus, the response perturbation can
be estimated using experimentally generated harmonic coupling weights
(HCWs). The Fourier series [1009] of a periodic signal i(t) is

i(t) = ipme? 2™ T (4.68)

m
where T is the signals period. The Fourier series coefficients are

i(t) = % /T i(t)e= 72 mt/ T gy (4.69)

and means [, integration over any period of i(t).
Here are examples of some familiar systems that are PP and the rela-

tionship between the input and output Fourier series coefficients.
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e Addition. Let w(t) denote a periodic signal with the same period,
T, and with Fourier coefficients w,,. If

v(t) = i(t) + w(t),

then has coefficients

Uy = tp + Wy,

e Linear Systems. As we will show in Theorem 4.3.1 for time variant
linear PP systems, the harmonic coupling weights can be derived from

the knowledge of the system impulse response.

e Filtering. Let denote an arbitrary impulse response of an LTI sys-
tem. If | then the Fourier coefficients of are multiplied by the system
frequency response, i.e., they are equal to where is the Fourier trans-
form [1342] as in (4). The harmonic coupling is then as shown on the
left in Figure 4.17. There is no harmonic cross coupling. The sys-
tem impulse response, which can be measured in a single experiment,

therefore completely characterizes the harmonic coupling weights.

e Memoryless Nonlinearity: Let ¢g(-) denote an arbitrary function.
If then the Fourier coefficients of are

%:l/gmmamm”ﬁ (4.70)
T Jr

Only higher integer harmonics are generated. The second harmonic
of the input, for example, can contribute only to the even harmonics
of the response. A saggital diagram of the harmonic coupling in this

case is represented in the middle of Figure 4.17.

e Mixers: If v(t) = w(t)i(t), then the Fourier series coefficients of are

the discrete convolution of the Fourier coefficients of the two signals

Un = E tmWn—m
m

As shown on the right in Figure 4.17, mixing (multiplying) sinusoids
can create harmonics and subharmonics. A cosine with frequency 3 fj
multiplied by another with frequency 2 fy, for example, will produce

as a component a beat frequency sinusoid with lower frequency fy.
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FIGURE 4.18: Harmonic coupling in periodicity preservation systems.

All cascading, multiplicative and additive combinations of PP operations
likewise constitutes a PP system. Examples of linear time-variant mappings

that are not PP systems include coordinate distortion, e.g.
u(t) = i(t),

and many integral transforms [1009, 980] e.g., a Laplace transform [1009,
386, 387,

v(t) = /TOO i(r)e "dr

=0
and the Mellin transform [1009, 972]

oo

v(t) = /T i(r)rttdr.

=0
4.3.2.1 Harmonic Coupling in PP Systems

Harmonic coupling in PP systems addresses the manner in which the har-

monics of stimulus perturbations contribute to the harmonic changes in the
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response. A periodic stimulus with Fourier series coefficients, i,,, is shown
in Figure 4.18(a). The response is a periodic signal with Fourier coefficients
vy This defines the operating point of the nonlinear mapping. When the
input is perturbed to a signal with Fourier series coefficients i, + Ai,, as
shown in Figure 4.18(b), the response is periodic with coefficients v,, +Awv,,.
Harmonic coupling determines the impact of the input perturbation A,
on the output perturbation Aw,. For small perturbations, the harmonic
coupling can be expressed through an affine approximation.

Affine modeling of perturbations of PP systems follows a Jacobian char-
acterization similar to (4.51),except that mapping is considered only over
a period, say 0 < t < T. Perturbation of the PP system is limited to pe-
riodic signals that are the same period as the operating point. Instead of
(4.51),for example, we have

oalt) ~ Z {i(t)} + /T 0) Nj(r)dr
i(T)

0

v(t) + Av(t)
so that (4.52) becomes

T v
Avlt) = | gz((j;

Ai(r)dr; 0<t<T. (4.71)

Akin to (4.52) and (4.55) through (4.55), we summarize the affine PP
approximations for estimating the output perturbations as a function of

the input perturbations.

[T ou() e
Av(t)= | FryAirdr T (?) (4.72)
=3 a;i:) Aip, TIp(t) (4.73)
Av, = /0 ' 85;():) Ai(T)dr (4.74)
= %Aim (4.75)

The relations among the Jacobians are shown in Figure 4.19. Rather than
Fourier transforms, the Jacobians are related by Fourier series relationships
as in (4.68) and (4.69).

Here’s the derivation of (4.73) though (4.75). The operating point input
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FIGURE 4.19: The four Jacobians in terms of time and Fourier series
coefficients for PP systems. The notation DFS denotes Fourier seriesthe
synthesizing of continuous time periodic signals from their Fourier series
coeflicients.
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FIGURE 4.20: A specific instance of Example 4.3.1using the nonlinearity
in (4.78).Both the input, i(t), and perturbation Ai(t), over a single period
are the square waves shown on the left for 100 harmonics, i.e., using {i,,| —
100 < m < 100}. The unperturbed output of TIPP system, v(t), is shown in
the middle plot. The perturbed output, va (t), and the affine approximation,
v(t) + Aw(t), is shown in the middle Figure. On the right is a close up of
the shaded area in the middle plots. In all cases, 100 harmonics are used.
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for the entries in Figure 4.19. can be expressed by the Fourier series

i) =Y ire?™ /T Ty (7)
k
so that di(t)
aZT = e2mm7/T q1,(1) (4.76)

Using the Fourier series expansion of Ai(7), (4.71)can be written as

Av(t) = dr

du(t)
di(T)

Z Aimej%rmr/THT(T)

= %: [ j gz]((g HT(T)CZT:| . (4.77)

But, using (4.76), we have

ou(t)
7 0i(T)

Ov(t) 0i(T)
, 0i(T) Oty

eﬂ”mT/THT(T)dT = dr

This corresponds to the upper horizontal arrow in Figure 4.19 and, when
substituted into (4.77) we obtain (4.73).

Of specific interest is (4.75)which is the linearization of the harmonic
coupling of the perturbation. A small perturbation on the harmonic A,
makes contributions to all the response harmonics, Av,. The coupling is
given by the Jacobian Ov,, /i,,. These are the HCWs. S-parameters [1009]
[1589, 1107, 1487, 1584, 1585] and X-parameters® [120, 610, 678, 7, ?, 675,
1262, 1296, 1380, 1381, 1504, 1587, 1587] are HCWs.

A straightforward approach to estimate the HCWs is shown in Fig-
ure 4.18(c). The input is perturbed with a small amplitude tickle tone,
Aiy, at the kth input harmonic. In general, all of the output harmonics
are perturbed from v,, to v, + Awv,. The ratio of the response perturbations

to the stimulus perturbation can be used to estimate the HCWs

Ovn, Atn
i Nig

The experiment is repeated for different values of k.

Example 4.3.1.
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Mixed Squaring: As an example of an affine approximation among Fourier

series coefficients, consider the PP operation
v(t) = [2cos(2rt) i(t)]? (4.78)
The Fourier coefficients are given by the convolution
Up, = Wy, * Wh,

where
Wy = lp—1 — Z.n-i-l-

For a perturbation to i(t) + Ai(t), the result is
A'Un = 2(in—l - in-‘rl)(Ain—l - Ai’n-i—l)

A specific example is shown in Figure 4.20. Details are in the caption.
Theorem 4.3.3. Linear Systems.

For linear PP systems, the characterization in (4.72)through (4.75)are
exact. The HCWs are given by the impulse response of the (possibly time
variant) linear system. Indeed, any linear system with impulse response can

be made a PP system using (??)where for and is zero otherwise.

Proof. A PP system is linear if
oft) = / i(r)h(t, 7T (r) AT (1)

Thus
ov(t)

i(T)

and the response to a perturbed operating point is

= h(t, T)HT(T)HT(t)

va(t) = / (i(7) + Ai(r)) h(t, 7)TTp (F)drTip (1)
=v(t) + Av(t)

where Av(t) is given by (4.72). Equations (4.73)-(4.75) are alternate de-

scriptions of the same identity. O

Theorem 4.3.4.
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Memoryless Nonlinearities. A special class of PP systems is characterized

by a memoryless nonlinearity (see (4.72))

v(t) = g (i(t)) (4.79)
Then the harmonic coupling weights are

ov
Dn _y 4.80
i (4.80)

where 9, is the Fourier series coefficient of the periodic signal g (i(t)).

1

T
I = = / 3 (i(t)) e=72mnt/T gy (4.81)
T 0

Proof. Given (4.79)). the response Fourier series coefficient is

Uy = 1 /g (i(t)) Ty (t)e =927/ T gt
T,

1 . .
— T /g (Z ,L-keJQTrnt/THT(t)) e—Jant/THT(t)dt
t k

Therefore from the chain rule of differentiation

un 1 /( . j2mnt/T
o =719 szej T T (t)
Oty T J, -
% efj27r(n7m)t/THT(t)dt
1 )
=7 [ 9(®) e I2m (=) T (1) dt
t

= Un—m
where 9, is defined in (4.81)). O

As a consequence of Theorem 4.3.4, the harmonic coupling from a mem-
oryless nonlinearity can always be expressed as a discrete convolution of
Fourier series coefficients. Substituting (4.79) into (4.79)gives

Av,, = Z O Ny = Uy % Aiy,

and the asterisk denotes the discrete convolution operator. In the time
domain, this is the same as the relationship in (4.65) when signals are

periodic.
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The Jacobian represented by (4.80)is Toeplitz. Knowledge of one row of
the corresponding matrix for m = 0, i.e., ¥,, suffices to specify the entire
Jacobian. This is of specific significance when the HCWs are determined
experimentally. Determination of a single row (or column) of the Jacobian
HCWs of a memoryless nonlinearity allows specification of all HCWs. The

required number of experiments is therefore significantly reduced.

4.3.2.2 Nonanalyticity

An implicit assumption thus far is that the different manifestations of the
signals and systems are analytic. In terms of the Fourier coefficients, the
stimulus can be expressed in terms of i,, and does not require use of the
conjugate, ;. The necessity of consideration of the analyticity of PP type
operators in affine approximations is well known [1487, ?].

Harmonic coupling, however, never requires nonanalytic treatment when
the underlying signals and systems are real. There are common PP oper-
2

ators that are not analytic, for example v(t) = |i(¢)|*. The relationship in

the Fourier domain in this case is the correlation [1009]
Un =Y ikinik (4.82)
k

To generalize to such cases, Wirtinger calculus [?]-[?] can be used. The
formalism emerging from Wirtinger calculus is that a variable and its con-
jugate, i.e., 4, and ¢, are treated as separate variables. In lieu of approxi-
mation in (4.75),for example, Wirtinger calculus uses Jacobians of the form

v ov
Av, = [ E%AG + 20 A 483
v (8im et B Zm) (483)
For the correlation in (4.82),for example,
Ov, -
alm - n+m
and
Ovp, ;
oix, T

m
When not a function of the conjugate, i , the second term in (4.83) is
zero and (4.83) becomes the conventional HCW relationship in (4.75).
However, when signals are real any expression that contains conjugate
terms in the stimuli can be rearranged to not include conjugate terms. As

a consequence, analyticity is assured and the use of Wirtinger calculus is
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never required. If a periodic signal is real, its Fourier series coefficients are

conjugately symmetric. For real Ai(t) then, [1009]
Ai_p = A, (4.84)

Any conjugate component in a series expression can be removed using this
relationship. When i(t) is real, for example, (4.82)can be written without

the use of the conjugate as
Up = Zi,kinJrk.
k

In this form

ov .
ﬁ = 2lp—m
and

vy,

aix,

Likewise, the conjugately symmetric property can be used to manipulate

nonconjugate terms into conjugate terms in the case of real signals. The
Fourier series in (4.51) can be written as

-1

vy, =, v, 5Un
A’Un = 8710 —+ 7Alm Z

m=—0o0

Reversing the summation order on the sum over negative arguments and
using (4.84) gives

avn avn avn
Avn__+m§_:1<aimA nt g A, )

Using this expression, the Jacobian expansions is no longer analytic and
partials are required over conjugated variables. Wirtinger based relation-
ships, for example, is used in X parameters [1487, 323, 120, 610, 678, ?,
675, 1262, 1296, 1380, 1381, 1504, 1587, 1659]. For real signals and systems,

however, the analyic expression in (4.75) suffices.

4.3.3 CONNECTIVITY AND OPERATIONS

The inversion of the impedance relationship

o(t) = Zi(t),
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if it exists, is the admittance operator
y=z"
and
i(t) = Yu(t).
A given Z may not have a ), e.g., v(t) = |i(t)|. Likewise, a given )Y may
not have an inverse.
A dimensionless dependent source PP operator, G, maps equivalent units,

ie., i2(t) = Gi1(t) and va(t) = Gui(t).
Consider the following connections.

1. Series. If the same current, i(t), passes through two TIPP operators,
Z, and Z,, then the composite PP operator is Z = Z; 4+ 2.

2. Parallel. Let v(t) = Z141(¢) and v(t) = Zqia(t). Let
i(t) =i (t) +ia(t) = [Z71 + 25 v(t)
and, assuming all inverses exist,
v(t) = Zi(t)

where
Z=[z7'+ 27"

3. Cascade. Two PP operators Z and G, are in cascade when the com-
posite operator, T, is

T = 26. (4.85)

PP generalizations of familiar circuit operations follow, including

Kirchhoffs law and current and voltage dividers.

4.3.3.1 Combining Cascade Operations

Consider the cascade operation in (4.85)Let
w(t) = Zi(t).
Then

_ [ ow(©)
. Di(r)

Aw(§) Ai(T)dr.
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FIGURE 4.21: On the left, an TIPP system is stimulated by a sinusoidal
source, i(t). Its Fourier series coefficients are i,,. The response v(t) is with
Fourier series coefficients v,,. Since the system is time-invariant, an input
shift of £ results in the output being shifted by the same amount. As shown
in the right hand figure, this corresponds to the Fourier series coefficients of
both the stimulus and response being multiplied by the same exponential

term.

Likewise, let
v(t) = Guw(t).

The linearization of the Fourier series coefficients of the cascade connection
is

ov(t)
Av(t) = Aw(&)dE.
0= [ g e

[ Ov(t) ( ow(€)

¢ ow(§) i(T)

[ Ou(t) ,.
=/ ai(r) i(r)dr

Ai(T)dT) d¢

where

ov(t) _ ov(t) ow(§) de
Qi(T) ¢ Ow(§) 0i(r)

Similar relationships exist for the other forms of the Jacobian. For example,

for harmonic coupling weights, The HCW matrices of cascaded PP systems

Ovp, ov,, Owy,
Dime ~ 2 By e

therefore multiply.

4.3.4 'TIME INVARIANCE

If a system operator is time-invariant, then any shift operator commutes
with the Z operator in (4.50). Thus, for all £, we have

Z{i(t = &)} = v(t = §).
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For any nonlinear system, from (4.52),

Av(t — &) = gf((f__g Ai(r — €)dr. (4.86)

For a time-invariant system, the contribution of 9i(t — &)dt at t = 7+ & to
Ov(t — &) is the same as the contribution 9i(t)dt of at t = 7 to dv(t). Thus,
ou(t—¢&)  Ov(t)

i(t— &) 0i(r)

and (4.86) becomes, for time-invariant systems,

Av(t— €)= / g;((g Ai(r — €)dr.

The Jacobian for unshifted signals thus also works for shifted signals.
With reference to Figure 4.21. Fourier transforming with respect to ¢

gives
AV(u)eﬂQ”“E = / 6(9‘2/((7'”)) Ai(r — &)dr.

Also with reference to Figure 4.21, applying the power theorem of Fourier

analysis [1009] gives

AV (u)

—j2mul _
AV (u)e Al

(Al(u)e_ﬂm’g) dr.

Perturbing the input spectrum by a linear phase factor therefore perturbs
the response by the same factor.
For a TIPP system, the analysis is similar. The harmonic coupling rela-

tionship in (4.75) generalizes, for all £, to

, O ,
—j2mné/T\ _ n . —j32mmé/T
(Avne ) = ; Bin) (Az me ) .
Thus, when characterizing harmonic coupling in a TIPP system, the HCWs
for unshifted periodic inputs can be used to find the HCWs for all shifted
versions of the input. Both the operating point and the perturbation are

shifted by the same amount. This is illustrated in Figure 4.20.

4.3.5 EXTENSION TO MULTI-PORT SYSTEMS

The extension from one port systems to two or more ports is straightfor-

ward. Through our choice of notation in (4.50), the system stimulus is a
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current and the response is a voltage. The system mapping, Z, therefore has
the same units as impedance can be spectrally characterized by stimulus
with a series of sinusoids at different frequencies and noting the ampli-
tude and phase shift of the response. The Z mapping, however, is more
general than an impedance allowing, of course, nonlinearities but also de-
pendent and independent sources. The operator is not constrained by the
homogeneity property of linearity [1009]. A zero stimulus, for example, can
yield a nonzero response. As an example of a familiar system that is not an
impedance, consider a series RL circuit with an independent voltage source
and a Z mapping that can be written as

di(t)
dt

o(t) = Zi(t) = Ri(t) + L 4 vo(t) (4.87)

or, in the Fourier domain
V(uw) = (R+ j2rul) I(u) + Vo(u).

Impedance is defined as the ratio between a voltage and a current pha-
sor. Due to inclusion of the independent voltage source, vy(t), the ratio
V(u)/I(u) is not meaningful for this Z. Indeed, Z cannot be convention-
ally characterized by an impulse response. A sinusoidal stimulus does not
generally result in a sinusoidal response due to the independent voltage
source. In this sense, spectral characterization of Z through mapping of
response amplitude and phase variation to stimuli at various frequencies
will also not work. If, however, vy(t) is periodic, then Z is PP for periodic
stimuli with the same period. Although not necessarily the best way, the
system can be accurately characterized using HCWs.

The characterization of PP systems is similar to LTI except generalized
to measuring coupling weights across the harmonic spectrum for varying
input tickle tones of various frequencies. For a loaded two port, the cross
port parameters are still characterized by a Z mapping albeit the stimulus
and response are not at the same ports.

Reformulating HCWs applied to circuits from current stimuli to voltage

stimuli or dimensionless stimuli is also straightforward.

4.3.6 SUMMARY
We have shown the following.

1. A class of systems, dubbed periodicity preservation (PP) systems,
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can be characterized for small stimulus perturbation using HCWs.

The characterization requires no model of the PP system.

. PP operations include addition, filtering, memoryless nonlinearity,

shift, and mixing (multiplication).

. For linear and possibly time-variant PP systems, the approximation

of harmonic coupling weights gives exact results.

. Cascade, series and parallel connections of PP operations result in
a composite PP system. The composite harmonic coupling weights
can be determined directly from the components harmonic coupling

weights.

. As LTI systems require a single stimulus-response pair for complete
characterization (e.g., the impulse response), memoryless nonlinearity
PP systems require only a single stimulus-response characterization.
Other PP systems typically require more.

. Any PP system with real stimuli and responses can be characterized
without the use of Wirtinger calculus. Conversely, taking advantage
of the conjugate symmetry of Fourier series coefficients of real sig-
nals, the harmonic coupling weights can be placed in a form using

Wirtinger calculus.

. For a time invariant PP (TIPP) system, the complex exponential
weighting invoked on input Fourier coefficients results in the exact
same weighting on the output Fourier coefficients. Thus, for example,
the TIPP characterization for a cosine stimulus operating point can
be used to evaluate the HCWs for the same system if the operating

point were a sinusoid.

. The HCWs corresponding to memoryless TIPP systems display Toeplitz

symmetry.

The PP systems are a useful type system class that includes nonlineari-

ties commonly encountered in practice, especially in nonlinear engineering

circuit and system design. Both time-domain and Fourier-domain affine ap-

proximations can be used to model the behavior of certain PP systems. PP

and TIPP systems show promise for modeling large classes of nonlinear-

ities in many circuit design problems and nonlinear applications in other

engineering disciplines.
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4.4 Evaluation of Harmonic Coupling Weights in
Nonlinear Periodicity Preservation Systems

When stimulated by a periodic stimulus, every component of a possibly
nonlinear periodicity preservation system oscillates periodically with the
same period as the stimulus. Changes in the harmonic structure of the
the stimulus couples each input harmonic to, in general, every response
harmonic. Knowledge of harmonic coupling weights (HCWs) allows model
free characterization of effects of all small stimulus perturbation. This pa-
per develops foundational methodology for experimentally measuring the
HCWs. The on-frequency method uses small tickle tones at harmonic fre-
quencies to do this. The off-frequency method places tickle tones adjacent
to harmonic frequencies and is applicable to PP systems that are locally fre-
quency invariant. Memoryless nonlinear PP systems are an example where
the approach works exactly. The off-frequency method also requires fewer
experiments. In some cases, the off-frequency method can be extended to
measure numerous HCWs in a single experiment. Some system types such
as the memoryless nonlinearity, require fewer experiments than general
PP systems. Methods to experimentally measure the Hessian are also pre-

sented.

4.4.1 INTRODUCTION

Affine approximations to nonlinearities have found recent popularity as
amplifiers are are being driven into nonlinear operation to achieve greater
efficiency. Of specific interest in coupling among harmonics imposed by the
perturbations around nonlinearities [88, 89, 90, 122, 705, 733, 1201, 1528,
1659, 1381, 1589, 1107, 1487, 1584, 1585, 321, 323, 322, 1295, 1316, 1586,
1588, 1587, 120, 7].

In Section 4.3 we have outlined the affine approximation and the relation-
ships among time, frequency, and mixed time frequency characterizations of
affine approximations of nonlinear periodicity preservation (PP) systems.
The methodology, developed for single port networks, was shown to be
generalizable to multiport systems. In this section, we examine experimen-
tal procedures to measure harmonic coupling weights in a PP nonlinear
system around an operating point. These weights are conventional phasors
that contain the relationship between stimulus and response amplitudes
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albeit at generally different harmonics.

In this section we show the following.

1.

The harmonic coupling weights (HCWs), equal to the Fourier series
Jacobian of the nonlinear transformation about the operating point,
can be determined from the response of the PP system to small am-

plitude complex sinusoid tickle tones.

. Real sine and cosine tickle tones can also be used to experimentally

to find the HCWs by superimposing the results of two experiments.
The procedure requires calculating the perturbation differences in the

stimulus and response.

When the PP system is a memoryless nonlinearity, a single set of
coupling coefficients is required. Other HCWs are shifted versions.
The response perturbation is determined by a discrete convolution of

Fourier coefficients [3].

When the PP system is locally frequency invariant and there is no
cross harmonic interference, an off-frequency experiment allows place-
ment of the tickle tones adjacent rather than at the harmonic fre-
quency. The amplitudes can be measured directly rather than as the
difference between the original and perturbed response at a harmonic
frequency. A single off-frequency experiment replaces the two required

on-frequency experiments (sine and cosine).

More generally, tickle tones can be frequency multiplexed. Under local
frequency invariance constraints and no cross coupling, a generaliza-
tion of the off-frequency method allows experimental measurement of

numerous HCWs in a single experiment.

All memoryless nonlinearities are globally frequency invariant and

display no cross harmonic coupling or interference.

The tickle tone approach can be extended to measure higher order

derivative measures such as the second order Hessian.

4.4.2 MEASURING THE HARMONIC COUPLING WEIGHTS:

THE ON-FREQUENCY METHOD

Consider the PP circuit in Figure 4.22(a). The stimulus, with Fourier co-

efficients i,, give rise to a periodic response with coefficients v,. In Fig-
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ure 4.22(b), the kth stimulus harmonic is perturbed from 45 to one with

Fourier coefficients iy, + Ai, where
Ai(t) = ee?>™+ (4.88)

where ¢ is a small amplitude. The response to this small tickle tone is a
perturbation from v, to an affine approximation of v, + dv,. The single
frequency tickle tone in (4.88)is complex and not realizable, but serves as
a useful pedagogical introduction to experimental determination of HCWs.

The segue into the use of real tickle tones follows smoothly.

The tickle tone in (4.88)has a single Fourier series coefficient, i.e.,?
Aiy, = ed[m — k. (4.89)
Substituting into (4.75), the response perturbation is
Ov
Av,, = e—=. 4.90
Un =g (4.90)

The outputs affine approximation follows as v,,+¢ ‘Z)’Zk . The HCWs, dv,, /iy,
can therefore be measured for all by subtracting the Fourier series of the
perturbed response from the Fourier coefficients at the operating point,
vp, and dividing by e. All coupling weights from the kth input harmonic
can be thereby determined. The process is repeated for every stimulus har-
monic corresponding to different values of k and all HCWs are found. The
result can then be used to estimate the response to any small stimulus
perturbation around the operating point.

Since the tickle tone is applied directly on the harmonic, this approach

and those similar are appropriately dubbed on-frequency methods.

4.4.2.1 Experiments Using Real Signals

The analysis in the previous section requires stimulus of the PP system
with complex sinusoids in (4.88). Using real signals, the HCWs and can be
found from two experiments using two real tickle tone perturbations. The
first perturbation of the inputs th harmonic uses the stimulus (17) and
the second uses the quadrature signal (18) The Fourier series coefficients
for these signals are, respectively, The affine approximations of the system
response from (12) follow as (19) and (20)

!2 Recall the Kronecker delta, §[¢], is one for £ = 0 and is otherwise zero.
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FIGURE 4.22: Illustration of the off-frequency method of determining har-
monic coupling weights for a PP system. On top is the spectrum of the stim-
ulus, i(7), and the spectrum of the response, v(t), is on the bottom. Both
signals are periodic with period T'=1/f and therefore have their harmon-
ics at integer values of f. A tickle tone, Ai(T) = 2ecos (2n(mf + Af)7),
is added and appears in the stimulus spectrum with weight € at the two
frequencies +(mf+Af). If the PP system, Z, obeys the harmonic noninter-
ference and frequency invariant constraints, the harmonic coupling weights,

9vn gand 58(2.37 , can be read at the output at frequencies nf + Af and

€ D
nf — Af for all values of n. ¢
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These two values are measured experimentally. From the two measure-
ments, we evaluate the HCWs (21) and (22) Measurements are repeated for
all desired input harmonics corresponding to any values of and positive . B.
Harmonic Coupling for Harmonics With Negative Index For negative , note
that, for real signals, and Likewise, for real , so that Therefore, negative
indices on the output Fourier coefficients can be evaluated by conjugating
the HCWs measured in (21) and (22) [3].1 1As we have previously noted
[3], the use of Wirtinger calculus expressions as used, for example, in X
parameters, is not necessitated.

These two values are measured experimentally. From the two measure-
ments, we evaluate the HCWs (21) and (22) Measurements are repeated for
all desired input harmonics corresponding to any values of and positive . B.
Harmonic Coupling for Harmonics With Negative Index For negative , note
that, for real signals, and Likewise, for real , so that Therefore, negative
indices on the output Fourier coefficients can be evaluated by conjugating
the HCWs measured in (21) and (22) [3].1 1As we have previously noted
[3], the use of Wirtinger calculus expressions as used, for example, in X
parameters, is not necessitated.

C. Memoryless Nonlinearities A memoryless nonlinearity is a special case
of the PP system. We nowshow that experiments for a single sine and cosine
stimulus suffice to completely specify all HCWs for a memoryless nonlin-
earity. Let (23) where is a memoryless nonlinearity. Using the expression for
the Fourier series coefficient of the response results in and differentiating
gives (24) where (25) Then the HCW series in (12) becomes a discrete con-
volution. (26) where the asterisk denotes convolution. This is good news.
Since the HCWs, , are a function of , the expression in (24) reveals the HCW
matrix for memoryless nonlinearities is Toeplitz and knowledge of one row
suffices to define the entire matrix. Thus, only two single on-frequency mea-
surements, one for sine and one for cosine, are required to define all HCWs
from . 1) Example 1: Sigmoid Nonlinearity: Let the PP system be char-
acterized by a sigmoid parameterized by a positive number . (27) For a
cosine input, as illustrated in Fig. 2(a), the effect is a attening of the cosine
curve. The cosine, which is the input operating point, is perturbed by the
small triangular wave shown in Fig. 2(a). The true perturbed output (con-
tinuous line) is favorably compared to the output estimated using HCWs
(dashed line) in Fig. 2(b). Detail of the small shaded box in Fig. 2(b) is

shown in Fig. 2(c). The absolute error between the actual output and the
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approximation is in Fig. 2(d). Further details are given in the caption of
Fig. 2.

2) Example 2: Polynomial Nonlinearities: Polynomial nonlinearities, a
special case of the memoryless nonlinearity in (23), have HCWs that can
be characterized analytically. Define the th order polynomial (28) where
the s are real coefficients. Thus, and, for small input perturbations, (29)
where we have discarded terms when . The approximation to the output
perturbation follows as (30) In terms of Fourier series coefficients, an equiv-
alent statement is (31) where the asterisk denotes discrete convolution and
denotes the fold autoconvolution of the Fourier series coefficients of . This
is a special case of the convolution in (26) with (32) This example will
be continued in the description of the off-frequency method of finding the
affine approximation for purposes of illustrating frequency invariance.

IV. THE OFF-FREQUENCY METHOD Finding the HCWs by plac-
ing the tickle tone a bit off-frequency is dubbed, appropriately, the off-
frequency method. Then, as shown in Fig. 3(c), the responses to determine
the HCWs are likewise displaced in frequency. When a real cosine tickle
tone is used, there is an additional advantage to the off-frequency approach.
A single experiment suffices to determine all of the parameters for a spec-
ified input harmonic whereas the on-frequency method requires two. The
off-frequency method works with locally frequency-invariant PP systems. If
a system is frequency-invariant [27][31], then for all real values of , (33) A

system is locally frequency-invariant if (33) is approximately true for small
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FIGURE 4.24: Illustration of the off-frequency method of determining har-
monic coupling weights for a PP system. As is shown in the top figure, the
stimulus, i(¢), has cosinusoid tickle tones applied at frequencies M (f +Af)
where T' = 1/ is the period of the periodic signals i(¢) and v(t). In this ex-
ample, all of the amplitudes are €. If the PP system conforms to frequency
invariant and cross interference constraints, then numerous harmonic cou-
pling weights can be measured from the response as shown in the bottom

figure. At frequencies u = nf = mAf we measure €g;

v, ¢
i
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frequency shifts in the neighborhood about . Let a tickle tone be applied
at . Then (3) becomes (34) From (6), this can be written as (35)

Fourier transforming both sides gives [3] (36) Since, from (11), sampling
the frequency domain gives Fourier series coefficients, we have, for and . (37)
This is an alternate description of the on-frequency method. If the tickle
tone, however, is moved to frequency , the tickle tone becomes (38) and
attention is focused on the response frequencies . Then the off-frequency
method assumes (39) This is true when the PP system is locally frequency-
invariant. Alternately, a tickle tone can be placed slightly below a harmonic
frequency. If then, following the same reasoning, we measure the HCWs
at frequencies translated above each harmonic. (40) Likewise, the HCWs
corresponding to input Fourier series coef ficients with negative indices can
be measured at intervals below each harmonic frequency. Specifically, if |
then (41) Implementing the off-frequency technique is illustrated in Fig. 3.
Theorem: Memoryless nonlinearities are frequency invariant in the sense of
(33). Thus, for such systems, (39) is exact, i.e., (42) Thus, for memoryless
nonlinearities, the off-frequency approach gives the same answer as the
on-frequency method. Likewise, the approximations in (40) and (41) are
replaced with equalities. The proof is in Appendix A. BAYLIS

Fig. 4. A simulation illustration the off-frequency method of finding har-
monic coupling weights. A period of the stimulus, where , is shown in (a)
with the tickle tone where and . The sum of the two signals is shown in
(a) with the dark bold line. The magnitude of the Fourier transform (spec-
trum) of this signal, shown in (b), is graphically indistinguishable from the
spectrum of except for the tickle tones with weight appearing at . (The
signal has only odd harmonics.) Shown in (¢) with the light dashed line is
the response . The solid line is the response to the perturbation which is .
The magnitude of the spectra of and , shown in (d), are again graphically
indistinguishable except for the small terms at from each harmonic. The
amplitude of these terms are mined to (for positive frequencies) to obtain
the harmonic coupling weights about the operating points of and .

Fig. 4. A simulation illustration the off-frequency method of finding har-
monic coupling weights. A period of the stimulus, where , is shown in (a)
with the tickle tone where and . The sum of the two signals is shown in
(a) with the dark bold line. The magnitude of the Fourier transform (spec-
trum) of this signal, shown in (b), is graphically indistinguishable from the

spectrum of except for the tickle tones with weight appearing at . (The
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FIGURE 4.25: Blah ¢

signal has only odd harmonics.) Shown in (¢) with the light dashed line is
the response . The solid line is the response to the perturbation which is .
The magnitude of the spectra of and , shown in (d), are again graphically
indistinguishable except for the small terms at from each harmonic. The
amplitude of these terms are mined to (for positive frequencies) to obtain
the harmonic coupling weights about the operating points of and .

and The off-frequency technique has the advantage of determining both
the harmonic coupling weights and with a single experiment. This is further
illustrated in Fig. 3. A simulation illustration using a hyperbolic tangent
to model an amplifier with saturation is shown in Fig. 4. Details are in
the caption. 1) Off-Frequency Method for Polynomial PP Systems: We il-
lustrate the off-frequency method for cases where the PP operator can be
described by a polynomial in (28). Such systems, we show, strictly adhere
to the harmonic noninterference constraint. We perturb the system with
an th order harmonic tickle tone at a frequency offset of Using a binomial
expansion about an operating point gives (43a) We show in Appendix B
that (44) Therefore, from the single off-frequency experiment using a sin-
gle cosine tickle tone, both and can be measured. For the on-frequency
technique, two experiments were needed: one for a cosine tickle tone and
another with a sine.

Fig. 5. Illustration of simultaneous multiplexed off-frequency measure-
ment of numerous harmonic coupling weights. As is shown in the top fig-
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ure, the stimulus, has cosinusoid tickle tones applied at frequencies there
is the period of the periodic signals and . In this example, all of the am-
plitudes are . If the PP system conforms to frequency invariant and cross
interference constraints, then numerous harmonic coupling weights can be
measured from the response as shown in the bottom figure. At frequencies
we measure . A simulation is shown in Fig. 6.

V. MULTIPLEXING OFF-FREQUENCY MEASUREMENTS Within
the limitations of the model, numerous harmonic coupling weights can be
measured simultaneously in a single measurement. Specifically, for some
range of and , a single experiment suffices to measure and . Let where has
a Fourier series in (10). The perturbation, is assumed to be a trigonometric
polynomial [26] with fundamental frequency , i.e., (45) where is the number
of harmonic coupling weights to be measured. For the special case where all
of the perturbations are the same, i.e., , (45) becomes the superposition of
tickle tones (46) where the array function is defined by [26] As , approaches
a string of Dirac deltas [26]. Our goal is to use to determine When is real,
. We assume all of the frequency components, as illustrated in Figs. 5
and 6, obey not only the frequency noninterference constraint, but a cross
frequency noninterference constraint, e.g., the tickle tone components at,
say, , are assumed to not effect the response perturbation for When this
constraint is satisfied and the frequency invariant property is sufficiently
present, then the stimulus component at with weight manifests itself at the
response frequencies with amplitude . Likewise, the stimulus terms appear
in the response with weight at frequencies . Thus, a single experiment
suffices to measure numerous harmonic coupling weights. A. Polynomials
The multiplexing off-frequency approach can be derived analytically for
memoryless polynomials in (28) and shown to be exact.2For the polynomial
in (28) we obtain the perturbed response linearity in (30). In Appendix C,
we show the weight of the spectrum of at frequency due the perturbation
in (45) is (47) Since can be measured from the tickle signal, a number of
harmonic coupling weights can be generated from a single measurement.
For polynomial nonlinearities, the multiplexing off-frequency approach is
mathematically exact.

Fig. 6. A simulation demonstrating the multiplexing tickle tones illus-
trated in Fig. 5. The input operating point is where . The input is sub-
jected to a nonlinearity, . Two tickle tones are added to the input equal to

where and . The signal for is passed through the nonlinearity to give the
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output, . The magnitude of the Fourier transform (DFT) of the output,
, is shown above. The three plots shown are of the same function, albeit
over different ranges. Some harmonic coupling weights are labeled in the
middle plot. Note also that the Toeplitz nature of the HCWs is illustrated
in this simulation. Since , the HCWs and are the same in accordance to
(24). Likewise, and are the same.

VI. ESTIMATION OF THE HESSIAN The accuracy of HCWs in assess-
ing PP systems has been perfomed on a number of test cases [33]. A overar-
ching theoretical measure of the extent to which the HCW approximation
is accurate can be estimated by deviation from a second order fit at the
operating point. Alternately, a Taylor series with a second order termwill
be more accurate than an affine approximation. Without elaboration,we
note that higher order terms can be experimentally estimated generalizing
the technique used for finding harmonic coupling coefficients. While the
harmonic coupling coefficients represent the Jacobian of the operator, the
second order measure is the Hessian with elements This can be estimated
by placing stimulus tickle tones simultaneously at frequencies and and mea-
suring the perturbations at response frequencies . Extentions to use of real
tickle tones and off-frequency methods are possible. 2In practice, doing so is
unnecessary because, for memoryless nonlinearities, a single set of measure-
ments is needed to specify the defining function in (24). When the second
order Hessian can be estimated from the difference between first order Ja-
cobian derivatives using tickle tones with amplitudes and . Estimation of
higher order derivatives becomes more susceptable to measurement uncer-
tainty [26], [34]. VII. CONCLUSIONS The impulse response of of an LTI
system totally characterizes the system. The response to any stimuli can be
found through a convolution of the impulse response with the stimulus sig-
nal. Likewise, the harmonic coupling weights (HCWSs) of a PP system char-
acterizes response to any small variation about a fixed point. The HWCs
can be measured experimentally using either on-frequency or off-frequency
methods. APPENDIX Proof of (42) for Memoryless Nonlinearities: Using
inverse Fourier transforms, the nonlinearity in (23) can be written as so
that Let be the Fourier transform of . Then for any . Therefore, when a PP
system is a memoryless nonlinearity, (39) is true with no approximations
Q.E.D. Proof of (44): From (43) we apply a binomial expansion If , we can
discard terms containing or higher. The result is the affine approximation

Then using Eulers identity and the Fourier series expansion of , Substitute
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in the first sum over and, in the second, . Interchanging sums gives Thus,
from (24) and (32), we obtain (44). The value of can thus be determined
at by measuring the value at frequency . Likewise, at the frequency we can
measure . Proof of (47): Substituting the off-frequency Fourier series in (45)
into (30) gives Substituting in the sum gives The weights of this signal for
exponential sinusoids at frequencies gives (47).
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4.5 Exercises

4.1. LTI systems are not creative. Stimulation with a frequency of v always
results in a response with a frequency of v albeit with different phase and
magnitude. When the input to an LTI system is the complex sinusoid in
(4.19), show that the output is given by (4.20).

4.2. Show that the Volterra series in (4.16) is time invariant when ho(t) =
0.

4.3. Amplification effects in time. If the input into a passive Volterra
system is x(t). The output, from (4.3), is

ORI
n=1

Show that when the input is amplified to Az (t), the output is

y(t) = Z Anyn(t)'
n=1

4.4. Consider again the two Dirac delta stimulus in (4.17) where the Dirac
delta’s are located at ¢t = T} and t = T5. Is there any loss of generality by
doing the experiment where T5 is always set to zero?

4.5. Consider the two Dirac delta response in (4.18) when T3 = Tp = 0.
Then the two Dirac deltas overlap and the input is 26(¢). Compare this
result to the single Dirac delta response in (4.16).

4.6. In (4.19), the second Volterra kernel can be found from stimulating a
second order system with a single and a double Dirac delta stimulus. Does
this result generalize to third and higher order systems?

4.7. Amplification effects in frequency. Let A be a constant.
1. Find g (Ae??™"). Equation (4.21) is a special case when A = 1.

2. Find g (A cos(2nvt)). Equation (4.22) is a special case when A = 1.

4.8. Consider
ha(71,72) = f(11)9(72)

where f and g are some specified functions.
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(a) Is hy symmetric? In other words, does ha(71,72) = ha(72,71) 7

(b) Do we get the same y(t) in (4.9) if we use hg(m2,72) instead of
hg(Tl,Tg)?

(¢) What is the corresponding averaged second order Volterra kernel,
ho(t1,ts) in (4.10)?

(d) Do we get the same y(t) in (4.9) if we use averaged second order
Volterra kernel in lieu of ilg(tl, t2)?
4.9. Specify how the reference signal in (4.40) can be generated when we
are constrained to real sinusoid s.

4.10. Discrete Volterra Series. For the discrete case, the Volterra series
in (4.16) becomes

ym =Y 3> > wlm—pilalm —po] - afm — pu]

n=1 p1 p2 p2 PN

X hn [plvp%'”pN] (491)

(a) Show that we can write (4.91) matrix-vector form as
j=Xh (4.92)

(b) Solve for all of the h,’s in (4.92) using a pseudo (Moore-Penrose)

inverse.!?

4.11. Prove the Fourier series coefficient relationship to the Taylor series
coefficients in (4.23).

4.12. Show that the Volterra series is time invariant.

4.13. Show that, if the Volterra series is causal, then

B (£) = 0 for £ < 0.

4.14. How does the Volterra series for the system change when an LTI sys-
tem is connected in parallel as shown in Figure 4.267 The impulse response
of the new LTI system is h(t).

13 Estimation of Volterra kernels is computationally intensive and can overfit
the kernel estimate.
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FIGURE 4.26: Parallel LTI and memoryless systems with a parallel LTI

system. See Exercise 4.14.

4.15. Prove, as stated in (4.15), that the multinomial coefficient confirms
the averaged kernel is the same as the unaveraged kernel when all of the

kernel arguments are the same.

4.16. What happens when the two stimulating sinusoid s are not in phase?
Explore this for a 2nd order system when the stimulus is x(t) = 2 cos(2mv1t)+
2 cos(2mvat + ) rather than x(t) = 2 cos(2mv4t) + 2 cos(2mwat) in (4.43).

4.17. Consider a two real sinusoid stimulus of a fifth order system. One of
the frequencies is © = v;. For the system output, what is the total weight

of the Dirac delta at this frequency?

4.18. Evaluate the passband components for a four real sinusoid al stimulus

to a fourth order system.
4.19. Prove the identity in (4.49).

4.20. With reference to the analysis in Section 4.2.5.1, consider the stim-

ulus of three real sinusoid s to a fifth order Volterra system.
(a) Evaluate the terms in Yi¥B(u).
(b) Generate tables as in Tables 4.4 and 4.5 to find Y8 (u).
(¢) Do your tables in (b) satisfy (4.46), (4.47) and (4.49)7

(d) Generate tables as in Tables 4.4 corresponding to Yz'Z (u) for a three

sinusoid stimulus.
(e) Do your tables in (d) satisfy (4.46) and (4.47)?

(f) Generate the Cartesian product of the tables in (e).
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(g) Does your result in (f) satisfy (4.49)7
4.6 Solutions for Selected Chapter 7?7 Exercises.

4.1. With an input z(t) = /2™ in (4.19), the output to the LTI system

is given by the convolution
y(t) = /x(t — 1)h(T)dT
= /ejzw(t*T)h(T)dT
= eI2mvt / 6_j2TrVTh(’T)dT
= ejzm’tHT(l/)

This is the result given in (4.20).

4.4. Because the system is time invariant, there is no loss of generality
setting 7o = 0 in (4.17).

4.5. When T} = T, = 0, (4.18) becomes
25(t) = 2 (t) 4+ 22ho(t,1).

Comparing with the first experiment result in (4.16), this is the result we

should expect considering the scaling in .
4.8.
(a) This hs is generally not symmetric since
ha(12,m1) = f(12)9(11) # f(T1)9(72) = ha(T1, T2).
For example, if f(7) = e~ and g(r) =1I(7), then

677121_[(7’2) + 677—221_[(7'1).

(b) Yes.



4. Nonlinear Systems 287

(¢) The averaged second order Volterra kernel is

1

hatrim) = 5 (Flatr) + Frdatn)).

For the example functions used in (a),

ho(m,72) = % [e—ffn(n) + 6_7221'1(71)] .
(d) Yes.

4.10. Discrete Volterra Series.
(a) The vector I has the form

ho = [h]0] ha[1] hy]2]---

h3 [07 07 0] h3 [07 07 1] h3[03 Oa 2] T
hs[0,1,0] h3[0, 1, 1] hs[0,1,2] - -
hs[0,2,0] ha[0,2,1] hs[0,2,2] - --

h4[0,0,0,0] h4a[0,0,0,1] 24[0,0,0,2] - - -
h4[0,0,1,0] hya[0,0,1,1] hy[0,0,1,2] - -
ha[0,0,2,0] hya[0,0,2,1] hy0,0,2,2] - -

hn[0,0,--+,1,0] An[0,0,---,1,1] An[0,0,--- ,1,2] -]
The matrix X contains the appropriate shifted versions of x[m)].
(b) The Volterra kernels can be estimated from (4.92). Since
XTj=X"Xh

it follows that Moore-Penrose inverse gives the estimate of the Volterra

kernels from the output y as

h=(XTX)" X"y
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4.11. Including the zeroth order term

g (cos(27vt)) Z o, cos™ (2mut)

n
i n
( > €j27rut+6 ]271'1/15)

.
e

( > Z(Z)ejZW(nZZ)Vt
£=0
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where we have used the binomial series expansion. Set k& = 2¢ — n in the

sum over ¢ so that

n n
g (cos(2mvt)) Zan( ) Z (n?k)e_ﬂ”k”t

+2 2
k=—n

(4.93)

We need to switch the order of summation. To figure out how, consider

the following table of k’s for various n’s and N = 5.

n=0 — 0

n=1 — -1 1

n=2 — -2 0 2
n=3 — -3 —1 1 3
n=4 — —4 -2 0 2
n=5 — =5 -3 -1 1 3

From this table, we deduce

N n N N
n=0 +2 k=—N +2
k=—n n=|k|

and (4.93) becomes

N N
—io2rky n Qp,
g (cos(2mvt)) = Z e J2mkut Z (n_k> o
2

k=—N +2
n=|k|

N
§ : Bke—]kaut
k=—N

where y, is given in (4.23). Note that

(4.94)
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Inspecting (4.23) then reveals that

Br = Bk

and, as advertised, (4.94) becomes (4.22).

4.15. When all of the kernel arguments are the same,
k1:n7k2:k3:"':kn:0

and (4.14) becomes

n!

pl(nsn, 0,0,-,0) == o5

=1.

4.18. For ;B (u) in the passband, the frequency lines are at {v1, vo, v3, 14 }.
Thus

YFPB(u) = Hy(v1) 6(u—v1)+Hy (o) 6(u—wo)+Hy(v3) §(u—v3)+Hi(va) §(u—vy)

There are no passband contributions from the even order terms Y5 and
Y,. There never are from even terms.

For Y4B (u), there is a lot of bookkeeping. The lines are at frequencies

{ 211 — 12,209 — 11,200 — 1y
2V2 — V1,2V2 — V372V2 — V4,
21/3 — 1/1,2V3 - I/2,2V3 — Uy,
21/4 — I/1,21/4 — 1/272V4 — Vs,
vy + Ve — V3,V + V2 — Vy,
vy +v3 — v, + V3 — Vg,
vy vy — v, + vy — Vs,
Vo + V3 — Vi, V2 + V3 — Iy,
Vo + V4 —V1,V2 + Vg — V3,

vs+vs—vi,v3+vs— 1y}



Thus
YSPB (u)

The final result is

4.19. From (4.49),

4. Nonlinear Systems

= 3Hs(vi,v1,—12) 6 (u— (201 — 11))

+3H3(vy,v1, —v3) 6 (u— (2v1 — v3))
+3H3 (11, v1, —14)6 (u — (201 — 1vy))
+3H3 (12, va, —11) 0 (u — (205 — 11))
+3H3(va, va, —3) 0 (u — (209 — v3))
+3H3(1/ Vo, —vy) 6 (u — (29 — v4))
+3H3(v3,v3, —11) 0 (u — (203 — 11))
+3H3(v3, v3, —11) 0 (u — (203 — 13))
+3H3(v3, v3, —v4) 0 (u — (2v3 — 1))
+3Hs (g, v, —11) 0 (u— (204 — 111))
+6H3(1/ va,—v3) 0 (u— (11 + 12 — v
+6Hs (11, vy, —1v4) 0 (u— (11 + vy —
+6H3(v1,v3, —112) 6 (u — (11 + v3 —
+6H3(1/ v3,—vy) 0 (u— (11 + v —
+6H3(1/ vy, —1a) 0 (u— (11 +v4—
+6Hs (11, va, —13) 0 (u— (11 + vy —
+6H3 (v, 3, —11) 6 (u — (v + 13 —
+6H3 (v, 3, —14) 6 (u — (Vg + 13 —
—|—6H3(1/ vy, —11) 6 (u— (Vo +vg —
+6H3(1/ vy, —v3) 0 (u— (va +v4 —
+6H3(va, v, —11) 0 (u— (V2 + vy —
+6H3(v3, 4, —11) 6 (u— (V3 + 14 — 11
+6H3(1/3, Vg, —v2) 0 (u— (V3 + 4 — 1o

YPB(U) YPB(U)+YPB(U)

(k-1 (i+ k)
k=1 (i+Di(k—1)!

(k=D (i +E) i+ k- 1)
ilk—1)  (+1)al(k—1)!
i+ k i+k-1

g

1+ 1

) (

g

)2.

)
)
)
)
)
)
)
)
)
)
)
)
)
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vy V2 V3

2

2

TABLE 4.7: Three sinusoid stimulus evaluation of Y2 (u).

4.20. We consider a fifth order system stimulated by three real sinusoid s.

(a)

(b)

The first order passband term, Yi¥Z(u), has weight H(v;), H(v) and

H(v3) at frequencies vy, v1 and vy.

For Y8 (u), the simple negative and positive frequency tables are in
Table 4.7.

The left entry in Table 4.7 has n = 3 and k = 3. Since ¢ = 1, (4.46)

becomes

# (i = 1 balls in k£ = 3 boxes for negative frequencies)

3
= (1) = 3 rows.

This is the number of rows in the left hand entry in Table 4.7. The
right hand entry has 6 rows confirmed by (4.47).

# (i+ 1 =2 balls in k = 3 boxes for negative frequencies)

= (;) = 6 rows.

The outer product of the entries is in Table 4.8. There are 18 rows

verified by:

e the product of 3 x 6 = 18 in the solution to (c), and
e equation (4.49) for i =1 and k = 3, i.e.

4(3\?
ri[3] = 3 (1) = 18 rows
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m | Vs Uy V| | V1 Vo V3| p| w1 Vo U3
1 1 2 3 2 -1
2 1 1 1 6 1 1 -1
3 1 1 1 6 1

4 1 3 2 -1
5 1 1 6 1

6 1 2 3 1
7 1 2 3 2 -1

8 1 1 1 6 1

9 1 1 1 6 1 -1 1
10 1 2 3 1

11 1 1 1 6

12 1 2 3 -1

13 1 2 3 1

14 1 1 1 6 1

15 1 1 1 6 1
16 1 31 -1 2

17 1 1 61 -1 1 1
18 1 2 3| -1 2

TABLE 4.8: Cartesian product of the entries in Table 4.7.

m | vy vy Uy
1 2 0 0
2 1 1 0
3 1 0 1
410 2 0
510 1 1
6 | 0 0 2

m | vy vy U3
1 3 0 0
2 2 1 0
3 2 0 1
4 1 2 0
5 1 1 1
6 1 0 2
7 0 3 0
8 0 2 1
9 0 1 2

10| 0O 0 3

292

TABLE 4.9: Fifth order Volterra terms for passband frequencies. See Exer-

cise 4.20(d).
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(d) Tables as in Tables 4.4 corresponding to Yz'B (u) for a three sinusoid
stimulus are shown in Table 4.9

(e) The left entry in Table 4.9 satisfies (4.46) for i = 2 and k = 3:
# (i = 2 balls in k = 3 boxes for negative frequencies)
4
= (2> = 6 rows.
Likewise, the right entry in Table 4.9 satisfies (4.47) since

# (i +1 =3 balls in k = 3 boxes for negative frequencies)

= <g) = 10 rows.

(f) The Cartesian product of the entries in Table 4.9 is in Tables 4.10
and 4.11.

(g) Using the values of i and k in (e), the number of rows in Tables 4.10
and 4.11 is verified from (4.49) to be

ral3] = (g) (‘21)2 — 60 rows.
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vy V3

vy

10
20
20
10
20
10
30
60
60

60
30
30
60
60
30

30

60
60
30
60
30
60
120
120

60
120

Vo V3

151

10
11

12
13
14
15
16
17
18
19
20
21

22
23
24
25
26
27
28
29
30

TABLE 4.10: Solution to Exercise 4.20(f). Continued in Table 4.11.
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Vo U3

V1

30
60
60

30
20
20
20
20
20
20
30
60
60
30
60
30

60
30

10
20
20

10
20

10

31

32

33
34

35

36
37
38
39
40
41

42

43
44
45

46
47
48
49
50
o1

52

93
54
55

56
o7
58
59
60

TABLE 4.11: Solution to Exercise 4.20(f). Continued from Table 4.10.
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Probability, Random Variables
& Stochastic Processes

“I am convinced that He (God) does not play dice.” Albert Einstein
(1879-1955) [1445].

“[Einstein]. Quit telling God what to do.” (1885-1962). Niels Henrik David
Bohr [1445)].

“Not only does God play dice, but he sometimes throws them where they
cannot be seen.” Stephen Hawking [638].

Pascal’s Wager. “Let us weigh the gain and the loss in wagering that God is.
Let us consider the two possibilities. If you gain, you gain all; if you lose, you
lose nothing. Hesitate not, then, to wager that He is.” Blaise Pascal (1623-1662)
[1197].

5.1 Introduction

In this Chapter, we present application of Fourier analysis to probability,
random variables and stochastic processes [1188, 1196, 1519, 1457].

5.2 Random Variables

A random variable, X, is the assignment of a number to the outcome of a
random experiment. We can, for example, flip a coin and assign an outcome
of a heads as X = 1 and a tails X = 0. Often the number is equated to the
numerical outcome of the experiment, such as the number of dots on the
face of a rolled die or the measurement of a voltage in a noisy circuit. The

cumulative distribution function is defined by
Fx(z) =Pr[X <z (5.1)

The probability density function is the derivative fx(z) = £ Fx (z).
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Our treatment of random variables focuses on use of Fourier analysis.
Due to this viewpoint, the development we use is unconventional and be-
gins immediately in the next section with discussion of properties of the
probability density function.

5.2.1 PROBABILITY DENSITY FUNCTIONS, EXPECTATION,
AND CHARACTERISTIC FUNCTIONS

The function, fx(x) is said to a probability density function of a random

variable, X, if it is nonnegative! and has an area of one. That is,

/_OO fx(z)dz =1, (5.2)

and
fx(z) > 0. (5.3)
We define the expected value of a function, g(X), by
Blo(X))i= [ o) fx(a)da, (5.9

The over bar notation will be used interchangeably for expectation.

9(X) == E[g(X)].
The expectation

X = / T (@) (5.5)

is dubbed the kth moment of the random variable, X.
The function
Dy (u) := B [e72™X] (5.6)
is the characteristic function of the random variable, X. Clearly, we have

the Fourier transform pair?
fx(@) «— Px(u) = / fx (z)e™2mue gy,

A table of commonly used probability density functions with corresponding

characteristic functions, means and variances are in Tables 5.1 and 5.2.

mplying, then, that fx () is real.

2 We do not use the capital F' as the Fourier transform of f because (a) ® is
the universally used symbol for the characteristic function, and (b) F is reserved
for the cumulative distribution function, Fx(x) = f_zoo fx(&)dg.
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5.2.1.1 Discrete Random Variables

A discrete random variable has a probability density function consisting of
point masses
o0
fx(z) = Z pro(T — xk).
k=—o0
The pi’s denote the kth probability mass. To satisfy the conditions in (5.2)
and (5.3), we require
oo
> =1
k=—o00

and
pr > 0 for all k.

The discrete random variable is said to be of the lattice type if the point
probability masses are located at only integers. Then

o0

fx(x) = Z pro(x — k). (5.7)

k=—o00

The characteristic function of such random variables is given by the discrete

time Fourier transform

(I)X (u) = FE [e—j2ﬂuX]
(5.8)
= Y preimuk,
Some commonly used discrete random variables and their characteristic
functions are in Table 5.3.

5.2.1.2 Moments from the Characteristic Functions

Recall the derivative theorem.
()" ex(w) = [Z, fx(@)fhe e 2™ da
= ffooo(—j27rx)kfx(x)e’j2”$dx

Thus, we can obtain the kth moment from the kth derivative of the char-

acteristic function

k
Xk = ﬁ (;i) D x(0). (5.9)
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Sx(x)

Ox

¢ ’

FIGURE 5.1: A probability density function, fx (), its mean X and stan-

dard deviation, /var(X).

If the characteristic function can be expanded in a Taylor series about the
origin, then the kth term of the Taylor series contains the kth moment3.

Px(u) = 2,25 (0)uk/k!
o (5.10)
= (2wt Xk
The second characteristic function is the natural log of the first.
Uy (u) :=1n ®x(u). (5.11)

Note that ®x(0) =1 and ¥x(0) = 0. Given ¥x(u), ®x(u), or fx(z), we
can find the other two functions.

The mean (a.k.a. first moment) of the random variable is X and, as illus-
trated in Figure 5.1 is the center of mass of the probability density function,
i.e. the point of balance?. The width or, more properly, the dispersion of

the probability density function can be measured by ox where

0% = E [(Xff)ﬂ =X2-X". (5.12)

is dubbed the variance and ox the standard deviation.

3See, for example, Exercise 5.7.

4The other measures of central tendency of a probability density function are
the median which is the point the density function is divided into equal areas
and the mode which is the density function’s mass. For the Gaussian, all are the
same. For the density function fx(z) = e”®u(z), the mean is one, the median is
In(2) and the mode is zero.
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The mean and variance of a random variable can be determined imme-

diately from the second characteristic function.

dLL\Ifx(u) = %hl (DX(U)
(5.13)
= Py (u)/Px(u).
Thus
wUx(0) = y(0)/2x(0)
= —jrX.
and the first moment is determined through the first derivative.
— 1 d
X = — WU (0). 5.14
—72m du x(0) ( )

For the variance, we use the quotient rule for differentiation of (5.13) and
write

2 WO (1) — (D (1))2
<d> Uy (u) = Px( )(I)Xq()g()(u)(@X( ) ’

and we have the variance directly from the second derivative of the second

derivative function.

_ d \?2
0% = ﬁ (du) U« (0). (5.15)
Example 5.2.1. Let®
fy(x)ZéfX (x;a> (5.16)

where S > 0 and a is real. If fx has unit area, then so does fy. Our goal
is to find the mean and standard deviation of Y in terms of the mean and
standard deviation of X.

From the scaling theorem
Oy (u) = Px (Su)e I

and
Uy (u) = ¥x(Su) — j2rau.

5 This relationship results from the random variable transformation Y = SX +
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Thus
— Uy (u) = SV —j2r
" (u) = SV’ (Su) — j2ra,

and the mean of Y is related to the mean on X via
Y = 5X +a.

For the variance, we have

(;i)Q Uy (u) = S?T” (Su)
and

0% = S%0%. (5.17)

Two random variables, X and Y, are said to be independentS if, for
all functions g(-) and h(-), assuming existence, the expected value of the
probability density function product is equal to the product of the expected
values.

Elg(X)h(Y)] = E[g(X)] E[h(Y)].

The random variables X and Y are identically distributed if, for all g(-),
Elg(X)] = Eg(Y)].

If X and Y are both independent and identically distributed, they are said
to be i.i.d.

5.2.1.3 Chebyshev’s Inequality

The variance is revealed as a measure of a probability density function’s

dispersion by Chebyshev’s inequality” which states

/|IX|<a Ix (Sf)dw 21- (07)()2 (5'18)

a

S This definition of independence is not traditional, but serves our purposes.
Traditionally, two random variables X and Y are said to be independent if their
joint probability density function is separable, i.e. fxy(z,y) = fx(z)fy (y). Our
definition allows establishing independence without introducing the joint proba-
bility density function.

7 Also spelled Tchebycheff.
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FIGURE 5.2: Illustration of Chebyshev’s inequality. The probability den-
sity function with the small variance, shown by the dashed line, has a
greater percentage of area around the mean, X, than does the function

with larger variance.

for any probability density function with defined mean and standard de-
viation and any® @ > 0. For a fixed a, as the standard deviation, ox,
increases, the function spreads and the area of the density function in the
interval about the mean, X —a < « < X + a, decreases. This is illustrated

in Figure 5.2.

Proof. The definition of the variance is
e 2
0% = / (z = X)" fx(z)dz.

We break up the integration as

AT

Since the integrand is nonnegative, removal of the middle integral will result

in the same or a smaller value. Thus

X—a 00 .
ox > [/_oo —|—/X+a] (z—X)" fx(z)da. (5.19)

8 For ox > a, the right side of (5.18) is negative. Although the inequality
still applies, the result has no use since we already know the probability density
function, and thus its integral, is always nonnegative.
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The integration is over the interval x < X —a and z > X +a, or equivalently
over all x for which
}a: — Y| > a.

Therefore, over the integration limit we satisfy
(x — X)* > a”. (5.20)

Note that the term (z — X)? is explicitly in the integrand of (5.19). Sub-
stitution of a2 for this term in (5.20) guarantees the result will, at worst,
get larger. Thus, (5.19) becomes

2 2
ox > a /|x_X>a fx(x)dx. (5.21)

Since the probability density function integrates to one,

/l i Ix = 1= /|x_x|§a fx(@)da.

substituting into (5.21) gives Chebyshev’s inequality in (5.18). O

We will later use Chebyshev’s inequality to derive the weak law of large

numbers.

5.2.2 EXAMPLE PROBABILITY FUNCTIONS,
CHARACTERISTIC FUNCTIONS, MEANS AND
VARIANCES

Some commonly used probability density functions are in Tables 5.1, 5.2
and 5.3. Derivation of some of these entries follows. Probability density
functions for some other random variables are listed in Appendix 16.6.
5.2.2.1 The Uniform Random Variable

The uniform random variable with mean X and variance

R2
O'g(zﬁ

has a probability density function of
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name parameters fx(x) O x (u) X o3
Uniform X,R>0 =11 (m;%?> sinc(Ru)e 727X X £
Triangle X,R>0 A (’”}Y) sinc?(Ru)e—i2muX X %2
J— — (27Y)2 . == R
Gaussian X \/ﬁox e X e—i2muX X o3
ox >0 x e~ 2(Tuox)?
Exponential A>0 e A pu(z) M_]%m : =
— 2 —
Laplace X %e*a\w*XI (QmSW X %
a>0 x g—i2muX
1
Sech a>0 a sech(razx) sech(mu/a) 0 7
1 T—a p—1 B p p 2
Pearson IIT a,3>0 BT () ( 3 ) (m) a+ 3 pB
peN xe 7 pulz —a) x e 2mua

TABLE 5.1: (Continued in Table 5.2.) The probability density functions,

characteristic functions, means and variance of some common continuous

random variables are listed here. The characteristic function, ®x (u), is the

Fourier transform of fx(x).
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name parameters fx(z) D x (u) X 0%
AAxz)* " te A (x) 1
Gamma, A>0,a>0 T(a) (Atj2ru/N)e % %
1 Q@)™ e pu(t) A \"
Erlang A>0meN m=D)! ()\+j27ru) By X
. 5 o 1HR/2 =22 ) 1 k/2
Chi-Square keN ST )2) TTima k 2k
3 z’(1—a)° b1 b+1
Beta a7b>0 m (b+C+1) btct2 m
b
x I (z — 3) X Tap(u) X Grers
Cauchy* a>0 w;ﬁ; e—2malul no no

TABLE 5.2: Continued from Table 5.1. Notes. (1) The Erlang random vari-
able (See Figure 5.5) is a special case of the gamma random variable with
a =m € N. (2) The chi-square (x?) random variable (See Figure 5.4) is
also a special case of the gamma with o = k/2, k € N and A = 1/2. (3)
Top(u) =1 F1(b+1,b+c+2,—j2mu). See Exercise 5.11 for the derivation.

(4) The Cauchy random variable has undefined mean and variance.
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name parameter(s) Pk O x(u) X %
Deterministic a oz — d] eJ2mau a 0
Bernoulli' D p Olk] + q [k — 1] p+ qe I P pq
Uniform discrete N eN %; 0<n<N e=Im(N—=1u N2_1 w
xarray y (u)
Binomial!»2 n>0,p (D) *; (q 4+ pe= 727 | np npq
0<k<n
-1 k 1
Geometric D pq /J,U{j] T m p%
k_—a —j27u

Poisson a>0 %,”[k] eo(e™?m—1) a «

. . . k—1 — r
Negative binomial'»?»3 D, T (Cm)pm " ulk — ] (ej%zfq) 5 ;—g

TABLE 5.3: Probability mass functions for common discrete random vari-
ables. The probability density function for discrete random variables of the
lattice type are in (5.7). The characteristic function is in (5.8). The charac-
teristic function, ® x (u), is the discrete time Fourier transform of p;. Notes:
(1)0<p<landg:=1-p, (2) (}) = #lk), (3) See Exercise 5.14. The
negative binomial is stated more generally in some sources with probability
mass p, = ['(p + k)p”(1 — p)¥/(k! T(p)) for p > 0. This is also referred to
as the Pdlya distribution. The entry in this table is then relegated to the
status of a special case for p = r = a positive integer and is called the

Pascal distribution.
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This uniform random variable is said to be

— R - R
[43 'f X _ X _ -77
uniform on [ 5 5 ]
A randomly chosen angle is oft modelled as a uniform random variable on
[0, 27] or [—m, 7).
The characteristic function of the uniform random variable is

dy () = sinc(Ru) e 724X,

5.2.2.2 The Triangle Random Variable

The triangle (or uniform difference) random variable with mean X and
variance )
o2 = &
X6

has a probability density function of

fx(z) = % A (z RX) :

A triangle random variable results from adding two independent random
X—-R X+R
2 0 2
X+R
2
The characteristic function of the triangular random variable is

variables uniform on [ } or, equivalently, subtracting a random

variable uniform on {—

, #} from another uniform on [%, #} .

®x (u) = sinc?(Ru) e I2muX.

5.2.2.3 The Gaussian Random Variable

The probability density function of the Gaussian random variable is com-
monly referred to as the bell shaped curve®. The Gaussian random variable
is often chosen to be the underlying random variable in experiments - an as-
sumption which can be inappropriate. The central limit theorem!? has the
Gaussian random variable as the limiting model of the sums and averages

of many random variables.

9 See Figure 5.8.
10 See Section 5.2.5.
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FIGURE 5.3: The Gaussian probability density function for various values

of .

The Gaussian random variable is also referred to as the normal random
variable.
The probability density function with mean X and variance 0% is

1 _e-x)?
fx(@) = —Z=——e ™%

V2T ox

Some plots are in Figure 5.3.
The characteristic function of the Gaussian follows directly from the
Gaussian’s Fourier transform'!'. From Table 5.1, the second characteristic

function for the Gaussian random variable is
Ux(u) =In®x(u) = —j2ruX — 2(ruox)?.

The first and second derivatives using (5.14) and (5.15) reveals that the

mean of the Gaussian random variable is X and its variance is 0%.

5.2.2.4 The Exponential Random Variable

The exponential random variable has many uses, including in the fields
of queuing theory and reliability. A time of failure of a light bulb whose
operation begins at time zero is often modelled as an exponential random
variable. The time from receipt of a given bit packet to the arrival of the
next bit packet is often modelled as an exponential random variable.

1 Gee Section 2.3.5. An alternate derivation is in Exercise 5.7.
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The exponential random variable with parameter A > 0 has a probability
density function of

fx(x) = Xe ™ p(z).

Straightforward integration gives the corresponding characteristic function.

A

y(u) = —
x(u) X + j2mu

(5.22)

The exponential random variable is a special case of the gamma random

variable and the generalized Gaussian random variable.

5.2.2.5 The Laplace Random Variable

With mean X and scale parameter «, the Laplace random variable has a
probability density function of

ety = & emele X

Laplace noise is used to measure impulsive disturbances such as lightening
[971]. From the Fourier transform in Table 2.4 and the scaling theorem, the

corresponding characteristic function follows as
2
o o X
Py()= — e—j27ruX-
x(u) (2mu)? + a2

The second characteristic function is therefore
Ux(u) =2 In(a)—In((2mu)?+ a?) — j2muX.

The first derivative is then

d 2(27)%u

@\I}X(u) = 7(

L —j2nX
27ru)? 4+ o2 Jen

which dictates, unsurprisingly, that the mean is X. Differentiating again
gives

( ; )2 U (u) = —2(27)° [(2mw)? + a?] — 2(2mu)?

du [(2rw)? + a2]?
Hence
2 2



5. Probability, Random Variables & Stochastic Processes 310

5.2.2.6 The Hyperbolic Secant Random Variable

Hyperbolic secant noise has tails that decay in the same manner as those
in Laplace noise and is used to model similar phenomena. With scale pa-

rameter, «, its probability density function is
fx(z) = a sech(rax). (5.23)

From the list of Fourier transforms in Table 2.5, we find the following

characteristic function.
™
®x (x) = sech (—) .
«
The second characteristic function is

Ux(z)=—1In (cosh (%)) .

» Sinh(z
i\IJx(U) = “a WE“))

Thus

3

of2 2

- 2 b (22)
Since the probability density function in (5.23) is even, we are not surprised
to see the mean is equal to zero. Since

d 2
o tanh(f) = 1 — tanh(6),

the second derivative of the second characteristic function is

(i) o= ()" [ ()]

Using (5.15), the corresponding variance of the hyperbolic secant random
variable is

2 _
Ox = T2

5.2.2.7 The Gamma Random Variable

The gamma random variable with parameters of A and « has a probability

density function

AAz)@~le=A 1y(x)
I'(a)

Special cases of the gamma probability density function are as follows.

fx(x) =

(5.24)
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FIGURE 5.4: The x? (chi-square) probability density function with k de-
grees of freedom. fy () = (x/2)~1TF/2e=2/2(x) /T (k/2).

1. The chi-squared random variable, also written as the y2-random vari-
able, is the special case of the gamma random variable for A = % The
sum of the squares of k i.i.d. zero mean unit variance Gaussian ran-
dom variables is a chi-squared random random variable. Probability

density function plots are shown in Figure 5.4.

2. The Erlang random variable is a special case of the gamma random
variable for & = k. The sum of k i.i.d. exponential random variables is
an Erlang random variable. Probability density functions, are shown

in Figure 5.5.

To derive the characteristic function for the gamma random variable in

Table 5.1, we explicitly parameterize its characteristic function by a.

w)\()\x)aqef)\x s
P x(u, :/ L eTRmulgy
Xw= J T

Integrate by parts.
@ = (Ax)*T(a) ; do = e ei2mur y

da (a — D122 72dx /T (a) ; b = —e MeTIIMuT /(X 4 j2mu) .

AAz)* 2dx /T (a — 1)
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0.4 T T T T

25

FIGURE 5.5: The normalized probability density function for the Erlang
random variable, fx(x/\)/A=a™ te Cu(x)/(m — 1)

Thus

_ za—l _ — 2 oo
Cx(u,0) = Giprarme e T o
0o A)* %z, —j2ruz 1
+Jo ta—y e e’ AT T 75m07x
or
® ( ) (I)X (U, o — 1)
u,o) = ———.
XA 1+ j2mu/A

A solution of this recursion is the entry in Table 5.1 which we rewrite here.

x(u,a) = (W)a (5.25)

The gamma random variable for a = 1 is the exponential random vari-
able. The characteristic function in (5.22) verifies a boundary condition
and therefore the validity of the solution in (5.25) is established.

The second characteristic for the gamma random variable follows as

Ux(u)=—a ln (1+ ‘72:“) .

The first derivative follows as
d —j2ra/A
Z _ _JerA
du x(u) 1+ j2mu/N’
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and the second derivative is
d\? —a(2m/\)?
(1 oxto - oz,
du (14 j2mu/N)

From (5.14) and (5.15), the mean and variance of the gamma random

variable follow as
o

Y e .2
- (5.26)
and
«

The mean and variance of the exponential, Erlang and chi-squared random

variable follow as special cases.

5.2.2.8 The Beta Random Variable

The beta random variable with parameters b and ¢ has a probability density

(1l —x)° 1
fx (@) = BOilerD) II (x — 2) (5.28)

where B(b,c) is the beta function defined in (2.68). The uniform random

variable on [0, 1] is a special case for b =c¢ = 0.

function of

Since (5.28) is a probability density function that must integrate to one,

we have )
/ 2’(1 —z)°dx = B(b+ 1,c+ 1).
0

Thus L
/ 21 — 2)%x = B(b4+n+1,c+1)
0

and the nth moment of the beta random variable follows as

1 b+n _ c
X7 — / A Gl S
0

B(b+1,c+1)
_ Blb+n+1,c+1) Th+n+1) T(b+c+2) (5.29)
~ Bb+1l,e+1)  T(b+1) T(b+n+c+2) '
Using the gamma function recursion in (2.67) gives the mean as
< b+1
b+c+2

and the second moment is
S b+2)(b+1)
(b+c+3)b+c+2)
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"e=0

T Aol \
Wi

0 0.2 0.4 1 . . . X 1

FIGURE 5.6: The probability density function for the beta random variable
in (5.28). The beta probability density function has symmetry in the sense
that fX(xa b7 C) = fX(]- — ¢, b)

The variance follows as

(b+1)(c+1)
(b+c+3)(b+c+2)?

ox =

5.2.2.9 The Cauchy Random Variable

The Cauchy probability density function is

_ajm
2242

fx(x) (5.30)

The ratio of two independent zero mean Gaussian random variables is a
Cauchy random variable. For this reason, the Cauchy random variable is
also referred to as the Gaussian ratio random variable.

The Cauchy probability density function has much larger tales than the
Gaussian probability density function. This is shown in Figure 5.8.

The mean of the Cauchy random variable in Table 5.1 is not defined. We

can show the this is two ways. The first is through use of its characteristic
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FIGURE 5.7: The probability density function for the Cauchy random

variable in (5.30) for various values of a.

function in Table 5.1. We take the log to find the second characteristic
function.

Ux(u) = —27malul.
The derivative follows as

% Ux(u) = —2ma sgn(u).
Using (5.14) to find the mean of the Cauchy random variable necessitates
the dangerous practice of evaluating a continuous function at a discontinu-
ity, namely sgn(0). In this sense, the mean of the Cauchy random variable
is undefined.
Alternately, we can examine the integral in (5.5) for k = 1. First, let’s

consider some background. Since 1/x is an odd function, one might suppose

b
/ Zdr=0 «7? (5.31)

1
1
/ — dx = oo,
o T

we are, in (5.31), making the dangerous assumption that

Since, however

oo —o0=0.

We can, though, accurately write

—e€ 1 1
lim[/ +/}dx:0.
e—0 1 € €T
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This is referred to as the Cauchy principle value.

A similar problem occurs in evaluating the first moment of the Cauchy
random variable. Using the probability density function in Table 5.1 and
(5.5) for k =1 gives,

— e a/m
Like (5.31), we might suppose that, since the integrand is odd, this integral
goes to zero. Note, though, that (1) since, for large z,
a/m R a/m
22 + o? x

and (2) the tail of the curve 1/z has infinite area, we conclude

oo
(%
0 e+

Thus, like (5.31), we are left with an co — oo situation in evaluating (5.32).

All positive even moments of the Cauchy random variable are infinite.
The positive even moments of the Cauchy random variable are, for k =
1,2,3,---

. (oo}
X2k — / x%%dw (5.33)

—0
As & — 00, the integrand approaches az?*~1) /7. For k = 1,2,3, - - -, this
corresponds to an integrand with infinite area.

There is an alternative explanation for the infinite second moment of the
Cauchy random variable. The second derivative of the Cauchy characteris-
tic function contains a Dirac delta at the origin and the second moment is
proportional to §(0) = co.

5.2.2.10 The Deterministic Random Variable

The phrase deterministic random variable seems to be an oxymoron. It is
not. A model of randomness must contain deterministic events as a special
case. The probability density function for a deterministic random variable
with parameter a is

fx(x)=0(z —a).
All of the probability mass of the density function is at x = a. The char-

acteristic function of the deterministic random variable is

(O3 (u) = e J2man,
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0.4} Gaussian ]

FIGURE 5.8: The Cauchy probability density function with parameter a =
1 and the Gaussian probability density function with zero mean and unit

variance..

Thus
Ux(u) = —j2mau.

The mean and variance of the deterministic random variable are
X =a

and

Let fy(x) denote the probability density function of a random variable,
Y. Then!?

lim rfy (rz) = 6(z).

r—>00

To see this, Let Z = Y/r. The probability density function of Z is

fz(x) =rfy(rz).

Independent of the distribution of Y, the random variable Z approaches
the deterministic value of zero as r — oo.

12° A similar problem is addressed in Exercise 2.17.
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5.2.2.11 The Bernoulli Random Variable

A Bernoulli random variable has success with probability p and failure with
probability ¢ = 1 — p. A zero is assigned to a failure and one to a success.

The probability density function follows as
fx(@) = (1= p)d(x) + po(z — 1).
The corresponding characteristic function is
Dx(x) = (1 — p) + peI2mue,

The performance of an experiment to generate a Bernoulli random variable,
e.g. the flipping of a fair coin, p = %, or getting 3 dots on the rolling of a
fair die, p = &, is dubbed a Bernoulli trial.

5.2.2.12 The Discrete Uniform Random Variable

The discrete uniform random variable, with parameter IV, has probability
mass of % for 0 < k < N. Its probability density function follows as

L N
fx(z) = N > (t—n)
k=0

The Bernoulli random variable is a special case for N = 2.
The corresponding characteristic function is obtained using a trigono-
metric geometric series™®. The result is

Bx(u) = e 7™ NDU array  (u).

The mean and variance of the discrete uniform random variable is best
calculated directly rather than through manipulation of the characteristic

function. Since

N-1 1
> on= 5V =1N,
n=0
The mean follows as
— N-1
X=—.
2
Similarly, since
N-1
> n?=_-(N-1)N@2N - 1),
n=0

13See Section 16.4.2.2.
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FIGURE 5.9: The binomial probability mass function with for p = %
Points are connected linearly. See Figure 5.10 for the case of p = 0.75. . A
waterfall plot of the same data is in Figure 5.23.

the second moment is
— 1
X2 = E(N —1)(2N —1).
The variance of the discrete uniform random variable follows as

2 yry -2 ].

= S(N=1)(N +1).

5.2.2.13 The Binomial Random Variable

The probability density function for the binomial random variable with

parameters n and p is
" /n
fx(@) = kz_; <k>p’“(1 —p)" RSt — k).

The binomial random variable is a discrete random variable of the lattice
type. It models the number of successes, k, in n repeated i.i.d. Bernoulli
trials with probability of success, p. The probability mass functions are
shown in Figures 5.9 and 5.10. (See also Figures 5.23, 5.24, and 5.25.)



5. Probability, Random Variables & Stochastic Processes 320

T T T T T T T T
p=075 |
n=1 4
A
/A‘.
2 7
/ A1
\
/3=
ARRAVREN 1
’ \ \ 6~
\.7 > 7
, X, N SO0 .- -9 -~ e
Voo, <. > —<_>n=10
’ v, NN T < ~a
y PAl RN x N, N -
A , P _)// N N N
4 (W RS P N N AN
s - \ 7 - > N N ~ u
- P P \.\ N Sl N
_ - ;_,._;\«_" ——“"/ \ \ o SO
2 3 4 5 6 7 8 9 10 k

FIGURE 5.10: The binomial probability mass function with for p

Points are connected linearly. See Figure 5.9 for the case of p =

wi= |
u> [NV

waterfall plot of the same data is in Figure 5.24.

The characteristic function of the binomial random variable follows as
Dx(u) = [7 fx(@)e ™ de
= i (et
S0 (0) (pemi2m) gt

(p e—J2mu + q)”

where ¢ = 1 — p and, in the last step, we have used the binomial series'#.

For the mean of the binomial random variable, we evaluate

d . . o
d—JJX(u) = —j2mnp e I2m (peﬂ%“ + q) '
u

Thus, using (5.9),
X = np.

Differentiating again

2
() @) = (a2mPe s (e 4 )" [(p e 4 q) 4 (- 1]

Again using (5.9) gives

X2 =np+ (n— 1)np*.

14 See Appendix 16.4.1.
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FIGURE 5.11: The Poisson probability mass function for various values of
«. (Points are connected linearly. A waterfall plot of the same data is in
Figure 5.26.)

The variance of the binomial random variable is thus

0% = X2~ (Y)Q =np(l — p).

5.2.2.14 The Poisson Random Variable
The Poisson random variable with parameter @ > 0 is a discrete random
variable of the lattice type. Its probability density function is

o0

ok
fx(z)=e"" Z o 5z — k).

n=0

Example plots of the corresponding probability mass functions are shown

in Figure 5.11. The corresponding characteristic function is

oo (Oéefj27ru)k

k!

Using the exponential Taylor series in (2.34) gives the desired result.
Px(z) = e Yexp (ae™7*™) .

The second characteristic function is then

Ux(u) = —a+ ae 72,
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Since p
N ) —j2mu
= x (u) j2mae ,

the mean of the Poisson random variable, using (5.14), is
X =a. (5.34)

Differentiating again gives

(i) Wi (u) = —(2r)%ae =92,

and the variance follows from (5.15) as
0% = a. (5.35)

Interestingly, then, the Poisson random variable’s mean is equal to its
variance.

The Poisson Approximation. The probability mass of the binomial
random variable can, under certain constraints, be approximated by the
probability mass of the Poisson random variable. The binomial random

variable’s probability mass is

Pr = (Z)pk (1—p) (5.36)

The approximation criteria are

pkl (5.37)
and
n> 1. (5.38)
Therefore, we expect
k < n. (5.39)
As a consequence
n |
(k) = k!(r:ik)!
o 1 n(n—1)---(n—k+1)(n—k)(n—k—1)---
T (n—k)(n—k—1)--- (540)

E

n

k!

Q
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Also, since n > k, we have (1 — p)" % ~ (1 — p)*. For p < 1, we can
approximate (1 — p) ~ e~ P. In summary,

I-p)" " ml-p =) ="

This and the approximation in (5.40) when substituted into (5.36), give

k
P = (Z)pk (1-p)"F = 6_’”’% (5.41)

The binomial probability mass can therefore be approximated by a Poisson
probability mass.

5.2.3 DISTRIBUTIONS OF SUMS OF RANDOM VARIABLES
We now examine distributions of the sum
n
Sp = Xp. (5.42)
k=1

For continuous random variables, the probability density function of the
sum is a continuous function. For discrete time, the probability density

function is of the form
fs. (@)=Y ps,[k6(x — 1)
k=—o00

where pg, [k] is the probability mass. In either case, the characteristic

function of the sum is

@Sn (U) - E [67j27rusn]
= Elexp(—j2mnud_;_, Xi)]
= E[[lp=, exp(—j2muXy)]

5.2.3.1 The Sum of Independent Random Variables

If the random variables are independent, the characteristic function of the

P, (u) = [lizy B[ exp(—j2muXy)]
(5.43)

= iz @xic(w).
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The corresponding second characteristic function follows.
Vs, (u) =Y U, (u). (5.44)
k=1

Differentiating both sides and applying (5.14) reveals that the mean of the

sum of independent random variables is the sum of the means.
Sp=> X (5.45)
k=1

Similarly, differentiating (5.44) twice and applying (5.15) shows that the
variance of the sum of independent random variables is equal to the sum

of the random variables’ variances.
n
2 2
o5, = E X, - (5.46)

These results indicate how functions shift and spread when they are

convolved. Taking the inverse Fourier transform of (5.43) gives

fs, (@) = fx, () % fx, (@) % - % fx () % fx, ()

The center of mass of fs, (z) is the sum of the means in (5.45). The dis-
persion of the convolution, og, , becomes larger, as indicated by the sum

in (5.46), i.e. the operation of convolution spreads.

5.2.3.2 Distributions Closed Under Independent Summation

We say a random variable is closed under independent summation if the
summation of independent random variables in a class results in random
variable in that same class. The sum of independent Gaussian random vari-
ables, for example, is a Gaussian random variable. Exponential, uniform,
Laplace and geometric random variables are not closed under independent

summation. Here are some random variables that arel®.

o Gaussian Random Variables. If n independent Gaussian random vari-

ables with parameters X}, and O'g(k are added, the characteristic func-

15The Pearson III random variable is treated in Exercise 5.12 and the negative
binomial random variable is analyzed in Exercise 5.14. Both are closed under
independent summation.
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tion of their sum is
n —j2ruXy ,—(2 2
Pg, (u) = [l e 77 ke (omuexy,)

= exp (fj27ru 22:1 X7k) exp (—(27ru)2 ZZ=1 crg(k)

_ e—j27ruS7nef(27ru)2o—§n )

Therefore, the sum is also distributed as a Gaussian random variable

S -3%
k=1

with mean

and variance
n
_ Z 2
USn - UXk .
k=1

Gamma Random Variables. If n independent Gamma random vari-
ables with parameters A and «y, are added, the characteristic function

of their sum is that of a gamma random variable. Specifically,

1

(DSW, (U) = (1 T j27ru//\)a5"

where
n
ag, = E QL.
k=1

The result extends to Erlang and chi-square random variables which

are special cases of the gamma random variable.

Cauchy Random Variables. We add n independent Cauchy random
variables. The characteristic function of the sum is

s, (u) = Il el

= exp(=27lul Y20y o)

_ e—2pia5n|u\

The result is a Cauchy random variable with parameter

n
Oésn = E A .
k=1
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e Poisson Random Variables. The sum of n independent Poisson ran-

dom variables with parameter o is

Os, (u) = [Li—exp (ax (e772™ —1))

exp (Lo ik (e772™ — 1))

= exp (Oésn (e‘jzm — 1))

The sum is a Poisson random variable with parameter

n
as, = E Q.
k=1

5.2.3.3 The Sum of i.i.d. Random Variables

We now examine the specific case of the density function of the sum when
all components are identically distributed. If, in addition to being inde-
pendent, the random variables are identically distributed, then all of the
characteristic functions of the random variables in the sum are identical
and

Dy, (u) =Dx(u) for 1 <k <n.

The characteristic function of the sum in (5.43) then becomes

and

5.2.3.4 The Average of i.i.d. Random Variables

The average, or sample mean, of n i.i.d.random variables is
A —1iX—1S (5.47)
n — n ] k= n n- .

Following the same procedure as for the sum, we obtain

By (u) = O (%) . (5.48)
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The second characteristic function of the average is
U
U (u)=n Uy (f) . (5.49)
n
Differentiating once gives the mean of the average as

Tn _ 1 d \I/An (0)

—j27 du

n

—j27 %\IIX (%)}uzo (550)

= X.

The average is used to estimate the mean. Therefore, the expected value
of the average should be equal to the mean. We have here showed that it,
indeed, is.

As the number, n, of samples increases, the accuracy of the average in
estimation of the mean should increase. The uncertainty of the average in
estimating the mean is the standard deviation, o 4,,. This can be obtained
by taking the second derivative of (5.49).

—n 2 u
A= e ) e ()]

(5.51)

= o%/n.

The dispersion, o4, , therefore decreases by a factor 1/y/n and, as n — oo,
goes to zero. Thus, not only does the expected value of the average equal
the mean, but the uncertainty of this measure goes to zero as n tends to oo.
Recall the deterministic random variable has zero variance'S. The result is

better stated using a law of large numbers.

5.2.4 THE LAwW OF LARGE NUMBERS

The law of large numbers states that, as the number of samples used to
compute the average in (5.48) increases, the average approaches the mean.
Thus, as the number of rolls of a fair die increase without number, the

percentage of instances where six dots show will approach %
Theorem 5.2.1. The weak law of large numbers!” states for a random
16See Section 5.2.2.10.

7 The strong law of large numbers is that, if W < 00, then limy, o Pr[A, =
X] =1, i.e., the average converges almost surely to the mean.
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variable with finite mean and variance, for any € > 0, that
ere
lim fa, (z)dx = 1. (5.52)

n—oo =X —¢

Thus, all of the probability mass of the density function for the average
squeezes into the interval X £e. In the limit, the density function resembles
that of a deterministic random variable. This is illustrated in Figure 5.12

for the uniform random variable.

n=1 2

4
; 8 /
T n=1 / 16
32 NNy 2 32
j/64 | 16\_8\1\-._:\—! X //164

X X

FIGURE 5.12: An illustration of the law of large numbers in (5.52) for a
uniform random variable. As the number, n, of samples used in the average
increases, the probability density function, as shown on the left, approaches
a Dirac delta centered on the mean, X. An arbitrarily large percentage
of the probability mass can thus be contained in any fixed neighborhood
around X. On the left are shown the probability density functions, fa, (z),
for various values of n. The plots on the right are of the same functions,
but each has been normalized to have the same maximum value. Note also,

as required by the central limit theorem, a Gaussian shape emerges.

Proof. To show the weak law of large numbers, we use the Chebyshev
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inequality in (5.18).

From (5.50), the expected value of the average is equal to the random vari-
able’s expected value. If we also apply the variance relationship in (5.51),
Chebyshev’s inequality becomes

/xx|<a fa,(@)dz =1 - % (%)2

As n — oo, the right side of the inequality approaches one and the weak
law of large numbers in (5.52) follows. O

5.2.4.1 Stochastic Resonance

The law of large number establishes that the average converges to the
mean. We present an example of stochastic resonance that illustrates the
law of large numbers [1005]. Stochastic resonance is loosely defined as the
phenomenon in a detection process wherein the addition of just the right
amount and type of noise improves performance. Too little or too much
noise result in degraded performance. The phenomena has numerous man-
ifestations [23, 521, 1005, 1082, 1273, 1749]

Pictures of the type illustrated in Figure 5.13 are used to illustrate a type
of stochastic resonance when a simple threshold detector is used [1005]. A
gray level image is subjected to noise and is then subjected to a thresh-
old. Too little noise renders the picture unrecognizable as does too much
noise. When just the right amount of noise is added, a semblance of the
original image is evident. The ae = 0.5 image from the right is at stochastic
resonance.

Let a pixel in the image be denoted by x where x is a gray level between
zero and one. We choose to corrupt the pixel by noise = with a uniform
random variable with probability density function

1 §
f=() = 511 (2‘@) : (5.53)
The pixel now has a value of Y = x 4+ =. We threshold this at a level T’
to obtain either a value of zero (black) or one (white). This value is the

random variable
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W must either be one or zero. Its expected value is

W) = & [0 nla+€-T)d
1 ;o T'—z<—«a
- if;:sz dgza%jsrm ;. —a<T—-zr<a
0 ;o T—z>aw
For .
a=T=g, (5.54)

we are at stochastic resonance because, at these values, the expected value

of the threshold is equal to the pixel’s value.
W(z) = z.

For « and T at any other values, we are not at resonance. Indeed, from
simply a visual grading, the o = 0.5 image in Figure 5.13 can be argued to
be the best representation of the original.

At resonance, the law of large numbers states that the average of a
number of W’s will approach = in the sense of (5.52). This is illustrated
in Figure 5.15 for an image at stochastic resonance. As the number of
images used in the average increases, the average looks more and more like
the original. The average using 1024 images is indistinguishable from the
original.

Figure 5.18 illustrates what happens at noise levels other than resonance.
The original of the image Brother Ray is shown in the upper left corner.
Each of the remaining images is for 1024 averaged images subjected to
noise at a level o and then clipped. As in the previous example, resonance
occurs at o = % a =0, % is too little noise, and o = %, 1 in is too much
noise. They do not faithfully reconstruct the original image.

Stochastic resonance, in another context, is the topic of Exercise 5.23.

5.2.5 THE CENTRAL LIMIT THEOREM

The central limit theorem states that, under loose conditions, the sum of
random variables will be a Gaussian random variable. For independent
random variables, the central limit theorem results from the property that

convolution of a number of functions, under mild conditions, will approach
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a Gaussian shaped curve. We will illustrate this for the sum of i.i.d. random

variables. Define the normalized random variable

An - Tn
Ly = ———. (5.55)
UA,,L
It follows that
Zy=0
and
0z, = 1.

Our derivation will be made simpler by assuming X = 0. This is done
without loss of generality since shifting a probability density function to
the origin to give a zero mean followed by autoconvolution is equivalent to
autoconvolving first and then shifting. Since X = 0, we have A,, = 0, and

the characteristic function of (5.55) is

By, (u) = E[e7?muin]
= F [exp (—j?ﬂu%m.)}
= F [exp <fj27ru Ay )]

TAn

Using the characteristic function of the average in (5.48) and (5.51) gives

q)Zn (u) = CI)A” (n(;:n>

— n u

- o ()
Use the Taylor series of the characteristic function for the random variable
X in (5.10) gives

(oot (322)" )

Pz, (u)

C g 2 _ 52
;  since X? =o%

— (17(271'1;)2 ?+)n ; sinceY:()

H
|
B
3

e

[V
_|_

N———
3
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The higher order terms have powers of n that will tend to zero as n in-

creases. We can now make use of the limit'® for large n
®yz, (u) = exp (—2(mu)?)

From Table 5.1, this is recognized as the characteristic function of a Gaus-
sian random variable with zero mean and unit variance. Note that this
derivation of the central limit theorem for the sum of i.i.d. random vari-
ables makes the assumption that the mean and variance of the random
variable X exist. Such is not the case, for example, with the Cauchy ran-

dom variable and certain cases of the Pareto random variable.

5.2.5.1 The Central Limit Theorem Applied to Randomly Generated
Probability Density Functions

e Adding i.i.d. uniform random variables together results in a prob-
ability density function equal to the convolutional concatenation of
N rectangle functions. This is illustrated in Figure 5.19. The result
is becoming graphically indistinguishable from the Gaussian as NV

increases.

e The central limit theorem is also applicable when the probability den-
sity functions are not identical. This is illustrated in Figure 5.20 where
six randomly generated probability density functions are shown. The
convolution of these functions is shown in Figure 5.21. The Gaus-
sian with the same mean and variance is shown with dashed lines.
The curves are similar. An example of the cumulative convergence
is shown in Figure 5.22 where, in each step, a new randomly gener-
ated probability density function is added. Graphically, we have close

convergence to the Gaussian using six functions.

5.2.5.2 Random Variables That Are Asymptotically Gaussian

Many of the distributions discussed herein that are closed under addition
approach Gaussian random variables. We adopt the following shorthand
notation for the Gaussian random variable.

— 1 (r — X)?
N(X, 0%;2) i= —— - .
( y O X5 l‘) TTFO'X eXp < 20_§( )

8 See (16.3) in Appendix 16.3.
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The sum of many i.i.d. random variables asymptotically approaches a Gaus-

sian.
sum.
list.

We need only identify the mean and variance of the random variable

This becomes the mean and variance of the Gaussian. Here is a partial

Gaussian random variable.

1
fs,(x) = m eXp (—

(r —nX)?

— X 2.
SnoZ ) —N(nX,nUX,m)

Gamma random variable.

fo (2) = A(Az)ra—le=Az N (na no )

I'(na) ot

Erlang random variable.

nm—1_,—\z
fs. (z) = A(Ax) e N (nm nm )

(nm — 1)! Bt

Indeed, note the n = 13 plot of the Erlang probability density func-

tion in Figure 5.5 resembles a Gaussian curve.

Chi-square random variable.
x(nk72)/26793/2

fs.(z) = 2nR/2T (nk/2)

— N (k,2k; ) .

The k£ = 13 plot for the chi-squared probability density function in

Figure 5.4 closely resembles a Gaussian curve.

Binomial random variable. For notational clarity, let the random vari-

able parameters be p and m. As always, ¢ =1 — p.

nm
s, [k] = ( f )p’“q”m — N (nmp, nmpg; x) .

The binomial graphically approaching a Gaussian curve is graphically
evident, for p = %, in Figure 5.23 and, for p = 075, in Figure 5.24.
The central limit theorem applies to the binomial random variable

for p = 0.95 but, as evident in Figure 5.24, convergence takes longer.

Application of the central limit theorem to the binomial random vari-

able is oft called the deMoivre-Laplace theorem
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e Poisson random variable.

k,—na
ps, k] = (noz)ki'e — N (na, na; ) .

The approach of the Poisson random variable to the Gaussian is

graphically evident in Figure 5.26.

e The negative binomial random variable’s probability density function

approaches a Gaussian as r — co. See Exercise 5.14.

e The Pearson III random variable’s probability density function as the
parameter p — oo. See Exercise 5.12.

5.3  Uncertainty in Wave Equations

A function, tx(x), possibly complex, is said to be a wave function if
fx(x) = [1x(x)|? is a probability function. Let ¥y (v) be the Fourier trans-
form of ¢ x (x). Then, from Parseval’s theorem,

) )
| lex@Pae= [ juvpa -
—o0 —0
and fy-(v) = |¥y(v)]? can also considered a probability density function.
Thus, Wy (v) is also a wave function. The scaling theorem states that,
as a function is stretched in one domain, it is squeezed in the other. We
thus expect that, as the variance in one domain is increased, the variance
in the other will decrease. This property is expressed via the uncertainty

relationship

1
oyox Z E (556)

The uncertainty relationship is used in Section 15.3 to derive Heisenberg’s

uncertainty principle from Schrodinger’s equation.

Proof. To show the uncertainty relationship in (5.56), we will assume, with
no loss of generality, that both X and V are zero'®. Then 0% = X2 and

YFor arbitrary V, the new wave function ¢x(z) = ¢hx (:r)eﬂmv will give a

Uy (v) with a zero mean.
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o%0? = ffooom2fx(x)dx ffooov2fv(v)dv
= [Z 22 |ox (@) dx [ 02| Dy (v)|* dv (5.57)

2
dv

o [e’e} 2 1 [o'e) dy
= 7 leox (@) de gl 7, |
where, in the last step, we have used the power and derivative theorems.

Schwarz’s inequality?® is

‘ 3%/_(: g(x)h*(x)dx

We apply this to (5.57) with

2

< [ latras [~ pof as

— 00

9(x) = ripx(z)

d
. i (2)
M) = dr
The result is
2
kot = g | R (evk (@) 22))]
2
= @ %f_w%xﬁ(wx(x)w;((x))‘ (5.58)

2
= e d%fx(:c)da:‘
If X is finite, then?!

l'fX(x”a:::I:oo =0.

Integrating by parts

[T e Lix@)de = 2fx(@)|smtoo + [T fx(@)da
=1
Substituting into (5.58) gives
1
2 2
IXOV Z (e
which is the desired result. O

208ee Appendix 16.1.
2l Since X = 75 xfx(x)dx, the integrand must go to zero at +oo if the
integral is finite.
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5.4 Stochastic Processes

A stochastic process can be either discrete or continuous time signal and
can be used to model either noise or a signal. In many applications, the first

and second order statistics of a stochastic process suffice for a description.

Example 5.4.1. Poisson Point Processes. The Poisson approximation in
(5.41) is valuable for modelling random points on a line. Consider the in-
terval [0,¢] and a subsumed subinterval of duration T'. If a point is placed
randomly on [0, ¢], the probability it lands in the subinterval T is

p:?_

Repeat the trial n times, The number of successes is a binomial random
variable with parameters n and p. Keep T constant and let ¢t and n be large
keeping constant their ratio
n
A=—
t
The criteria in (5.37, 5.38,5.39) for the Poisson approximation are fulfilled

and, using (5.41), we have

pe e T (A;F!)k (5.59)
As n and t grow without bounds, the approximation becomes exact. The
n = oo points on the interval from zero to oo are said to be a Poisson point
process with parameter A. This stochastic process is used to measure, for
example, random arrival of photons on a photodetector and arrival of mes-
sages at a router. It is also a good model for the pops heard when popping
popcorn and the audible hits of rain on a metal roof. The cumulative spot-

ting of a sidewalk by light rain is an example of a spatial Poisson process.

5.4.1 FIRST AND SECOND ORDER STATISTICS

The mean of a continuous time stochastic process, £(t), is
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where E denotes the expected value operator. The noise level is the variance

of the process:

var£(t) = E[j£@t) — @)

= [P -1

If a process is zero mean, then £(t) is zero and the noise level is |{(¢)]2. If

a process is a signal, this is called the signal level.

Both the mean and noise (signal) level are first order statistics since they
are only concerned about the process at a single point in time. Second order
statistics are concerned about the process at two different points in time.

The autocorrelation, for example, is

Re(t,7) = E[§(1)¢ (7)) (5.60)

Note that

Re(t,t) = [£(2)]%. (5.61)

Similarly, the cross correlation between two processes, £(t) and 7(t), is
defined as

Ren(t,7) = E[E@)n"(T)]-

Example 5.4.2. Poisson Point Process Mean and Autocorrelation.
Using the Poisson point process in Example 5.4.1 for a given A, define

the Poisson counting process by
X(t)={ k| k= the number of point on the interval (0,¢)}.

For a given t, the process X (t) is a Poisson random variable with parameter
a = At. Thus
E[X(t) =M

and

It follows that
X2(t) = M (1+ Xb)

For the autocorrelation, we write

Rx(t,7) = E[X(t)X(7)].
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Choose, for now, t > 7 so that the number of Poisson points on (0,7) is

independent of the number of points on (7,¢). Then

E[X(r) (X(t) - X(1))] = E[X()] E[X(t) - X(7)]
(5.63)

AT At —T)

Since

we have

=
>
=
2
I

E[X(r) (X(r) + X(t) — X(7))]

= E[X(r)(X(t)— X(1))+ X?(7)]
Using (5.62) and (5.63), we therefore have

Rx(t,7) = M ANt—7) + 7 (14 A7)

= MNtr4 A7

This, however, is valid only for t > 7. For the general case, the autocorre-

lation for the Poisson counting process is

Rx(t,7) = A*tT + Amin [t, 7] (5.64)

5.4.1.1 Stationary Processes

A process that does not change its character with respect to time is said to
be stationary. A process is said to be wide sense stationary (or stationary
in the wide sense) if it meets two conditions. First, the mean of the process

must be a constant for all time.

Secondly, the autocorrelation is only a function of the distance between the

two points of interest.

EE()E7 ()] = Re(t — 7). (5.65)

For such processes, the autocorrelation can thus be described by a one

dimensional rather than a two dimensional function?2.

22 For stationary processes, the two dimensional autocorrelation function be-
comes one dimensional. The autocorrelation therefore becomes invariant to shifts.
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Example 5.4.3. Let £(t) be the current or voltage through a one ohm
resistor. The instantaneous power is a stochastic process, P(t) = £2(t). If

&(t) is stationary, the average power dissipated by the resistor is
P(t) = &2. (5.66)

Therefore, the second moment of a stochastic process is associated with

power.

Properties of the autocorrelation for a real signal include

(a) Relation to second moment. For stationary processes, (5.61) becomes??

Re(0) = 22, (5.67)

Similarly, in discrete time

(b) Hermetian property. The autocorrelation obeys the symmetry con-
straint
Re(t) = Rg(—1). (5.68)
Similarly, in discrete time

Re[n] = R¢[-n).

(¢) Bounded by the second moment. The autocorrelation is bounded by

the second moment of the process?*.

|Re(7)| < €2. (5.69)
The property is also true in discrete time

| Reln]| < €2

This is similar to the linear system wherein, if the impulse response becomes a
function of one variable, the system is dubbed time invariant. In a thesaurus,
the words stationary and time invariant could appear as synonyms. Indeed, sta-
tionary stochastic processes are processes whose character does not change with
respect to time. A time invariant system is a system whose parameters do not
change with time.

23 See Exercise 5.25.

24 See Exercise 5.24 for a proof.
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5.4.2 POWER SPECTRAL DENSITY

The power spectral density, Se(u), of a wide sense stationary process can be
defined in continuous time as the Fourier transform of the autocorrelation.

Re(t) «— Se(u).

The power spectral density measures the power content of the process at
each frequency component.

For a wide sense stationary discrete process, the autocorrelation is

Re[n —m] = E{¢[n]£"m]}. (5.70)

The power spectral density for such processes is given by a Fourier series.

oo

Se(f) = Z Rg[n]e_ﬂﬂnf. (5.71)

n=—oo

For discrete time stochastic processes, the power spectral density is there-

fore periodic with a period of one.

5.4.3 SOME STATIONARY NOISE MODELS

Here we list some commonly used autocorrelation functions. For contin-
uous stochastic processes, the power spectrum’s inverse transform is the
autocorrelation function with
. oo
GO = [ Se(w) du (572
—0o0
or, for a discrete stochastic process,

1

€nZ = [ Se(f) df. (5.73)

1
5.4.3.1 Stationary Continuous White Noise
Real stationary white noise has an autocorrelation of

Re(1) = €2 6(7). (5.74)

Only for white noise does the notation |£[2 not correspond to the second
moment of the process. Indeed, the noise level for this process is infinite.

White noise is so named because its power spectral density

S(u) = €2 (5.75)
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has the same energy level at every frequency.

Because continuous white noise requires an infinite amount of power,
it does not physically exist. A physical noise which closely approximates
continuous white noise is thermal noise (or Johnson-Nyquist noise). The

noise, in volts, associated with resistor R ohms has power spectral density

Ju
S = 2RKT
¢(u) I
where
_h
kT

k is Boltzmann’s constant?®, h is Planck’s constant?%, and T is temperature

in degrees Kelvin. For Yu < 1, we approximate e’" ~ 1 4+ 9u and
Se(u) ~ 2RET = constant; [Ju| < 1.

Over this interval, thermal noise is therefore approximately white.

5.4.3.2 Stationary Discrete White Noise
This is a discrete process with autocorrelation
Re[n] = &2 d[n]. (5.76)

Note that one does not obtain a discrete white sequence by sampling a

continuous white noise process. Here, for example, the noise level is finite.

5.4.3.3 Laplace Autocorrelation

For a given positive parameter A, the Laplace autocorrelation of a real

process is
Re(r) = €2 A (5.77)
It follows that _
2)¢2
S = 5.7
e(w) A2+ (27u)? (5.78)

2 | =1.3807x 1071 JK*
26h = 6.626068 x 107** m? kg /sec?
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5.4.3.4 Ringing Laplace Autocorrelation

A special case of the Laplace autocorrelation is the ringing Laplace auto-
correlation where
Re(1) = €2 el cos(2mut)

where v is a given frequency. The corresponding power spectral density is

1
2r(u—0))? X+ @r(ut0))?

SdU)ZAgiA2+

5.4.4 LINEAR SYSTEMS WITH STATIONARY STOCHASTIC
INPUTS

A stochastic process, £(t), is placed through an LTT system with determin-
istic impulse response A(t). The system output is given by the convolution

n(t) = £(t) * h(t). (5.79)

Then the cross correlation between input and output is?’

Rye(r) = Re(r) « h(r) (5.80)
or, in terms of the power spectral densities,

Sye(u) = Se(u)H (u).
The output’s autocorrelation is
R, (t) = h(t) * K" (—t) * Re(t) = [h(t) * h(t)] * Re(t) (5.81)

or, in the frequency domain,

Su) = [H(u)[? Se(w). (5.82)

The same relationship holds for discrete time.

Example 5.4.4. Poisson point processes and shot noise. Extend the
Poisson counting process in Example 5.4.2 to (—oo0,00) and differentiate.

#See Exercise 5.22 for proofs of (5.80) and (5.81).
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The example is a sequence of Dirac deltas located at Poisson point locations

Y(t) = i 3(t —ty). (5.83)

n—=—oo

The autocorrelation is?8 [1175]
Ry (1) = A2+ X 6(7). (5.84)

The mean is
Y(t) = E[LX(t)]

= A
Since the mean is constant and the autocorrelation is a function of only 7,
the process is therefore wide sense stationary. The power spectral density

is the Fourier transform of (5.84).
Sy (u) = A §(u) + \.
Shot noise, for a given h(t), is defined as

n=—oo

Shot noise can therefore be obtained by placing Y (¢) in (5.83) through
an LTI filter with impulse response h(t). From (5.82), the power spectral

density of shot noise is thus

Sz(u) = |H(u)|?Sy(u)
= A2 5(u) [H(0)) + A [H(u)?

5.4.5 PROPERTIES OF THE POWER SPECTRAL DENSITY

The term power spectral density contains three words. From (5.85) and
Example 5.4.3, integration of S¢(u) gives units of power. Thus, S¢(u) is a
power density. Because integration is over frequency, it is a power spectral

density.

28Gee Exercise 5.19.
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5.4.5.1 Second Moment.

We can now substantiate (5.72) and (5.73). From the signal integral prop-
erty in (2.93) and (5.67), the area of the power spectral density is the second

moment of the stochastic process.

2= /_OO Se(u)du (5.85)

For discrete time stochastic processes, we use Parseval’s theorem for the

Fourier series in (2.19) and conclude

o 1/2
e - / Se(f)df

—1/2
5.4.5.2 Realness.

The power spectral density is real. To show this for continuous time, we

write the inverse Fourier transform
oo
Re(1) = / Se(u)el* ™t du.
— 00
It follows that o
Ri(—7) = / St (u)ed? ™ du,
— 00
Because of the Hermetian property in (5.68), we require that S¢(u) = S¢ (u)
which dictates that S¢(u) is real.
The autocorrelation for discrete stochastic processes is also conjugately

symmetric.

5.4.5.3 Nonnegativity.

The power spectral density is nonnegative. To show this for continuous
time, we pass £(¢t) through an LTT system with a frequency response equal
to one in the interval B — e < u < B + € and otherwise zero. The output is

n(t). Using (5.82), the second moment of the filter’s output is

? = ffooo Sy (uw)du

B+e
Bi Se(u)du

~ 2¢S¢(B)

The approximation becomes exact as ¢ — 0. Since 2 > 0, we therefore
must conclude Sg(B) > 0. This must be true for all B. Thus, S¢(u) > 0 for
all u.
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FIGURE 5.13: (Continued in Figure 5.14.) An example of stochastic res-
onance. The picture, Jeremiah, at the upper left is subjected to additive
noise in (5.53) for various values of a and is then thresholded at the mid
of the gray scale range. Values greater than 1 are pictured as white and
those below zero are set to zero. The a = 0 image is simply the original
image thresholded. The a = 0 corresponds to too little noise and o = 1.75
is too much. The optimal amount of noise, corresponding to stochastic res-
onance, lies somewhere in between. As shown in (5.54), a = 0.5 gives the
best stochastic representation of the original image.
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FIGURE 5.15: (Continued in Figures 5.16 and 5.17.) The average of a
number of binary realizations of an image, Baby Senator, at stochastic
resonance. The original image is shown at the top left. The averages of
a number of binary realizations is shown. For the average of 1024 noisy

images, the result is nearly indistinguishable from the original image.
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FIGURE 5.16: Continuation of Figure 5.15. Continued in Figure 5.17.
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FIGURE 5.17: Continuation of Figures 5.15 and 5.16.
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a=1

FIGURE 5.18: Image from averaging 1024 clipped noisy images of Brother

Ray at different noise levels. The o = 0 image is simply the original image
1

thresholded at mid gray level. Resonance occurs at o = 3.
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FIGURE 5.19: Hlustration of the central limit theorem. Each figure shows
the convolution of N rectangles, II(¢). Shown with dashed lines is the Gaus-
sian density function with the same mean and variance as the convolutions.
In accordance to the central limit theorem, the successive convolutions ap-
proach a Gaussian as N increases. The result for N = 4 is the Parzen

window.
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FIGURE 5.20: Six randomly generated probability density functions. The
length of each function was chosen randomly on the interval [1,200]. Over
this interval, numbers are chosen randomly on the unit interval for each
point. The function is then normalized to unit area. The convolution of

these six functions is shown in Figure 5.21.
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4.5 T T T T T T T
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FIGURE 5.21: An illustration of the central limit theorem. Shown is the
convolution of the six randomly generated probability density functions in
Figure 5.20. The Gaussian with the same mean and variance is shown with

the dashed lines.
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FIGURE 5.22: An illustration of the cumulative convergence of the central
limit theorem. In each step, a randomly generated probability density func-
tion is added. Each density function is generated in the manner explained
in the caption of Figure 5.20. The corresponding Gaussian in each case is

shown with dashed lines. Graphically, we have close convergence for six

component functions.
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FIGURE 5.23: A waterfall plot of the binomial probability mass function,
(R)pFq™F, for various values of n. In accordance to the central limit theo-
rem, the binomial probability mass function for p = % is seen to approach a
Gaussian as n increases. For p = 0.75, see Figure 5.24 and, for p = 095, see
Figure 5.25. (Points here are connected linearly. A plot of the same data
in a different format is shown in Figure 5.25.)

FIGURE 5.24: Continuation of Figure 5.23. Here, p = 0.75 The same plot
in a different format is shown in Figure 5.10.)
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FIGURE 5.25: Continuation of Figure 5.24. Here, p = 0.95 will approach a
Gaussian as n increases. Compared to the p = % plot in Figure 5.23 and the
p = 0.75 plot in Figure 5.24, a clear Gaussian shape has not yet emerged.

The value of n needs to be larger than considered here.

FIGURE 5.26: According to the central limit theorem, the Poisson proba-
bility mass function will approach a Gaussian as « increases. This is evident
in this waterfall plot. (Points are connected linearly. A plot of the same data

in a different format is in Figure 5.11.)
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5.5 Exercises

5.1.

Probability. Let’s assume a man wearing a boy scout leader’s uniform

has a son. In a conversation, you learn that he has two children.

1.

5.2.

1.

What is the probability that the man has two sons??? (Hint: It is not

3)

. In addition to the this information, the man says his son was born be-

tween noon and midnight.3° Show that this additional information?!

changes the probability the both of the man’s sons are male.

We can continue. The son was born during an even hour, e.g. between
midnight to 1AM or 2AM to 3AM or 4AM to 5AM etc. Or, assuming
we knew the percentages, the son is right handed. The son’s birth
was cesarean, etc. Does each new piece of information better the
probability? If so, what is the limit?

Envelope Probability.

You are given three envelopes. Inside each is a slip of paper with
a number written on it. All three numbers are different. The way
the three numbers are chosen is unknown. You examine the envelope
contents one at a time and can stop any time. When you stop, you are
stuck with the number in the last envelope you opened. You can stop
after looking at the contents of one, two or all three envelopes. You
win if the last number is the largest of the three numbers. Devise an

algorithm where you are guaranteed to win with probability p = %

You are given two envelopes. Inside each is a slip of paper with num-
bers written on them. The two numbers are not the same. The way
the numbers are chosen is unknown. You chose one of the envelopes
at random. You open it and look at the number. You must make a
choice. Either the number you hold is the largest number or the num-
ber in unopened envelope is and you have to make a decision. If you

choose the largest of the two numbers, you get a million dollars. If

29 Assume the chances of having a boy or a girl at 50-50.
30 We assume the chances of being born between noon and midnight is %
31 If the has two sons, we interpret this to mean that at least one of his sons

was born between noon and midnight. Maybe both.
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it isn’t, you get nothing. At first, it looks like anything you do won’t
help you win beyond a 50-50 chance. But is this true? Can you always
make a decision that gives you a strictly better than a 50-50 chance
of winning? Consider the following algorithm. Here are the steps.

(a) Choose any squashing function g(z) that maps (—oo, c0) to the
interval (0,1). As shown in Figure 5.27, the function must be
strictly increasing but is otherwise arbitrary. Examples are the

sigmoid
1

Fa)=——;
(Z‘) 1 _|_efowc’

a>0
or

1 1 _
g(r) = 5 + — arctan <H> ;0 >0, u real.
2 Vs g

(b) Choose an envelope at random and open it. The contents is the
number C. Let ¢ = g(C). Note that 0 < ¢ < 1.

(¢) Use arandom number generator, like on MATLAB, to produce a
uniform random variable X between zero and one. This random
number tells you what to do.

i. If X < ¢, then keep C. Do not open the other envelope.

ii. Otherwise, open the other envelope.

Here is a proof that this will result in a win with a chance greater
that 50-50.

(a) Let the two envelopes be marked A and B. Assume with no loss
of generality, that envelope B contains the biggest number so
that B > A. Thus, since g(x) is strictly increasing, g(B) > g(A).
Thus

b>a (5.86)

where b = ¢g(B) and a = g(4).

(b) Let p denote your probability of success. Since choosing en-

velopes A or B are mutually exclusive events,

p = Pr[(choose B and don’t switch envelopes) OR (choose A and switch envelopes)]
= Pr(X < b and you first chose envelope B.) + Pr (X > @ and you first chose envelope A).
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I
I
“--|a |
1 I
1 1 X

A B

FIGURE 5.27: Figure for Problem 5.2.

(¢) Given that each envelope is chosen with a 50-50 chance and X

is uniform, it follows that

—_
—_

p = sb+-(1-a)
1

= §+§(b—a)

— N
[\

From (5.86), b—a > 0 which means that the chances of winning
using this algorithm are greater than 50-50. That is

>1
p 5

Is this analysis correct?

(a) If so, illustrate convincingly using Monte Carlo simulations.

(b) If not, identify the location of the faulty reasoning in the proof
and explain why it is wrong.

5.3. Let X denote a random variable with units of volts.
(a) What are the units of the mean and variance of X7

(b) Since the units of the mean and variance are different, how can the mean
and variance of the Poisson random variable in (5.34) and (5.35) both be
equal to a?

5.4. If fx(z) is a probability density function, show that

(& o) ae=o

5.5. Gamma random variable moments.
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(a) Using the characteristic function of the gamma random variable, eval-
uate the expression for the mth moment of the gamma random vari-
able. Simplify the expression for the special cases of the Erlang and
the chi-square random variables.

(b) Using only the definition of the gamma random variable probability
density function in (5.24) and the moment definition in (5.5), derive

the nth moment of the gamma random variable.

(c) Verify the mean and variance in (5.26) and (5.27) using the result in

(b).
5.6. With reference to (5.55), show that an alternate expression is

7z, = In =50 (5.87)
os

n

5.7. Gaussian random variable moments

Consider the Gaussian probability density function with zero mean and
2

variance o~.
(a) Set
1
4T 92
so that
\/? = /OO e dg.
« — 00
Note, then,

(;;)k \/Z - /Z (=2?)* e=oe’ das (5.88)

Use this to expression to evaluate all the moments of the Gaussian
random variable.

(b) Use the moments in (a) in a Taylor series expansion to derive the
characteristic function for the Gaussian random variable. Compare
your result to the entry in Table 5.1.

5.8. ¥ Reliability. The reliability of a random variable, X, is defined as
Rx(x) = Pr[X > z]. Note that Rx(x) = 1 — Fx(x) where Fx(z) is the
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cumulative distribution function of the random variable X. Consider the

reliability defined by the transcendental relationship

{ e~ iix(2) ;o x>0

Rx(z) = (5.89)

1 ;o <0
(a) Provide a plot of Rx(x).
(b) Prove that the corresponding probability density function is bounded.
(c¢) Show that all of the moments of the random variable X are infinite.
(d) Are there any other random variables with all moments equal to

infinity?

5.9. Show that the uncertainty relationship in (5.56) is, for a Gaussian
probability density function, an identity.

5.10. Show that the maximum of

(a) the gamma random variable in (5.24) is at

_a-—1
T=
(b) the beta probability density function in (5.28) is at

b
b+c

xr =

5.11. Confluent hypergeometric functions
The confluent hypergeometric function of the first kind can be defined by

1
1Fi(e, B52) = F(ﬁf(j))r@é)/o e (1 — x)P 2 g, (5.90)

(a) Use this definition to derive the characteristic function of the beta
random variable.

(b) Using the Taylor series for the characteristic function in (5.10), derive
a Taylor series for the confluent hypergeometric function of the first
kind.

5.12. The Pearson III random variable is defined in Table 5.1.
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(a) Derive the characteristic function shown in Table 5.1 for the Pearson

IIT random variable.

(b) Verify the mean and variance for the Pearson III random variable
listed in Table 5.1.

(¢) Is the sum of i.i.d. Pearson III random variables a Pearson III random

variable?

(d) Evaluate the central limit theorem approximation of the probability
density function of sum of i.i.d. Pearson III random variables as the

number in the sum becomes large.

5.13. The Von Mises random variable. Show that the characteristic
function for the Von Mises random variable in (16.16) can be expressed as
a sampling theorem expansion using the modified Bessel functions, I,,(b),

in the samples. Hint: See Exercise 2.39.

5.14. Negative binomial random variable. From Table 5.3, the nega-

tive binomial or Pascal random variable is discrete with probability mass
k-1 r k—r
= k p—
P (r_ 1)10 ¢ "plk =]
where 0 < p < 1 and r € N are given parameters.

(a) Show that the characteristic function is

_ )
o ()

(b) Show that the mean is

— r
X =-,
p
and the variance is
T
%=
P2

(¢) Does the negative binomial random variable result from the addition

of n geometric random variables? Assume each has parameter p.

(d) What is the characteristic function of the sum of n independent neg-

ative binomial random variables?
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(e) What is the characteristic function of the sum of n i.i.d. independent

negative binomial random variables?

(f) Using the central limit theorem, approximate the probability mass

function of the sum of n negative binomial random variables as a

Gaussian.

5.15. Show that Chebyshev’s inequality in holds for the following pdf’s by
plotting the inequality in (5.18) as a function of a.

1.

2.

3.

Uniform,
Exponential,

The log pdf,
fx(x)=—log(z);0 <z <1 (5.91)

and zero otherwise.

5.16. Identify a case where Chebyshev’s inequality is an equality. In other

words, cases when the > in (5.18) is an equals sign.

5.17. Mixed random variables. A traffic light is red for R seconds

and

1

4.

5.

green for G seconds. Let X be the time waiting at the light.

. What is the probability density function for X7 Since it contains

both a delta function and a rectangle function, X is a mixed random
variable.

. What is the mean and variance of X when R = 07 We can’t let G =0

or we’d wait forever, but we can make G arbitrarily small. What is
the mean and variance when G = 047

What is the characteristic function for X7
What is the mean of X7 Is your answer in Part 2 a special case?

The variance? Is your answer in Part 2 a special case?

5.18. Mixed random variables.

A

mixed random variable, with both continuous and discrete compo-

nents, is

xT

1 1
- - - —(z+T)/2
fx(x) 25(1‘+T)+4 e H(2T

) + %e*Ta(x -T). (5.92)

where T' > 0 is a given parameter.
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(a) Show that the corresponding characteristic function is

Dx(u) =e /2 [cosh 9) + % sinh (9)} (5.93)

where )
0= (2 +j27ru> T.

(b) The n-fold autoconvolution of the mixed probability density function
has an important application in optimal detection theory. Marks et
al. [971] used it to derive the performance of the optimal detector for
signals corrupted by Laplace noise [372]. Except for the case of Gaus-
sian noise, it remains the only known closed form optimal detector

performance solution.

Evaluate the n-fold autoconvolution of (5.92). Hint: Expand the char-
acteristic function into a binomial expansion. Then expand the sinh
and cosh, expressed as exponentials, into binomial series. Use the

following Fourier transform pair from Table 2.5.

t@—l e“‘t,u(t) 1

(¢—1)! < (a+ j2mu)t’ (5:94)

5.19. (a) Show that if a stochastic process, X (t), has autocorrelation

Rx(t,7), then the autocorrelation of

Y(f) = S (1),

if it exists, is
2

0
Ry(t, T) = WRX (t, T).

(b) Show that, the autocorrelation of the Poisson counting process, X ()
in (5.64), results in the autocorrelation in (5.84) for Y (t) = 4 X (¢).
5.20. Evaluate the autocorrelation for the wide sense stationary stochastic

process
E(t) =1/2 €2 cos (2nfot — ©) (5.95)

where fy is given and the random variable © is uniform on [—,7]. If the

process is wide sense stationary, determine its power spectral density.

5.21. (a) Derive the bound for the autocorrelation in (5.72).
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(b) Derive a similar expression for a discrete stochastic process.

5.22. Prove the cross correlation and autocorrelation relationships in (5.80)
and (5.81) for a stochastic process being fed through an LTI system.

5.23. Stochastic resonance, in another context than presented in Sec-
tion 5.2.4.1 [1174], occurs in the filtering of stochastic processes. Consider
the high pass filter

1
(52mu + ) (j2ru + B)

H(u) = (5.96)

where «, 8 > 0. Let £(t) denote the class of wide sense stationary stochastic

processes with fixed second moment, £2.

(a) What stochastic process in this class generates a filter output with

maximum power?

(b) What is the maximum power output of the filter?

5.24. Prove the bounding property of the autocorrelation in (5.69).

5.25. Show that the Hermetian symmetry of the autocorrelation in (5.68)
is valid.

5.26. Consider amplitude modulation as discussed in Section 3.5. Assume
the baseband signal, x(t), is a zero mean bounded wide sense stationary
stochastic process with second moment z2. Assume |z(t)] < A. To use

envelope detection demodulation®?, we must keep w(t) = z(t) + b > 0.

(a) What value of bias minimizes the average power required to transmit
2(t) using the amplitude modulation procedure illustrated in Fig-
ure 3.277

(b) What is this average power?

32 See Section 3.5.2.
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Solutions for Selected Chapter 5 Exercises.

5.1. Probability.

(a)

5.3.

There are four possibilities for girls and boys: GG,GB,BG,BB. By
saying he has a boy, the man is telling you that GG is eliminated and
the possibilities become GB,BG,BB. The chance his second child is
a boy is thus % Note: If the man had said his oldest child was a boy,
the chances the second child is a boy becomes 50-50.

For E = born between noon and midnight an O otherwise, we now

have the possibilities of first and second child being

MExME MExMO MExFE MExFO
MOx«ME MOxMO MO«FE MO=xFO
FE+xME FEx«xMO FExFE FExFO
FO+«ME FOxMO FOxFE FOxFO

From these, only keep the ones with ME.

MEs«ME MExMO MExFE MExFO

MOx*ME g § §
FEx«ME g § §
FOxME § § §
There are seven of these. Next, keep only those cases where there are
two boys.
MExME MExMO t t
MOxME g § 8
i § § §
1 § § §

So of the seven, three of the cases correspond to two boys. The chance

of two boys with this new information is now p = % > %

(a) If X is a random variable with units of volts, then its mean

and standard deviation have units of volts. Its variance has units of volts

squared. (b) The Poisson random variable is only applicable only to unitless

quantities, e.g the number of hits on a web site in a given hour.

5.4. See the definite integration of derivatives property in (2.94).
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5.5. Gamma random variable moments. Our goal is derivation of
the moments of the gamma random variable in two ways and verify the
mean and variance in (5.26) and (5.27) that were derived using the second
characteristic function.

(a) The first few derivatives of the characteristic function for the gamma
random variable are

D (u) = Ty

%q’(“) = ﬂﬂ) 1+j27ru/)\)°‘+1
(&) oW = (%) st
()o@ = (-57) feEiss
(@) ow = (-5 e

We deduce the pattern

(i)m‘”“) - <_jx2ﬂ>m T T T:r_I:(a "

which can be firmly established by induction. Thus, from (5.9)

Xm =\ ﬁ (a+q) (5.97)

For the Erlang random variable, a = k and

et k!
ql;[o(lﬁ—q)=k(k+1)(k+2)~--(k+m—1):m.

Equation (5.97) becomes

_ — 1)
m (k4+m—1)! -
(k—1)!
The mean and variance of the Erlang random variable follow as
—
X ==
A
and )
B o= X (¥)
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These are the same results derived in (5.26) and (5.26) which were
derived using the second characteristic function.

For the chi-square random variable, & = k/2 and A = % Then
M (5+a) = 5(5+1)(5+2) (5+3)(5+m—1)
= 2"k(k+2)(k+4)(k+6)---(k+2(m—1))
= 2™ (k+4+2(m—1))/(k—2)!!
where the double factorial is defined in (2.66). Thus, using (5.97),

—— o (k+2(m =)
Xm=4 (k—2)1

The nth moment of the gamma random variable follows from (5.24)

and (5.5) as
00 n a—1,-Xx
ﬁ:/ Az (Az)* e iz
0 I'(a)

which we can also write as

— T(a+n) /°° AAg)oatn—le=Ae
0

= N a) Datm)

The integration is over a gamma probability density function with

parameter & = « + n and therefore integrates to one. This leaves

I'a+n)

X' =)

(5.98)

From (5.98),
(59%) Y_l"(a—i—l)_al"(a)_g
O M(a)  A(a) A

which is the same as the gamma random variable mean calculated in
(5.26). Similarly

—  D(a+2) ala+1)
X = MD(a) A2

Hhus 2 ala+1) (a)2 e

ESEERVY
which is identical to the variance computed in (5.27).

0% —X?-X
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5.6. Beginning with (5.87).

Z’I’L — Sn _ﬁ

This is (5.55).

5.7. Gaussian random variable moments.

(a) The first few derivatives are

4 1 sp

do 2 ’

d\°> _,, 13

el —1/2 _ - —-5/2
<da> “ 22 ¢

3
«

4
AN 121357 o
da 2222

From this pattern, we deduce

k
d “1/2 k13 2k—1 _opi1y)e
il —(—1)FZ2...
(da) “ (=U733 2 ¢
or, equivalently,
k

4N 12 (2k — )N o (2k41)/2

do (—2)k
Thus, (5.88) becomes

2k — 1) e 2
\/77_( o ) a7(2k+1)/2:/ (_:L,Q)kefoém dox.

— 00

Substituting o = 1/(20%) and manipulating gives

1 e 2
(2k — ) 0% = a?Fe” 207 dx
V2mo J-x

Thus
X2k = (2k — 1)l 0%,

Since the probability density function is even, all of the odd moments
are zero. Thus

Xk = (k- 1)1 o® §[k — even |. (5.99)
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(b) Substituting (5.99) in the Taylor series expansion in (5.10) gives the

characteristic function

D x (u) :i(—j%ru)k (k— 1) o® 5[k — even ]/k!. (5.100)
k=0
Since
(k=11  (k—1)(k—3)(k—5)--- 1
K k(k—-D(k—-2)(k=3)--- kI

(5.100) becomes

Dy (u) = Z %#CT) o" 5[k — even ].
= "

Setting k = 2n and noting that
2n)l=2n2n—-2)2n—4)---=2"n(n—1)(n —2)--- = 2"n!

gives
> (—2(ruo)?)"

x(u) = Z n!

n=0

From the Taylor series for the exponential in (2.34), we conclude
B (u) = e 2muo)”,

Applying the shift theorem for a nonzero mean gives the Gaussian
entry in Table 5.1.

5.8. Reliability. Note that, for a range of values of y, the operation y,4+1 =
e~ ¥ corresponds to a contractive operator (see Section 13.5.2) and will
converge t0 Yoo = e~ Y>>, This, however, is not the most straightforward

method to generate the data to plot Ry ().

(a) Rather, we can solve for the inverse of (5.89) to obtain

_ —In(Rx(a))
Rx(z)
The inverse can be easily plotted and then appropriately rotated and
flipped to give Rx (z). The result is shown in Figure 5.28.
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5.11.
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Since fx(z) = —4 Rx(z), the kth moment in (5.5) can be written
as -
Xk = —/ zF dRx(z) dx
0 dz

Administer the variable substitution y = Rx (z) to obtain

[ (1)

Since the integrand is positive, we have

s [ ()

Over the interval 0 < y < e~ we have —In(y) > 1 and, for k > 1,

-1

_ et q
sz/ — dy = 0.
0 Y

All of the moments of X are therefore infinite.

Let fw (x) denote the probability density function of a Cauchy ran-
dom variable. Then all of the moments of the random variable Z =
|[W|, with a probability density function of fz(x) = 2fw (z)u(x), are

infinite. There are other examples.

Confluent hypergeometric functions.

To massage the integrand of confluent hypergeometric function defini-
tion in (5.90) into the probability density function of the beta random
variable in (5.28), we set *

b=a-1
and
c=F—a-1.
Thus
a=b+1
and

B=b+c+2.
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05 Y ,

X

I L L
0 i)

FIGURE 5.28: The plot of the reliability function, Rx (), defined by (5.89)
in Exercise 5.8.

The integral in (5.90) can then be written as

. _ F(b+c+1) ! zx b c

The characteristic function for the beta random variable is the Fourier

transform of the probability density function in (5.28).

1 b c
(1 —x) o
Bx(u)= [ e mi2murgy,
x(u) /o Bb+1,c+1) ‘ )

Simplifying using (5.101) gives
Ox(u)=0b+c+1)1F(b+1,b+c+2,—j2mu) (5.102)

(b) Substituting the expression for the moments of the beta random vari-
able in (5.29) into the characteristic function Taylor series expansion
in (5.10) gives

(b+c+1)1FA(b+1,b+c+2,—52mu)

o~y o aLb+n+1) T(b+c+2)
_T;)( j2mu) rb+1) Th+n+c+2)

5.12. The Pearson III random variable.
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Use the Pearson III random variable defined in Table 5.1 with o = 0.
We will add in the shift after performing a Fourier transform. From

Table 2.5,
1 (k)
tk 1, —at t

e () «— (a + j2mu)k

Thus, we have

a5 (5) oo (75m)

and, after application of the shift theorem, the characteristic function

of the Pearson III random variable is that entered in Table 5.1.

The second characteristic function for the Pearson III random vari-

able is
Ux(u)=plng —pln(B + j27ru) — j2rau.
Thus J
. p
Zw - o £
du x(w) J W(ﬁ—i—j?ﬂ'u—'—a)
and L 4
- d _ P
X = o du\IlX(O) 3 +a.

Continuing with the second derivative
d\* (—=j2m)%p
) v A
(du) xX(W) = G o

and the variance of the Pearson III random variable is

ok = ﬁ (i)Q‘I’x(O) =pB.

The characteristic function of the sum of N i.i.d. Pearson III random

variable’s with parameters «, 8 and p is

N B\ jreun

U =y = TJemulNa
st =¥ = (55050 ) e
The sum is therefore a Pearson III random variable with parameters

Na, 8 and Np.

Since the mean of the Pearson random variable is X = o+ % and its
variance ag( = pB?, we expect, from the central limit theorem, the
sum to approach a Gaussian probability function for large N with a

mean of NX and variance N 0'3(.
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5.15. Chebyshev’s inequality. Here is the solution for the log pdf in
(5.91) which we repeat here.

fx(@) = —log(z);0 <z < 1. (5.103)

/ og(e)ir = |
X 10 —
g(w)de = 7

Since

and

\
—
<)
aq
\

we conclude

The Chebyshev inequality>?
2

/ fx(x)de > 12X
lz—X|<a

a2

The right hand of the inequality becomes

2
ox _q__T_
2= 1 Tiaz (5.104)
Now for the left hand side. Since, for 0 < z < 1,
Fx(z) = / Fx(t)dt

; <0
= z(1—-log(z)) ; O0<ax<1 (5.105)

1 ; x>0

We therefore have
1 1
/ fx(@)ydz=Fx|=—a|—Fx|>+a (5.106)
le—X|<a 4 4
The plot is shown in Figure 5.29 as a function of a.

5.17. Mixed random variables.

1. The pdf for the wait at the traffic light is

s R
fx(ar:):ié(x)jL ! H< 2) (5.107)

R+G R+G R

33 Repeated here from (5.18).
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1
0 / )
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o o o

0.5
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/

FIGURE 5.29: Chebyshev’s inequality for the log pdf in (5.103) as a func-
tion of a. The top curve is (5.106) and the bottom (5.104) thereby satisfying
the Chebyshev’s inequality.

2. Here are the special cases.

e When the green light is always on, R =0 and X = c% = 0.

e When the red light is almost always on, G = 04+ and X = %
2

and, from the variance of a uniform random variable, 0% = %.

3. The corresponding characteristic function is the Fourier transform of
(5.107).
G
+

D(u) = ric T RY Gsinc(Ru) e Imitu

4. Tt looks easiest to compute the mean and variance from (5.107) rather

than the characteristic function. The mean is

— G 1 z— &
X = Lﬂ”(m“”f”mc;“( R ))d
11,7
—T
R+G2
1 R?

_ 1 1
2R+G (5-108)

0

Note, as a check, X =0 when R =0 and X = g when G = 0+.
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5. Continuing

— G 1 z— L
X2 = 2 5 Il 2] ]d
LI<R+G(@+R+G <}%>>x
R

_ 1s
 R+G37 |,
1 R
= 3R1C (5.109)
so that
_ 1 RS _1 R4
~ 3R+G 4(R+G)?
_ (Ar+G) R*
N R 12(R+ G)?
_ R+4G R*
N R 12(R+G)2
(R+4G)R3
= BErG? (5.110)

Note, as a check, 0% =0 when R =0 and 0% = %2 when G = 0+.

5.18. Mixed random variables.

(a) The characteristic function for the mixed probability density in (5.92)
is

y(z) = %ej}n-uT_'_ %e—T/2 fxTsz e—t/2p—j2muz g,
1,—T ,j2nuT
+5e el
efT/Q[(%eT/2ej27ruT + %efT/Qefj%ruT)
+ (%eT/erQTruT _ %e—T/Qe—jQTruT) /(1 +j471'u)]

Simplifying gives (5.93).
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(b) We raise (5.93) to the nth power to obtain
Bs, (u) = Px(u)
e "7/2 [cosh (0) + Z;sinh (0)]"
= T2 (1) ()" sinh* (6) cosh™ 7 ()
k=0 k) \2¢
= T2 () (d) " sinh (6) cosh™ ()

+e~"T/2¢cosh™(6).

Express the cosh and sinh as exponentials and expand again using a

binomial expansion.
Og (u) = 2Lﬂe—nT/Q <€9+e_9)n
+ e T (1) (5)"
« #(697670)’@ Tl%k(eeJre,g)nfk
= TR (e et
s L) ()
X Xpoo () (FLp(enyreten?

X g g (07F) (e70)ten k-

_ %e—nT/Z Z;Ll:o (:711) e(2m—n)9

n k
+ %@_TLT/Z i1 () (%)
X o (— 1P (B) sy (3 eln2etand gk,

(5.111)
Since )
0= (2 +j27ru) T.

and, from (5.94),

tf*lefatﬂ(t) - 1
(0 —1)! (a+ j2mu)?’
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we then conclude from the shift theorem that

(z+ (D) e Pua 4 er) T

Thus, with £ =n — 2(p + ¢), the inverse Fourier transform of (5.111)

is our final answer
fs, (z) = gre Ty () €™ (¢ + (2m — n)T)
+ e DS () o
k

X Zp:O(fl)p (];)

x Yl (@+(n—2p+q) D)
x plz+n-2p+q)T)

(5.112)

The computational complexity of this probability density function
can be simplified dependent on the value of x [372].

5.19. (a) Since, for real X(t),

Rx(t,7) = E[X()X(7)],

and d
we have
Ry(t,7) = E[Y@®)Y(7)]
= B[HX(t)EX(r)]
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(b) Using (5.64) for Y (t) = L X (),

dt

Ry(t,7) = af; [A%tT 4+ Amin [¢, 7]]

= 2 N7+ AT plt — 1) + A (T — 1)

= %[,\2T+>\7 S(t—T7) = AL S(t— 1)+ Au(t —t)].

Since
Tot—T)=to(t—1)
we have
Ry(t,7) = Z [Nr+Au(r—1)].
= AN+Ad(t—1)

This is equivalent to (5.84)

5.20. First, since O is uniform on [—m, 7],

i) = %\/2?2[ cos (27 fot — ) df = 0.

The expected value of the process is thus identically zero and meets the
first of two criteria for being stationary in the wide sense.

The autocorrelation of the stochastic process in (5.95) is
Re(t,7) = 262 E [cos (27 fot — ©) cos (27 for — O)].
Using a trig identity34
Re(t,7) = €2 (cos (27 fo(t — 7)) + E[cos (2m fo(t + 1) — 20) ]).

But, since

E [cos (2 fo(t +7) — 26) | = % /W cos (27 fo(t +7 — 20)) df = 0
and
Re(t, 1) = £2 cos 2 folt —1)).

The stochastic process is therefore stationary with autocorrelation

Re(r) = £2 cos (27 foT) .

31 Here is a derivation of the trig identity. cos(a) cos(8) = R [¢’* cos(8)] =
IR [l (ejB + eijﬁ)]. Thus cos(c) cos(B) = 3 [cos(a + B) + cos(a — B)] .



5. Probability, Random Variables & Stochastic Processes 380
Its power spectral density follows as

Se(u) = = [0(u — fo) +0(u+ fo)] -

v Y

5.21. (a) £ = Re(0) = 7 Se(u)du.
(b) €2 = R¢[0]. Note that (5.71) is a Fourier series with period 1. Thus

£ = / Se(u)du
1
where integration is over any period.

5.23. Stochastic resonance.

(a) The magnitude squared of (5.96) is maximum when

1

Hwp ~ Ty
is minimum where v = (27u)?, a = o, b = B2. This occurs when
_a+b
2
or
2w 2

The maximum filter output occurs when all the power spectral density
is concentrated at the maximum of |H (u)|. This occurs when X (t)
has a power spectral density with all of its mass at the resonant
frequency, u,, i.e
X2
Sx(u) = = [B(utur) +0(u—ur)]

A candidate is the stochastic process in Exercise 5.20 with fy = u,..

(b) Let n(t) be the filter output. Since

_ 4
_0624'527

we have, using (5.82), the average power of the filter output as

|H<ur)|2

—_ 4
n 7(0424‘52)2.
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5.25. (a) From (5.65)

Re(r—t) = E[()&@F
= Re(t—9)
(b)
Si(u) = / O; R:(t) 9 gt
:/WR .
/ o:o Re(r) e 7™ dr
= Se(u).

381

5.26. (a) The bias, b, is the only free parameter. The minimum average
power results by minimizing the bias. To keep w(t) = x(t) +b > 0, we
choose b = A. Then the modulated signal envelope will touch zero but not

go negative. This is illustrated in Figure 5.30

w(t)\/ \ f W

1

=(1)

FIGURE 5.30: Full modulation using minimum average power.
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The Sampling Theorem

“When I am violently beset with temptations, or cannot rid myself of evil
thoughts, [I resolve] to do some Arithmetic, or Geometry, or some other study,
which necessarily engages all my thoughts, and unavoidably keeps them from
wandering.” Jonathon Edwards (1703-1758) [945].

“I tell them that if they will occupy themselves with the study of mathematics
they will find in it the best remedy against the lusts of the flesh.” Thomas
Mann (1875-1955) [950].

“Life is good for only two things, discovering mathematics and teaching
mathematics.” Siméon Poisson [512].

“If T feel unhappy, I do mathematics to become happy. If I am happy, I do
mathematics to keep happy.” Alfréd Rényi (1921-1970) [1553].

“I just wondered how things were put together.” Claude Shannon

6.1 Introduction

Much of that which is ordinal is modelled as analog. Most computational
engines, on the other hand, are digital. Transforming from analog to digital
is straightforward: we simply sample. Regaining the original signal from
these samples or assessing the information lost in the sampling process are
the fundamental questions addressed by sampling and interpolation theory.

This chapter deals with understanding, generalizing and extending the
cardinal series of Shannon sampling theory. The fundamental form of this
series states, remarkably, that a bandlimited signal is uniquely specified by
its sufficiently close equally spaced samples.

The cardinal series has many names, including the Whittaker-Shannon
sampling theorem [559], the Whittaker- Shannon-Kotelnikov sampling the-
orem [742], and the Whittaker-Shannon-Kotelnikov-Kramer sampling theo-
rem [742]. For brevity, we will use the terms sampling theorem and cardinal

series.
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6.1.1 THE CARDINAL SERIES

If a signal has finite energy, the minimum sampling rate is equal to two
samples per period of the highest frequency component of the signal. Specif-
ically, if the highest frequency component of the signal is B hertz, then the

signal, z(t), can be recovered from the samples by

w0=1 5 o) e

The frequency B is also referred to as the signal’s bandwidth and, if B
is finite, z(¢) is said to be bandlimited [1407].

6.1.2 HISTORY

The history of Shannon sampling theory and the cardinal series is intrigu-
ing. A summary of key events in the development of the cardinal series is
listed in Table 6.1.

Luke [934] credits Lagrange for deriving the sampling theorem for the
special case of periodic bandlimited signals in 1765.

H.S. Black[133] credits Cauchy for recognition of the mechanics of band-
limited signal sampling in 1841 and even offers the following translation

from Cauchy’s original French text [272].

IF A SIGNAL IS A MAGNITUDE-TIME FUNCTION, AND IF TIME IS
DIVIDED INTO EQUAL INTERVALS SUCH THAT EACH SUBDIVI-
SION COMPRISES AN INTERVAL 1’ SECONDS LONG WHERE 7' 1S
LESS THAN HALF THE PERIOD OF THE HIGHEST SIGNIFICANT
FREQUENCY COMPONENT OF THE SIGNAL, AND IF ONE IN-
STANTANEOUS SAMPLE IS TAKEN FROM EACH SUBINTERVAL IN
ANY MANNER; THEN A KNOWLEDGE OF THE INSTANTANEOUS
MAGNITUDE OF EACH SAMPLE PLUS A KNOWLEDGE OF THE
INSTANT WITHIN EACH SUBINTERVAL AT WHICH THE SAMPLE
IS TAKEN CONTAINS ALL THE INFORMATION OF THE ORIGINAL
SIGNAL.

In a later historical overview, Higgins [658], however, notes that such a
quote was not included in the paper by Cauchy that was cited by Black.
Higgins, rather, credits Emile Borel [151] in 1897 for the initial recognition
of the cardinal series and cites the following passage translated from the

original French.
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CONSIDER

™
flz) = / U(z) e/ dx
—
AND SUPPOSE THAT THE FUNCTION W(z) SATISFIES THE CON-
DITIONS OF DIRICHLET. IF ONE KNOWS THE VALUES OF THE
FUNCTION, f(z), AT THE POINTS z = 0,+1,+2,..., THEN THE
FUNCTION V¥(z) IS COMPLETELY DETERMINED AND, CONSE-
QUENTLY, THE ENTIRE FUNCTION f(z) IS KNOWN WITHOUT
AMBIGUITY.

This connection of the Fourier series to the sampling theorem was the same
tool of explanation later used by Shannon in his classic paper [1370].

E. T. Whittaker published his highly cited paper on the sampling the-
orem in 1915 [1625]. In his work, if one function had the same uniformly
spaced samples as another, the functions were said to be cotabular. The
sampling theorem interpolation from these samples resulted in what Whit-
taker called the cardinal function. The interpolation formula was later
dubbed the cardinal series by Whittaker’s son, J. M. Whittaker [1627].
Among other things, the senior Whittaker showed the functions, z(t), to
which the cardinal series applied were bandlimited and entire on the finite
t plane. He also noted that applicability of the cardinal series to a function
was independent of the choice of sampling phase.

The sampling theorem was reported in the Soviet literature in a paper by
Kotelnikov in 1933. Shannon [1370] used the sampling theorem to demon-
strate that an analog bandlimited signal was equivalent in an information
sense to the series of its samples taken at the Nyquist rate. He was aware
of the work of Whittaker which he cited. Other noted historical generaliza-
tions and extensions of the sampling theorem are listed chronologically in
Table 6.1.

Marks published the first volume dedicated entirely to the sampling the-
orem in 1991 [999]. Other texts have followed [660, 661, 1000, 1045].

A signal is bandlimited in the low pass sense if there is a B > 0 such
that

X(u) = X (u) 11 (%) . (6.1)

That is, the spectrum is identically zero for |u| > B. The B parameter is
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1765 - Lagrange derives the sampling theorem for the special case of

periodic bandlimited signals [934].
1841 - Cauchy’s recognition of the Nyquist rate [272]!.

1897 - Borel’s recognition of the feasibility of regaining a bandlimited

signal from its samples [151].

1915 - E.T. Whittaker’s publishes his highly cited paper on the car-
dinal series [1625].

1928 - H. Nyquist establishes the time-bandwidth product of a signal
[1131].

1929 - J.M. Whittaker coins the term cardinal series.

1933 - A. Kotelnikov publishes the sampling theorem in the Soviet

literature .

1948 - C.E. Shannon publishes a paper which establishes the field of
information theory. The sampling theorem is included [1370].

1959 - H.P. Kramer generalizes the sampling theorem to functions

that are bandlimited in other than the Fourier sense [840].

1962 - D.P. Peterson and D. Middleton extend the sampling theorem
to higher dimensions [1076].

1977 - A. Papoulis publishes his generalization of the sampling the-
orem [1185]. A number of previously published extension are shown

to be special cases.

TABLE 6.1: Key events in the development of the cardinal series.
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referred to as the signal’s bandwidth. It then follows that

B
x(t) = /_B X (u) 2™ du. (6.2)

In most cases, the signal can be expressed by the cardinal series

x(t) = i x (%) sinc(2Bt — n). (6.3)

The ability to thus express a continuous signal in terms of its samples is
the fundamental statement of the sampling theorem.

At other than sample locations, a more computationally efficient form of
(6.3) requiring evaluation of only a single trigonometric function is

z(t) = % sin(2n7 Bt) Z %. (6.4)

6.2 Interpretation

The sampling theorem reduces the normally continuum infinity of ordered
pairs required to specify a continuous time function to a countable - al-
though still infinite — set. Remarkably, these elements are obtained directly
by sampling.

Bandlimited functions are smooth. Any behavior deviating from “smooth”
results in high frequency components which in turn invalidate the required
property of being bandlimited. The smoothness of the signal between sam-
ples precludes arbitrary variation of the signal there.

Let’s examine the cardinal series more closely. Evaluation of (6.3) at
t = m/2B and using (2.42) reduces (6.3) to an identity. Thus, only the
sample at ¢ = m/2B contributes to the interpolation at that point. This
is illustrated in Figure 6.1 where the reconstruction of a signal from its
samples using the cardinal series is shown. The value of z(t) at a point
other than a sample location (e.g. t = (m + 3)/2B ) is determined by all
of the sample values.

6.3 Proofs

We now present three proofs of the conventional sampling theorem. The

first is used most commonly in texts. The second, due to Shannon, exposes
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FIGURE 6.1: Tllustration of the manner by which xz(t) is regained from its
samples using the cardinal series. Note that the sinc for a given sample is

zero at all other sample locations.

the sampling theorem as the Fourier transform dual of the Fourier series.
Finally, an eloquently compact form of proof due to Papoulis [1186] is

presented.

6.3.1 Using Comb Functions

In this section we present the standard textbook proof of the sampling
theorem. Since it can be nicely illustrated, the proof is quite instructive. It
requires only an introductory knowledge of Fourier analysis.

In presenting this proof, we will repeatedly refer to Figure 6.2 where five
functions and their Fourier transforms are shown. In (a) is pictured a signal
which, as is seen from its transform, is bandlimited with bandwidth B. The
sampling is performed by multiplying the signal by the sequence of Dirac
deltas shown in (b). The result, shown in (c) is

s(t) = z(t) 2Bcomb(2Bt) (6.5)

— Y () s(- ). (65)

n=—oo
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Our goal is to recover x(t) from s(t) which is specified only by the signal’s
samples.

Let’s examine what happens in the frequency domain when we sample.
Multiplication in the time domain corresponds to convolution in the fre-

quency domain. Since

2B comb(2Bt) «— comb (%) ,

we conclude that the transform of (6.5) is
S(u) = X (u) * comb (Zi) .
Because convolving a function with §(u — a) centers that function at a,

F(u)*6(u—a) = F(u—a),

we conclude that

S(u) = 2B i X (u —2nB). (6.7)

n=—oo

These replications do not overlap.

6.3.1.1 Aliasing

If X (u) was not truly bandlimited or if the sampling rate were below 2B,
then the spectra would overlap. This phenomena is referred to as aliasing.
Here, the low frequency components of the signal can still be regained al-
though the high frequency components are irretrievably lost. Clearly, sam-
pling can be performed at a rate greater than 2B without aliasing. The
minimum sampling rate resulting in no aliasing (in this case 2B) is re-
ferred to as the Nyquist rate. Sampling above the Nyquist rate can relax
interpolation formula requirements and improve noise sensitivity. If there
are Dirac deltas in the signal’s spectrum, sampling a bit above twice the

signal’s bandwidth may be required.

6.3.1.2 The Resulting Cardinal Series

Sampling is performed in Figure 6.2 by multiplying lines (a) and (b) in
time to obtain line (c). Clearly, if there is no aliasing, multiplication of
S(u) on line (c) by the low pass filter on line (d) will result in the original

spectrum, X (u). That is
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The corresponding time domain operation is convolution:
x(t) = s(t) * sinc(2Bt).

Substituting (6.6) and evaluating gives the sampling theorem in (6.3).

6.3.2 FOURIER SERIES PROOF

Since X (u) is identically zero for |u| > B, we can replicate it to form a
periodic function in the frequency domain with period 2B. This periodic
function can be expressed as a Fourier series. The result of the series for
|u| < B is X (u). The Fourier series

oo

X(w= 3 cwe™P1 () (6.8)
has Fourier coefficients
1 /B ,
= 3g /_B X (u) eI™u/B gy,
1 n

Substituting into (6.8) and inverse transforming gives the sampling theorem
series in (6.3) which, as we see here, is the Fourier transform dual of the

Fourier series.

6.3.3 Papoulis’ Proof

A eloquent proof [1186] of the sampling theorem begins with the Fourier
series expansion of a periodic function with period 2B that is equal to
exp(j2mut) for |u| < B:

ej27rut _ Z SiHC(2Bt _ n) ejQT"(”/QB)u' (610)

n=-—oo
Substituting into the inversion formula in (6.2) gives
o(t) =Y / X (u) /™ B du sinc(2Bt — n)
n=-—oo -B

Evaluating the integral by again using (6.2) gives the cardinal series in
(6.3).
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6.4 Properties
We now present some properties of the cardinal series.

6.4.1 Convergence

Although there are exceptions, the cardinal series generally converges uni-

formly. That is

lim |z(t) —an(t)] =0 (6.11)
N—o00
where the truncated cardinal series is
al n
xn(t) = ; x <@> sinc(2Bt — n). (6.12)
The validity of (6.11) is obvious at the sample locations (¢ = 57 ) since con-

tributions from adjacent points are zero. Uniform convergence is stronger
than, say, the mean square convergence characteristic of Fourier series ex-
pansions of functions with discontinuities.

6.4.1.1 For Finite Energy Signals

We first will prove (6.11) for the case where z(t), and therefore X (u), has
finite energy [522]. Note that

B

x(t) —an(t) = /_B [X (u) — Xy (u)] e??™ du (6.13)

where

LUN(t) — XN(U)
N

1 n ; u
- e —jmnu/B II (7) i
2B n; *(g5) © 2B
Schwarz’s inequality? can be written

2 0 00
g/ |A(u)\2du/ C)2du.  (6.14)

—0o0 —0o0

‘ /_ Z A(u) C(u) du

Application to (6.13) yields

2 B 2
|2(t) — zn ()] < zB/_B X (w) — Xn(u)]® du. (6.15)

2See Appendix 16.1.
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The right side approaches zero if Xy — X in the mean square sense. Since
the limit of X is the Fourier series of X and the Fourier series displays
mean square convergence®, the right side of (6.15) tends to zero and our

proof is complete.

6.4.1.2 For Bandlimited Functions with Finite Area Spectra

We now present an alternate proof of the cardinal series’ uniform conver-

gence for the case where X (u) has finite area:

B
/ | X (u)] du < oo. (6.16)
-B

From Exercise 2.19, this constraint requires that x(¢) be bounded. Our
proof will, for example, allow cardinal series representation for Jo(27t) and
x(t) = constant both of which, due to infinite energy, are excluded in the
conditions of the previous proof.

We begin our proof by defining

N
en(ust) = Z sinc(2Bt — n) /™Y B, (6.17)
n=—N
From (6.10), we recognize that ey(u;t) is a truncated Fourier series of
exp(j2mut) for |u| < B. Since, for a fixed t, exp(j2mut) is continuous for
|u| < B, the Fourier series in (6.10) converges pointwise on this interval.

Define the error magnitude
en(ust) = [ —en(ust)].

Let Ap denote the maximum (or supremum) of ey (u;t) for |u| < B. Then
we are guaranteed that
lim Ay =0. (6.18)
N—o0

Next, note that the truncated cardinal series in (6.12) can be written as

N B
xn(t) Z /B X (u) ™/ B du, sinc(2Bt — n)
n=—N Y

B
/ X (u) en(u;t) du.
-B

3 See Section 2.3.2.2.
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Using the inequality

‘/ Y (u) du

o(t) — an(t)] = ‘ /_ | X(u) [ = eui)] du

§/|Y(u)|du (6.19)

we find that

IN

B
/ | X (u)| en (u;t) du.

-B
Since the integrand is positive,

B
lo(t) — on (1) < Ay / X ()] du.

—B

From (6.16), the integral is finite. Use of (6.18) results in (6.11) and the
proof is complete.

The uniform convergence result for the cardinal series should not be
surprising. Because of limited frequency constraints, bandlimited functions
are inherently smooth. The sinc interpolation function is similarly smooth.

There is thus no mechanism by which deviations such as Fourier series’

Gibb’s phenomena can occur?.

6.4.2 Trapezoidal Integration
6.4.2.1 Of Bandlimited Functions

Clearly, if 2(t) <> X (u), then

Using (6.8) with (6.9), we thus conclude the integral of a bandlimited func-

tion can be written directly in terms of its samples:

/Z x(t)dt:% nioox(QnB)

Thus, as illustrated in Figure 6.3, trapezoidal integration of bandlimited

signals contains no error due to the piecewise linear approximation of the

4 See Exercise 2.52.
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signal if sampling is at or above the Nyquist rate. Since integration is over
all of ¢, trapezoidal integration gives the same result as piecewise constant
(rectangular) integration.

Accurate integration results from a signal’s samples can also be obtained

when sampling below the Nyquist rate®.

6.4.2.2 Of Linear Integral Transforms

Consider numerical evaluation of the linear integral transform

g(t) = /OO u(7) h(t; ) dr (6.20)

—0
where u(7) is the input, g(¢) is the transform and h(¢;7) is the transform
kernel. Special cases are numerous and include correlation, convolution,
and Laplace, Abel, Mellin, Hilbert and Hankel transforms [165].

One popular approach is to evaluate (6.20) by trapezoidal integration:

oo
gt) ~ga(t) =A > u(nA)h(t;nA) (6.21)
n=—o0
where A is the input sampling interval. If the output is sampled, (6.21) can
be expressed simply as a matrix-vector product.

We will show that by a simple alteration of the transform kernel, the
expression in (6.21) can be made exact in the spirit of the sampling theorem
[980]. Certain linear operations that cannot be directly evaluated by use
of (6.21) because of singularities can be evaluated through this sampling
theorem characterization.

6.4.2.3 Derivation of the Low Passed Kernel
Let u(7r) be bandlimited in the low pass sense with bandwidth B. Let
W > B. Then u(7) is unaffected by low-pass filtering.

u(r) =2W /_OO u(n) sinc QW (1 —n)) dn.

Substituting into the expression for the linear integral transform in (6.20)

gives

o) = [ um ko) (6.22)

— 00

5 See Exercise 6.3.
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where the low-passed kernel (LPK) is
k(t;n) =2W / h(t; T)sinc (2W (T — 7)) dr. (6.23)

Even though the kernel in (6.22) is altered, it yields the same result as in
(6.20).
Since both the input and the LPK are bandlimited in 7, they can be

expressed by the cardinal series:

oo

u(n) = Z u(nA) sinc (n - %) (6.24)

n=—oo

and

k(t;n) = Z k(t;mA) sinc (m - %) (6.25)

m=—0oQ

where the input sampling interval must be chosen such that

1 1
A< — < —.
—2W T 2B

Substituting (6.24) and (6.25) into (6.22) gives

g(t) = Z Z u(nA) k(t;mA) (6.26)
/°° inc (n— 1) sinc (m— 1

X - sinc (n A) sinc (m A) dn (6.27)

= A i u(nA) k(t; nA). (6.28)

This is the desired result. Comparing it with (6.21), we conclude that the
inaccuracy that is due to trapezoidal integration can be totally eliminated

if the LPK is used in lieu of the original linear integral transform kernel.

Example Transforms

To illustrate use of (6.28), we now present example applications for the
cases of Laplace and Hilbert transformation.
Laplace Transform. The (unilateral) Laplace transform, from (2.22),

can be written as

o(t) = /0 T () et dr,
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Comparing with (6.20) and (6.22), we have
h(t;m) =" p(r)

and o
k(t;n) = / e ' sinc(t — n) dr
0

where () denotes the unit step and we have chosen 2W = 1.
Consider the Laplace transform of u(t) = sinc(t). We evaluate the result-
ing Laplace transform integral in three ways.

e DIRECTLY.

The Laplace integral becomes

g(t) = / sinc(7) e "7 dr. (6.29)
0
To evaluate this integral, consider

v = /OO sin(er) - 4,
0

-
Clearly
i) = / cos(at) e ' dr
da 0
_ 4
o 2+a?

Thus, using the boundary condition that a = 0 — v = 0, we con-

clude that v = arctan(%), and the Laplace transform of sinc(7) is

(1) = * arctan (7)
= — arctan|(—).
g m t

e USING TRAPEZOIDAL INTEGRATION
Applying trapezoidal integration to the integral in (6.29) with a step

size of A gives ©

+A Z sinc(nA) e~

n=1

So (6.30)

g(t) = ga(t) =

| > | >

+

5The % term is replaced by A for rectangular integration.
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where < is the imaginary operator,
= 1
o= - Z"
> 2"
n=1
and Z = exp[—(t — jm)A]. From the geometric series’,
do =
et zm
7z -
m=0
1

1-Z7

we conclude, since Z =0 — ¢ = 0, that

o=—-In(l-2).

For Z = |Z|e?4(%) recall that SInZ = Z(Z). Thus, after some

substitution, (6.30) becomes

A1 sin(mA)
_a1 _ smma) ) 31
ga(t) 5 +7T arctan(em_COS(WAJ (6.31)
Note that, as A — 0,
sin(mA) N
etA — cos(mA) t

Thus, as we would expect,

lim ga(t) = g(t).

A plot of ga(t) for various A’s is shown in Figure 6.4 along with g(¢).
Recall that for A = 1, the LPK approach, in the spirit of the cardinal

series, gives exact results.

e UsING THE LPK
For u(7) = sinc(7) and 2W = 2B = 1/A = 1, the LPK expression in
(6.28) becomes
g(t) = k(;0)
where we have used the property that sinc(n) = d[n]. Using (6.23)
with n = 0 gives

g(t) = /OO h(t; T) sinc(r) dr

— 00

7 See Appendix 16.4.2
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which is the integral we wished to evaluate in the first place. The LPK,
when applied to sinc(t), therefore reduces to an identity for Laplace
transformation or, for that matter, any other linear transform.

Hilbert Transform

The Hilbert transform

g(t)z—l /Oo ulr)dr (6.32)

T ) o t—T

cannot be accurately evaluated by direct trapezoidal integration because
of the singularity at 7 = ¢. Fourier transform analysis, rather, is commonly
used. We will now show, however, that through application of the LPK, an
accurate matrix-vector characterization of the Hilbert transform is possible.
From (6.32)

-1
w(t—71)
If we choose W = B, the corresponding LPK is

B oo -
1 —52 :
k(t; ’r]) = / |:— / 76Xp( J TFUT) dr 6J27T7“7 du

_B T J_ oo t—1T

h(t;7) =

B
= fj/ sgn(u) e 72t gy,
-B

= —2BsinmB(t —n)sincB(t — n). (6.33)

A further simplification arises after we note that Hilbert transformation
is a shift-invariant operation. Thus, if u(7) is bandlimited, so then is the
output, g(t). This being true, we need to know g only at the points where
t = m/2B. Substituting (6.33) into (6.28) with A =1/2B gives

oo

gmA) = 3 u(na) sin (5 (m —n)) sinc <;(m - n)) .

n=—oo

Noting that every other term is zero yields the final desired result.

g(mA):—% Z u(nA)

m-—n
m—n odd

This discrete convolution version of the Hilbert transform contains no sin-
gularities and is exact for all band-limited inputs.
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6.4.2.4 Parseval’s Theorem for the Cardinal Series

The energy of a signal is

E:/OO lz(t)|? dt.

For a bandlimited signal, we substitute the cardinal series in (6.3) and write

eSS () () e

n=—oo m

where

Lym = / sinc(2Bt — n) sinc(2Bt — m) dt.

— 00

Using the power theorem

1 T rnmyu/B
Lym = (23)2 /73 e’ du
1

This gives Parseval’s theorem for the sampling theorem:

E:% i ‘x(%)‘z (6.34)

The signal’s energy can thus be determined by summing the square of the

magnitude of each sample.

6.4.3 THE TiIME-BANDWIDTH PRODUCT

The cardinal series requires an infinite number of samples. Since all ban-
dlimited functions are analytic, they cannot be identically zero over any
finite subinterval except for the degenerate case z(t) = zero. Thus, the
number of nonzero samples taken from almost every band-limited function
is finite. The only exceptions are signals that can be expressed as the sum
of a finite number of uniformly spaced sinc functions.

We can, however, have a “good” representation of the function using a
finite number of samples. If a signal has either finite area or finite energy,
it must asymptotically approach zero at ¢ = £oo. In such cases, there is

always an interval of duration T" outside of which the samples are negligibly
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small. If we sample over this interval at the Nyquist rate, 2B, then a total
of
S =2BT (6.35)

samples are needed to characterize the signal. This quantity, the time—
bandwidth product, measures the number of degrees of freedom of the signal.
It has also been termed the Shannon number [1540].

Choice of T is dictated by the truncation error one can tolerate. This

topic is treated in Section 8.5.

6.5 Application to Spectra Containing
Distributions

The cardinal series is applicable in certain cases where X (u) contains dis-
tributions such as the Dirac delta. Indeed z(t) = 1 is bandlimited in the
sense of (6.1) for all B > 0 and falls into the category of bandlimited signals

with finite area spectra. The corresponding cardinal series is

i sinc(2Bt — n) = 1. (6.36)

n=-—o00
Similarly, cos(2w Bt — ¢) has a transform containing two Dirac delta func-

tions at w = £B. To insure both deltas are contained in the replicated

1

sample spectrum, the sampling rate must exceed 2B and

s T
- t
co2nBit =) = 3 con(mrn — )sinc (T _ n>
where
r=2BT < 1. (6.37)

If r = 1, the bandwidth interval begins and ends at delta function locations.
We are confronted with the unanswerable question of what percentage of
each delta should be included in the bandwidth interval. Requiring (6.37)
to be a strict inequality avoids this problem. Note, also, for » = 1, it is
possible to have every sample be zero. The resulting interpolation clearly
would be identically zero and therefore incorrect.

A distribution whose inverse transform does not have a valid cardinal

series is the unit doublet—the derivative of the Dirac delta:

6V (u) = (i) 5(u).
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From the dual of the derivative theorem,
—j2mt «— 6 (w).
Thus, z(t) = ¢ is bandlimited in the sense of (6.1). Using the form of the
cardinal series in (6.4), we ask the question
2 1 > (n/2B)
= — 2n Bt - .
7 B D (U gy

n—=——oo

t

For a fixed ¢t # m/2B, the answer is clearly “no” since the n'" term in
the sum approaches (—1)"*! — an oscillatory and thus divergent series.
The truncated cardinal series thus does not asymptotically approach the

desired value.

6.6 Application to Bandlimited Stochastic
Processes

A real wide sense stationary stochastic process, f(t), is said to be bandlim-

ited if its power spectral density obeys

U
Sp(u) = Sy(u)II (—) .
() = 5511 (5
As a consequence, the autocorrelation is a bandlimited function. We will

use this observation to show mean square convergence of the cardinal series
for f(t). Specifically, define

f(t) = i f (%) sinc(2Bt — n).

Then f(t) is equal to f(¢) in the mean square sense:

E{f0 - fny] =o. (6.39)

Proof. Expand the mean square error expression to give

BI{f(t) - f)}*] = F*
+ Z Z Ry <n2—Bm) sinc(2Bt — n) sinc(2Bt — m)

-2 i Ry (t - %) sinc(2Bt — n)

n=—oo
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In the second term, we make the variable substitution £k = n — m:

oo

T, = Z Ry <2];> Z sinc(2Bt — n + k) sinc(2Bt — n).

k=—o0 n=-—oo

Application of the cardinal series yields, for arbitrary 7,

(o)
Z sinc(2B7 — n) sinc(2Bt — n) = sinc2B(t — 7). (6.40)

n—=—oo

Using the result of substituting 7 =t + % in (6.40) gives

noo S (L)

= f2 (6.41)

To evaluate the third term, we recognize that R¢(7 — t) is bandlimited
and can be written as a cardinal series:

Ry(r—t)= Ry (T— %) sinc(2Bt — n).

n=—

Evaluation at t = 7 gives
Ty = —2 f2.
Substituting this and (6.41) into (6.39) yields (6.38) and our proof is com-

plete.
O
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FIGURE 6.2: Illustration of Shannon’s proof of the sampling theorem. Sam-
pling is performed by multiplying lines (a) and (b) in time to obtain line
(c). The signal is regained by multiplying lines (c¢) and (d) in frequency to
obtain line (e).
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FIGURE 6.3: When sampling is performed at or above the Nyquist rate, the
integration of x(t) over all ¢ (top) gives the same result as integrating over
a piecewise linear interpolation of the samples, i.e trapezoidal integration

(middle) and a piecewise constant representation of the signal (bottom).

A=1

0.5

- A=0.75

A=0.5

A=0.25

g

1 Il 1 L L

0 10 20 30 t

1

FIGURE 6.4: Evaluation of the Laplace transform of sinc(¢) by trapezoidal
integration. Shown is ga (t) for A =1,0.5 and 0.25. Use of the low passed
kernel will converge to the desired g(t) for step sizes, A, less than or equal

to one.
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6.7 Exercises

6.1. A mono audio recording lasts for 5 minutes. Assume the frequency
range for human hearing is 20 Hertz to 20,000 Hertz.

(a) If 20,000 Hertz is the highest frequency in the audio signal, estimate

the minimum number of samples required to characterize the signal.

(b) Assume the audio recording is a duet between a tuba and a flute.
Describe what happens if the recording is reproduced from samples

taken below the Nyquist rate.

6.2. The derivation of the Poisson sum formula closely parallels Shannon’s
proof of the sampling theorem. Starting with the Fourier dual of the Poisson

sum formula, derive the sampling theorem series.

6.3. The integral of a bandlimited signal

I/Zx@ﬁ

can be determined from signal samples taken below the Nyquist rate. Find
I from {x(nT)n = 0,£1,4+2,...} when B < 1/T < 2B and X(u) =
X(u)(5%).

6.4. Assume z(t) can be expressed by the cardinal series.

(a) Show that, for any real «,

o0

x(t) = Z x (% + a) sinc (2B(t — a) — n) (6.42)

(b) Since z(t) does not depend on «, is

d

@ =07
Ta x(t) =01

6.5. Investigate application of the cardinal series to a signal whose spec-

Mmmo:(j)mamy

trum is an mt"—let:

U

When, if ever, is the cardinal series applicable here? Assume m > 1.
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6.6. Let y(t) be any well behaved (not necessarily bandlimited) function.
We sample y(t) at a rate of & and, in the spirit of (6.5), define

5(t) = y(8) %comb (;) .

T/UT S(u) du:/_z Y (u) du.

—-1/T

Show that

6.7. Let x(t) and y(t) denote two finite energy bandlimited functions with
bandwidth B. How is the series

oo

> +(35) v (35)

n—=—oo

related to

/OO x(t) y* (¢) dt?

— 00

6.8. The spectrum of a real signal is Hermetian or conjugately symmet-
ric, i.e. it is equal to the conjugate of its transpose. Thus, if we know the
spectrum for positive frequencies, we know it for negative frequencies. Vi-
sualize setting the negative frequency components to zero and shifting the
remaining portion of the spectrum to be centered about the origin. Clearly,
we have reduced the bandwidth by a factor of one half yet have lost no in-
formation. Explain, however, why the sampling density of this new signal
is the same as that required by the original.

6.9. Squaring a bandlimited function at least doubles its bandwidth and
therefore the signal’s Nyquist rate.

(a) Are there finite energy nonbandlimited signals that, when squared,

become bandlimited?

(b) Given a complex bandlimited signal, z(¢), show that the same number
of samples per time interval is required as for the signal |z(t)|2.

(¢) Is the converse of squaring a bandlimited function doubling its band-
width true? Does the square root of a positive bandlimited signal

result in a signal with half the original signal’s bandwidth?®

8 Here is some supporting evidence for the truth of the converse. The square
root of any positive number approaches one in the limit. Thus, if z(t) > 0,
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6.10. Apply the low passed kernel technique to Fourier inversion of a ban-
dlimited function. Let f(¢) have a bandwidth of B and use the Fourier
kernel

h(u;t) = exp(—j2mut).

Comment on the usefulness of the result.

6.11. Upsampling. Let a bandlimited function, z(t), have a bandwidth

_n_

2B
samples per sample interval. Denote these samples by the discrete time

= (5)

B. From knowledge of the samples, z (7%5), we wish to upsample to M

signal

and the upsampled signal by

yim] :x(MZB)'

(a) Show the upsampled signal can be characterized by the discrete time

convolution

y[m] = x[n] * sinc (%) . (6.43)

(b) Zero pad the original samples and let

zln] 3 m=nM
0 ;  otherwise

Show that y[m] results from placing Z[m] through a discrete time low
pass filter,
H(f)=M I(Mu).

(c) Assume z[—1] = 2, z[0] = 5, z[1] = 3 and all other samples are zero.
The global maximum of z(t) apparently lies in the interval (0, 75 ).
Numerically determine the location and maximum by upsampling

and identifying the resulting maximum value.

repeated application of positive square roots to any function, in the limit, ap-
proaches one. If n denotes the number of square root operations, then

lim (z(t)® " =1.

n—00

In the limit, therefore, the bandwidth of the signal approaches zero.
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6.8 Solutions for Selected Chapter 6 Exercises.

6.1. (a) Use the Shannon number (or time-bandwidth product) in (6.35)
with B = 20,000 Hertz and T' = 5 minutes.
(b) The high frequencies will be aliased.

6.2. The Fourier dual of the Poisson sum formula is

2B i X (u—2nB) = i x(%) eImmu/B

n=—oo n=—oo

Since X (u) = X (u) II (u/2B), we multiply both sides by II(5f ) and inverse

transform. The sampling theorem series results.

6.3. Use the Fourier dual of the Poisson sum formula again:

i X (u - %) =T i x(nT) e 92wl

n=-—00 n=—

For B < 1/T < 2B, the sum on the left will be the overlapping aliased ver-
sion in Figure 6.5. Note that no spectra overlap the zeroth order spectrum
at u = 0. Thus

o0

> X(v-7)

n—=—oo

=X(0) ;B<1/T<2B

u=0

and

/OC z(t)dt=T i z(nT) ;T <1/B.

n=—oo

2BX (u) |2BX (u-2B)

I u
B 1T

FIGURE 6.5: Samples taken below the Nyquist rate can still be used to

compute the area of a signal. See Exercise 6.3.



6. The Sampling Theorem

6.4. If x(¢) is bandlimited, so is z(t 4+ «). Thus

z(t+a) = i (@ + a) sinc(2Bt — n).

(a) Substitute t — « for ¢ and we’re done.

(b) We have

n=—oo

Z (— + a) (—2B) sinc’ (2B(t — a) —n).
If 2(¢) is bandlimited, so is 2/ (t + a) and

oo

r(t+a) = Z (ﬁ + a) sinc (2Bt — n) .

or, setting ¢ to t — a,

2 (t) = Z (ﬁ + a) sinc (2B(t —a) —n).

n—=—oo

Differentiating (6.42) with respect to ¢ gives

(1) = i (ﬁ n a) 2B sinc’ (2B(t — o) — n).

Substituting (6.45) and (6.46) into (6.44) reveals that

dx(t)
da

=a/'(t) —2'(t) = 0.

6.5. Since
(—j2mt)™ «— 6 (1)
we use (6.4) and ask the question
> n nm

;1
- (27 Bt) .
@By ne Z 2Bt—n

408

(6.44)

(6.45)

(6.46)
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The result is clearly a divergent series for m > 1.

6.6. -

$(t)= > y(nT)é(t —nT).
Thus N :

S(u)="Y_ y(nT)e "

S(u) is periodic with Fourier coefficients

YT '
y(nT) = T/ S(u) 2T gy,
—1/T

Thus
YT
T / S(u) du = y(0).
1T

From the inversion formula

Thus o
y(0) = /_ Y (u) du

and our exercise is complete.

6.7.

e . J— n L[
[ ov@a=gp 3 e (55) v (55):
6.8. The new signal’s spectrum is no longer Hermetian. The signal, there-

fore, is complex. Although the sampling rate is reduced by a factor of a

half, each sample now requires two numbers.

6.9.
(a) Yes. An example is |sinc(¢)].

(b) For the complex signal, x(t), there are 4B samples per time interval
because each sample consists of two numbers: the real and the imagi-
nary portions of the signal. The signal |z(¢)|? has a bandwidth of 2B
and therefore requires a sampling rate of 4B. Only one number per
sample is needed. Therefore, the number of samples per time interval

is the same for z(t) and |z(t)|?.
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(¢) Squaring a bandlimited function at least doubles its bandwidth. The
converse is not true. Taking the square root of a positive bandlimited
function does not reduce the bandwidth by a factor of a half. Before
showing this, the problem statement needs to further refined. There
is an inherent problem in the original statement. The square root
of a positive signal has two values: plus and minus. Therefore, the
square root of sinc?(t) can be sinc(t), or, if the positive square root is
always taken, the rectified signal, sinc(t) x sgn[sinc(t)], results. This
problem is removed if the bandlimited signal, x(t), is strictly positive.

An example of a strictly positive finite energy bandlimited signal is
1 1
z(t) = sinc? (t + 3> + sinc? (t + 3> . (6.47)

Every place the first sinc? goes to zero, the second sinc? is positive
and visa versa. Let x,(t) be the result of application of the square

root operator n times. Then

zn(t) = [z()]* " (6.48)
Clearly

xo(t) = x(t).

A log plot of z,,(t) is shown in Figure 6.6 for n = 0,1,2. Let

Zp(t) +— X, (u).
Note that

X(u) = Xo(u) = 2A(u) cos (27?:”) . (6.49)

Normalized numerically evaluated linear and log plots of X, (u) for

n =0,1,2 are in Figures 6.7 and 6.8. The plots are of );" Egg For the

n = 0 case, the plot corresponding to X (u) = Xo(u), as expected, is

identically zero for uw > 1. For the square root and the fourth root,

this is not the case.

Thus, we have empirically shown that the square root of a strictly
positive finite energy bandlimited function not only doesn’t produce
a bandlimited signal with half of the bandwidth, it does not even

produce a bandlimited signal.

Note, interestingly, that as n increased, the spectra in Figure 6.7

becomes more and and more impulsive. This is because

lim z,(t) =1+— lim X, (u) =d(u).

n—oo n— oo
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FIGURE 6.6: Plots of z,(t) in(6.48)for n = 0,1, 2. The n = 0 signal is the
strictly positive finite energy bandlimited function, x(¢), in (6.47).

The signal thus clearly approaches a signal with bandwidth zero, but
not in a manner wherein intermediate functions are strictly bandlim-
ited.

6.10. The resulting low pass kernel is
e(u; 1) (=52 t)n(“)
u;t) = exp(—j2mu — .
; p{—J 5B
We are thus assured that g(u), the Fourier transform of f(t), is zero out-
side of the interval |u| < B. Since this is the definition of a bandlimited
function, the result is of little use. Note that Fourier inversion of (6.23), as

we would expect, results in the cardinal series.

6.11. Equation (6.43) results from evaluation of the cardinal series at the

points



6. The Sampling Theorem 412

n=1 .
u
—, —
I
) n:/O 1' n=1/
0 1

FIGURE 6.7: Plots of inggg for n =0,1,2. X,,(u), the Fourier transforms

of z,,(t) in (6.48), are shown. The plot for n = 0 is zero for v > 1. A log
plot is show in Figure 6.8.

10-2 L

10—4.

0 ' ]

FIGURE 6.8: Log plots of );ngg; for n = 0,1, 2. The linear plots are shown

in Figure 6.7.
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Generalizations of the
Sampling Theorem

“One should always generalize.” Carl Gustav Jakob Jacobi (1804-1851) [389].

“Each problem that I solved became a rule which served afterwards to solve
other problems.” Rene Descartes (1596-1650) [401].

“In mathematics you don’t understand things. You just get used to them.”
Johann von Neumann (1903-1957) [1750].

7.1 Introduction

There have been numerous interesting and useful generalizations of the
sampling theorem. Some are straightforward variations on the fundamental
cardinal series. Oversampling, for example, results in dependent samples
and allows much greater flexibility in the choice of interpolation functions.
In Chapter 8, we will see that it can also result in better performance in
the presence of sample data noise.

Bandlimited signal restoration from samples of various filtered versions of
the signal is the topic addressed in Papoulis’ generalization [1185, 1186] of
the sampling theorem. Included as special cases are recurrent nonuniform
sampling and simultaneously sampling a signal and one or more of its
derivatives.

Kramer [840] generalized the sampling theorem to signals that were ban-
dlimited in other than the Fourier sense. We also demonstrate that the
cardinal series is a special case of Lagrangian polynomial interpolation.
Sampling in two or more dimensions is the topic of Section 9.9.

7.2  Generalized Interpolation Functions

There are a number of functions other than the sinc which can be used

to weight a signal’s samples in such a manner as to uniquely characterize
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the signal. Use of these generalized interpolation functions allows greater

flexibility in dealing with sampling theorem type characterizations.

7.2.1 OVERSAMPLING

If a bandlimited signal has bandwidth B, then it can also be considered to
have bandwidth W > B. Thus,

x(t) = Z x (%) sinc(2Wt — n). (7.1)

Note, however, since
z(t) = z(t) x 2B sinc(2Bt)

we can write

xz(t) = 2 x (%) sinc(2Wt — n) * 2B sinc(2Bt)
= r i x(%) sinc(2Bt — rn) (7.2)

where the sampling rate parameter is
r=B/W < 1. (7.3)

Equation (7.2) reduces to the conventional cardinal series for r = 1. Over-
sampling can be used to reduce interpolation noise level.

7.2.2 RESTORATION OF LOST SAMPLES
7.2.2.1 Sample Dependency

When a bandlimited signal is oversampled, its samples become dependent.
Indeed, in this section we will show that in the absence of noise, any finite
number of lost samples can be regained from those remaining. First, using
intuitively straightforward arguments, we will illustrate the feasibility of
lost sample recovery. Then, an alternate expression with better convergence
properties will be derived.

7.2.2.2 Restoring a Single Lost Sample

Consider a finite energy bandlimited signal z(¢) and its spectrum as shown
at the top of Figure 7.1. From (6.5) and (6.7) the spectrum of the signal of
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samples
s(t) = x(t) 2W comb(2Wt) (7.4)
is -
S(u)=2W > X(u—2nW). (7.5)

As is shown in Figure 7.1, there are intervals identically equal to zero in
S(u) when we oversample.
In Figure 7.1a, the sample of z(t) at the origin has been set to zero. We

can view this as the subtraction of 2(0)4(¢) in Figure 7.1c from s(t).
5(t) = s(t) — x(0) 4(t).
Given §(t), we can regain x(0). Indeed, transforming gives
S(u) = S(u) — z(0). (7.6)
Since S(u) =0 on the interval B < |u| < 2W — B,
S(u) =—x(0) ; B<|ul <2W —B.

This is illustrated in Figure 7.1d. An appropriate point to sample in this
interval is u = W. Thus
z(0) = =S(W). (7.7)
Therefore, the lost sample at the origin can be regained from those samples
remaining.
Samples from oversampled signals display an interesting zero sum prop-

erty. Writing (7.4) in terms of delta functions and transforming gives

S(u) = i x(%) eI/ W

Since S(W) = 0, we conclude that

o0

Z (-D)" x (%) =0 ; r<L (7.8)

n=—oo

Thus, for example,

2(0) = =Y (~1)"z (%) . (7.9)

n#0
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FIGURE 7.1: Geometrical illustration of restoring a single lost sample from

an oversampled bandlimited signal.

An alternate formula for restoring a lost sample (with better convergence
properties) results directly from inspection of (7.2). Note that, unlike the
conventional (r = 1) cardinal series, (7.2) does not reduce to an identity
when ¢ = n/2W. For example, at ¢ = 0 we have

z(0)=r i x (%) sinc(rn). (7.10)

Isolating the n = 0 term in (7.10) and solving for z(0) gives

x(0) ! Zx (%) sinc(rn). (7.11)
0

:1—7“
n
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The sample at the origin is thus completely specified by the remaining
samples if < 1. The convergence here is better than in (7.9) due to the
1/n decay of the summand from the sinc term. Equation (7.8), on the other
hand, does not require knowledge of r.

From the cardinal series, we have

x(t) = z(0) sinc(2Wt) + Z x (%) sinc(2Wt — n).

n#0

Substituting (7.11) and simplifying gives an interpolation formula not re-

quiring knowledge of the sample at the origin'.

x(t) = Z x (%) {sinc(QWt —-n)+ . ! sinc(rn) sinc(2Wt)| . (7.12)

n#0 n

Both sides can be low pass filtered to give the corresponding low passed

filter expression?.

7.2.2.3 Restoring M Lost Samples

The single sample restoration result can be generalized to restoring an

arbitrarily large but finite number of lost samples. Let M denote a set of M

integers corresponding to the locations of M lost samples. From the data set

{z (5%) | n & M} we wish to find the lost samples, {z(z) | n € M}.
To do this, we write (7.2) as

z(t)=r Z + Z x (%) sinc(2Bt — rn). (7.13)
neM  ngM
Evaluating this expression at the M points {t = 55 | m € M} and
rearranging gives

Z x (%) {6[n—m]—rsinc(r(n—m))} =g (%) ; meM (7.14)
nemM

where
n .
g(t)y=r ;4 x (ﬁ) sinc(2Bt — rn) (7.15)

can be computed from the known samples.

! The noise sensitivity and truncation error for this interpolation is explored
in Section 8.2.2.1.
2 See Exercise 7.23.
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Equation (7.14) consists of M equations and M unknowns. In matrix
form

Hi=4j (7.16)

where {g, = g(3%) | m e M}, {z, =2 (5%) [n€e M} and H=1-8
where S has elements

{Snm = Sn—m = r sinc (r(n —m)) | (n,m) € M x M}. (7.17)

Clearly, we can determine the lost samples if H is not singular. The matrix

is singular when r = 1.

7.2.2.4 Direct Interpolation From M Lost Samples

Here we address direct generation of z(¢) from the samples {z(n/2W) | n &
M3}, Using (7.15) the solution of (7.14) can be written as

(o) = X oo (ow)

peEM
- Z z (%) Z apq sinc (r(p —n));
ngM pPEM
.y (7.18)

where {ap, | (p,q) € M x M} are elements of the inverse of H. The cardinal

series can be written:

x(t) = Z x (%) sinc(2Wt — n) + Z x (ﬁ) sinc(2Wt — q).

ngM qgeEM

Substituting (7.18) gives

2t)= Y x(%) K (2W1) (7.19)

ngM

where the interpolation function is

kn(t) = sinc(t —n) +r Z Z apq sinc (r(n — p)) sinc(t —¢q). (7.20)
pEM geM

Alternately, we can pass (7.19) through a filter unity for |u| < B and
zero elsewhere. The result is

wt)= Y @ (%) k() (2Bt) (7.21)

ngM
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where
k) (2Bt) = k,(2Wt) * 2B sinc(2Bt).

It is straightforward to show that

k) (t) = rsinc(t — rn) 4 r2 Z Z apgsine(r(n — p))sinc(t — rq). (7.22)
pEM geM

For M empty, (7.19) reduces to the cardinal series and (7.22) to the
oversampled restoration formula in (7.10).

In the absence of noise we can, in general, restore an arbitrarily large
number of lost samples if r < 1. In Chapter 8, we demonstrate that restora-
tion becomes more and more unstable as M increases and/or r approaches
one. The algorithm is extended to higher dimensions in Chapter 9 where
we show restoration of lost samples may be possible even when sampling
is performed below the Nyquist density.

7.2.2.5 Relaxed Interpolation Formulae

Here we show oversampled signals can tolerate rather significant perturba-
tions in the interpolation function. Consider (7.5). If z(¢) has a bandwidth
of W, then the replicated spectra will be separated as is shown in Fig.4.2.
Define

T ;i Jul < B
Ko () 2w

anything convenient ; B < |u|] <2W — B

where the subscript r is for “relaxed.” Clearly, since S(u) = 0 for B <
|u| <2W — B.

Inverse transforming gives

2(t) = s(t)* k()

o0

3 x(%) k. (t—%) (7.23)

n=-—oo

where we have used (7.4). Both the cardinal series and (7.2) are subsumed
in this expression. Also, in practice, we can relax the roll-off in the spec-
trum of the generalized interpolation function, k,.(t), with no error cost in
restoration (in the absence of data noise and truncation error).
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K(u)

S(u) \
;T ' 2W X(u)
N

2w -8 0 B W 2W-B2W

FIGURE 7.2: Replicated spectra for an oversampled signal allows flexibility

in interpolation function choice.

7.2.3 CRITERIA FOR GENERALIZED INTERPOLATION
FuNcTIONS

Let k(t) now be an arbitrary function and define

gty=3 f(%) k(2Bt — n). (7.24)

If f(¢) has a bandwidth of B, under what condition can we recover f(t)
from g(t) ?
Transforming (7.24) gives

0 = gy S ) ()
= i F(u—2nB) K (%)

where we have used the Fourier dual of the Poisson sum formula. The
function, G(u), is recognized as the replicated signal spectrum weighted by
K(u/2B). Define the transfer function

(7.25)

Then the signal spectrum can be regained by

F(u) = G(u) H (%) .
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Thus, f(t) can be generated by passing g(t) through a filter with impulse
response h(t). The cardinal series is the special case when H(u) = II(u).

Clearly, H(u) does not exist if K (u) is identically zero over any subinter-
val of |u| < 1/2. If K(u) passes through zero for |u| < B, then restoration
is still possible but may be ill-posed.

7.2.3.1 Interpolation Functions

The function k() in (7.24) is said to be an interpolation function if the
resulting interpolation passes through the samples. For (7.24), this is equiv-
alent to requiring that

k(n) = d[n]. (7.26)

This condition assures that the resulting interpolation passes through the
sample points. Specifically, for ¢ = m/2B, (7.24) reduces to an identity
when (7.26) is valid.

Some commonly used interpolation functions follow:

(a) For k(t) = sinc(t), (7.24) becomes the cardinal series.

(b) Zeroth order sample and hold. Consider the interpolation func-
tion

k(t) = IL(t).

The resulting interpolation is referred to as a zeroth order sample and
hold. An example is shown in Figure 7.3. To restore f(¢) from this
interpolation, we pass the zero order sample and hold data through

a filter with frequency response H(u/2B) where

II(w)
sinc(u)

H(u) =

Note that H(u) is bounded. It follows that the inverse Fourier trans-

form is®

h(t) = sincq (¢).

(¢) Piecewise linear interpolation uses the interpolation function

3As defined in (2.44).
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FIGURE 7.3: Sample data (top) with zeroth order sample and hold (mid-

dle) and piecewise linear (bottom) interpolation.

The result, as is shown in Figure 7.3, is that the sample points are

linearly connected. The signal z(t) can be regained by passing this

waveform through a filter with frequency response H(u/2B) where

II(w)

H(u) = m

Again, H(u) is bounded. The inverse Fourier transform is

h(t) = sinca(t).

7.2.4 RECONSTRUCTION FROM A FILTERED SIGNAL’S
SAMPLES

(7.27)

Here we consider reconstruction of a bandlimited signal f(¢) from samples

of
g(t) = f(t) = h(t)
taken at the Nyquist rate. Let

(55)

H(u)

2B K (u) =

If K(u) is bounded, we can write

F(u) = 2B G(u) K (u) II (%) .

(7.28)
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Using this and
1 = n . U
- o —jmnu/B I <7>
¢ =35 n;oo 9(35) ¢ 2B
in the inversion formula gives
B .
/ F(u)e? ™t duy,

—B
00

S o IE PICRCA R

n=—oo

f(t)

where
1 B eJ2mut
k(t) = — —d K(u). .
(t) 5B |, Hw) u — K(u) (7.30)
As we will see in Chapter 8, (7.29) is ill posed when K (u) contains a pole.

The signal samples can be regained from (7.29) with the discrete time

() 5 o) e (%),

=—0Q

convolution

7.2.4.1 Restoration of Samples from an Integrating Detector

The integrating detector is shown in Figure 7.4. Digital cameras capture
images using an array integrating detectors. The axis is divided into bins

of duration T. A function, f(t¢), is integrated in each bin to generate the

n t=(n+1)T

g (T) =/ F(t)dt. (7.31)
t:(n—%)T

Our problem is to restore the signal f(¢) from these samples. To do so,

define

samples

g(t) = f(t)*TI(7)

S

= [T () dr

t— L
= JIf Sy
Sampling g(t) at t = 7 gives the samples of the integrating detector in

(7.31). Using
h(t) =11 (;)
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gﬂzg)

FIGURE 7.4: An integrating detector. The area of f(t) over intervals of
duration T are available as the only information from which to regain the
bandlimited signal, f().
gives the Fourier transform

H(u) =T sinc(Tu)

and (7.30) gives

) 1 B eJ2mut p
t) =
®) 2TB /B sine(Tu) b

At the Nyquist rate, T = % and

k(t) = 2B sincy (2Bt).

The original samples can therefore be regained through the discrete time

convolution

f (%) =g (%) * 2B sincy (2B(m —n)).

7.3 Papoulis’ Generalization

There are a number of ways to generalize the manner in which data can
be extracted from a signal and still maintain sufficient information to re-

construct the signal. Shannon [1370], for example, noted that one could
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sample at half the Nyquist rate without information loss if, at each sample
location, two sample values were taken: one of the signal and one of the
signal’s derivative. The details were later worked out by Linden [914] who
generalized the result to restoring from a signal sample and samples of its
first N — 1 derivatives taken every N Nyquist intervals.

Alternately, one can choose any N distinct points within N Nyquist
intervals. If signal samples are taken at these locations every N Nyquist
intervals, we address the question of restoration from interlaced or bunched
samples [1695].

Another problem encountered is restoration of a signal from samples
taken at half the Nyquist rate along with samples of the signal’s Hilbert
transform taken at the same rate.

Remarkably, all of these cases are subsumed in a generalization of the
sampling theorem developed by Papoulis [1185, 1186]. The generalization
concerns restoration of a signal given data sampled at 1/N** the Nyquist
rate from the output of N filters into which the signal has been fed. The
result is a generalization of the reconstruction from the filtered signal’s
samples.

In this section, we first present a derivation of Papoulis’ Generalized Sam-
pling Theorem [1185, 1186]. Specific attention is then given to interpolation
function evaluation. Lastly, specific applications of the problems addressed

at the beginning of this section are given.

7.3.1 Derivation

Let { Hy(u) | p = 1,2,...,N} be a set of N given filter frequency
responses and let f(¢) have bandwidth B. As is shown in Figure 7.5, f(t)

is fed into each filter. The outputs are
gp(t) = f(t) = hp(t) ; 1<p<N (7.32)
Each output is sampled at 1/N** the Nyquist rate. Define
By = B/N

The signal of samples obtained from the p** filter are

sp(t) = gp(t) 2By comb(2Bnt)
= Z gp(nTN) 6(t — nTn) (7.33)

n=—oo
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FIGURE 7.5: Generation of sample data from Papoulis’ generalized sam-

pling theorem. The encircled S is a sampler.
where Ty = 1/2Bp. Our problem is to restore f(t) from this set of functions
or, equivalently, the sample set

{gp(nTn) | 1<p< N, —co<n< oo}

We will show that

N o]

f(t) = Z Z gp(nTN) kyp(t — nTy) (7.34)
where 5
@mzém3mmwwmw (7.35)

and the K, (u;t)’s, if they exist, are the solutions of the simultaneous set
of equations
N
2By > Ky(ujt) Hy(u—2mBy) = exp(—j2rmt/Ty);
p=1

0<m<N (7.36)

over the parameter set 0 <m < N, B— By <u < Band —oco <t < 0.
Note that K,(u;t) and k,(t) are not Fourier transform pairs.

Proof. From (7.32)
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1

-B B
N=2
2
T "
2
3B

FIGURE 7.6: For the spectrum shown at the top, we have illustration of

first order (middle) and second order (bottom) aliasing,.

Fourier transforming (7.33) and using the Fourier dual of the Poisson sum
formula gives
Sp(u) =2By > Gp(u—2nBy). (7.37)
n=—o0
Clearly, each S,(u) is periodic with period 2By. Since G,(u) has finite
support, i.e.
Gy(u) = Gy(w)I (55 )
we conclude (7.37) is simply an aliased replication of G (u). Example repli-
cations for N = 2 and 3 are shown in Figure 7.6.
Note that on the interval |u| < B, there are 2N — 1 portions of shifted
Gp(u)’s. Equivalently, there are M = N — 1 spectra overlapping the zeroth
order spectrum on both sides of the origin. Accordingly, M is referred to

as the degree of aliasing. Over the interval
B—-2By <u< B, (7.38)

corresponding to one period of S,(u), there are a total of N portions of

replicated spectra. If we have N varied forms of N** order aliased data,
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it makes sense that our signal can be recovered. Indeed, on the interval in
(7.38),

N—1
Sp(u) = 2By Y Gp(u—2nBy) (7.39)
n=0
N—-1
= 2By Z H,(u—2nBy)F(u — 2nBy) (7.40)
n=0
Here we have NV equations and N unknowns. This may be made clearer by

viewing (7.40) in matrix form:

Hy(u) -+ Hi(u—2nBy) -+ Hy(u—2(
Hy(u) -+ Hy(u—2nBy) -+ Ha(u —2(

9By : .
Hy(u) -+ Hp(u—2nBy) -+ Hp(u—2(N —1)By)

F(u) ] S1(u)
F(u—2By) Sa(u)

" : _ :
F(u—2nBy) Sp(u)

| F(u—2(N—-1)By) |
or, in short hand notation,

2ByHF = § (7.41)

Thus, assuming the H matrix is not singular, we can solve for F(u) with

knowledge of the set:

{F(u—2nBy) | B—2By <u<B;0<n<N}.
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Indeed, each F'(u—2nBy) over the interval B—2By < u < B is a displaced
section of F(u). This is illustrated in Figure 7.7 for N = 3. The sections
F(u— 2nBj3) for —2B3 < u < B are shown there for n = 0,1 and 2.

Our purpose now is to appropriately put these pieces of F'(u) together
and inverse transform. Towards this end, let the inverse of the matrix
2BNH be Z with elements

{Z)(u;n) | B—2By <u<B;1<p<N,0<n<N}

That is

N
2Bn ZZp(u;n)Hp(u—QmBN) =d[n—m|; B—2By <u < B, 0 <n,m,< N.
p=1

The solution of (7.40) is thus

N
F(u—2nBy) =Y _ Sp(u)Z,(u;n). (7.42)
p=1
Consider, then
B
f) = / F(v)el*™tdv. (7.43)
-B

To facilitate use of (7.42), we divide the integration into N intervals of
width 2By:

B BN B*QBN *B‘FQBN
/ / + / + o + /
-B Byn—2BnN B-4By -B

N-1 /B—27LBN
n=0

B—2(TL+1)BN

Substitute into (7.43) and make the variable substitution v = u — 2nBy.

N—-1 B
f)=> / F(u — 2nBy)e?™u=2nBn) gy, (7.44)
n—0 Y B—2Bxn
Define
N—-1
Kp(ust) = > Z,(u;n) exp(—jdmnByt). (7.45)
n=0

Then substitution of (7.42) into (7.44) gives

N B ,
=3 /B SRy (e . (7.46)

2BN
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u
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u

FIGURE 7.7: Illustration of F(u—2nBy) on B—2By < u < B for various
n.

Directly transforming (7.33) yields

o0

Sp(u) = Z gp(nTn) exp(—jmnu/By).

n=—oo

Substituting into (7.46) produces Papoulis’ generalized sampling theorem.

N oo
FO =33 gp(nTn)ky(t — nTy) (7.47)
p=1n=—o0
where 5
ky(t) :/19sz Kp(u;t)e?* ™ du. (7.48)

Equation (7.47) generates f(t) from the undersampled outputs of each of
the N filters.
O

7.3.2 Interpolation Function Computation

In order to find the k,’s required for interpolation in (7.47), for a given set
of frequency responses, we need not invert the H matrix in (7.41). Rather,

we need only to solve N simultaneous equations.
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To derive this set of equations, we rewrite (7.45) as
K=ZE (7.49)
where the vector K has elements
Ky(u;t) ; B=2By<u<B, 1<p<N
and E has elements
exp(—j4mnBpt); —oco <t <oo, 0<n<N.

Multiplying both sides of (7.49) by 2ByH = Z~! gives

2ByHEK = E
or, equivalently
N
2BN Y Kp(u;t)Hy(u — 2mBy) = exp(—jdrmByt) (7.50)
p=1

where 0 < m < N, B—2By < u < B and t is arbitrary. The K,(u;t)’s
can be determined from this set of equations and the corresponding inter-

polation functions from (7.48).

7.3.3 EXAMPLE APPLICATIONS
7.3.3.1 Recurrent Nonuniform Sampling

As is shown in Figure 7.8, let {a, | p = 1,2,..., N} denote N distinct
locations in N Nyquist intervals. A signal is sampled at these points every
N Nyquist intervals. We thus have knowledge of the data

{f(ozp+2g>’ 1<p<N, —oo<m<oo}
N

Such sampling is also referred to as bunched or interlaced sampling.
The generalized sampling theorem is applicable here if we choose for
filters
H,(u) = exp(j2mapu); 1 <p < N. (7.51)

The corresponding equations in (7.50) can be solved in closed form using

Cramer’s rule and the Vandermonde determinant? [624] . On the interval

4 See Exercise 7.9.
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FIGURE 7.8: Illustration of N*" order recurrent nonuniform sampling. In
each N Nyquist intervals, samples are taken at these same relative loca-
tions.

(0, Tn), the resulting interpolation functions are

N sin (27 By (t — «
kp(t) = sinc 2By (t — o)) ] S:‘n ((211;1 (S,,—oi;)' (7.52)

qg=1
qF#p

Note that k,(t) is a true interpolation function in the sense that

kp(an) = 6[p — n].

7.3.3.2 Interlaced Signal-Derivative Sampling

Consider the N = 2 case where

Hy(u) = el?mon (7.53)

Hy(u) = (j2mu)™. (7.54)
The output of filter #1 is f(t + «) and that of #2 is the M*" derivative of
f(t). The resulting sampling geometry is shown in Fig. 7.9 We will derive
the spectra of the two corresponding interpolation functions.
The output of the two filters is sampled at a rate of 2By = B. From
(7.40), the desired signal spectrum, F'(u), satisfies the set of equations

S (U) _g ej2mau €j2ﬂa(u_B)
SZ(U) B (j27ru)M [j27T(u _ B)]M

;0<u<B.

The determinant of the H matrix here is

A(u) — —(j27T)M ej27rom [’LLM €7j27raB _ (U _ B)M] ) (755)
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Solving the two simultaneous equations results in

~j2m(u— B)}M S (u) — ed?m (=B G, (u)

F(u) BA(u)

; 0<u< B

and )
(72mu)M Sy (u) — eF2mu Sy (u)

BA(u)
Shifting the second term to the interval (—B,0) and recognizing that both

Flu—B)=—

; 0<u< B.

S1(u) and S2(u) are periodic with period B gives:
F(u) = Kl (U)Sl (u) + KQ(U)SQ(U),

where the spectra of the interpolation functions are

o= 05 [ ) S (3]
and
=5 [0 (D) ()]

(7.57)

We will use these results in Chapter 8 to show that interpolation here

becomes unstable (ill-posed) when
(a) M is even and o =0, or

(b) M is odd and a = 5.

Otherwise, interpolation can be tolerant of data noise.
Reconstruction from the M = 1,a = 0 data was first addressed by
Shannon [1370] and derived by Linden [914]. Inverse transforming (7.56)

and (7.57) for this case gives the interpolation functions

k1 (t) = sinc?(Bt) (7.58)

and
ko(t) = t sinc?(Bt) (7.59)

These are pictured in Figure 7.10 It follows that

£(t) = sin®(7 Bt) Z f(%)

= (Bt—n)® " B(Bt—n) (7.60)

n=—oo
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f?M’(f) 10

FIGURE 7.9: Interlaced signal - derivative sampling. The signal f(¢), and
its Mth derivative are both sampled at half the Nyquist rate.

7.3.3.3 Higher Order Derivative Sampling

Consider sampling a signal and its first N — 1 derivatives every N Nyquist
intervals [914]. We can show that, as N — oo, the interpolation functions
for the restoration approach those used in a Taylor series expansion.

The filters required for our problem are
Hy(u) = (j2ru)P~™! ;1 <p<N. (7.61)
The solution for the interpolation function for the N = 1 case is clearly
k1 (t) = sinc(2Bt) ; N =1.

For N = 2, the interpolation functions are given by (7.58) and (7.59) which

we rewrite here as
2Bt
k1 (t) sinc? <2>

2Bt
ko(t) = tsinc? ()
2
In Exercise 7.26, we show that, for N =3

k1 (t) = sinc? <2§t>

ko(t) =t sinc® <2§t> (7.62)

15 . 2Bt
ks(t) = 3 t? sinc? <3> .

From this pattern, we deduce that, in general,

11 sine (281

(p—1)!

kp(t): ; 1<p<N.
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FIGURE 7.10: The functions for interpolating a signal from its samples and
samples of its derivatives each taken simultaneously at half the Nyquist
rate. The function ki(¢/B) is used for the samples and ko(t/B) for the
derivative samples.

Substituting into (7.47) gives the interpolation series

£ :i = @(;Eigl);_l = (Zg) sinc™ (2]1315 —n).

p=1n=—oc0

Since

2Bt
. . N . _
ngX(l)o sinc <N n) o[n],

we conclude that
2

(p—1)!

which is recognized as the Taylor series expansion of f(t) about ¢ = 0.

lim f(t) = Z

N—o00
p=1

70 (0)

7.3.3.4 FEffects of Oversampling in Papoulis’ Generalization

Suppose f(t) has bandwidth B and is sampled at a rate of 2W > 2B.
Redefine Ty = N/2W. Then the transform of (7.47) becomes

o0

F<u>=iKp<u> >° gp(nTy)e 2TV (o).

n=—oo



7. Generalizations of the Sampling Theorem 436

Multiplying both sides by II(u/2B) leaves the result unaltered.

N 0o
u

Flu) =Y Ky(u) ) gp(nTN)e‘jZ”"“TNH(ﬁ). (7.63)

p=1 n=-—oo

In the time domain, this is equivalent to using the interpolation function
set {k,(t)} in place of {k,(t)} where

B
kp(t) = / K, (u)e?™ du
-B

ky(t) * 2B sinc(2Bt). (7.64)

Inverse transforming (7.63) then gives us the oversampled version of (7.47).

N fe’s)
FO=>">" go(nTn)ky(t — nTy). (7.65)

p=1n=—
As we shall demonstrate in Section 8.2.1, oversampling can reduce inter-
polation noise level due to noisy data. Thus, with all other factors equal,
(7.65) should be used in lieu of (7.47) for interpolating oversampled signals.

7.4 Derivative Interpolation

Interpolation formulae for generating the derivative of a bandlimited signal
can be obtained by direct differentiation of the cardinal series [982]. The

result is
P (t) = (;t)px(t)
— (2B) :f: x(%) dy(2Bt — n) (7.66)
where

dy(t) = (dt)p sinc(t) (7.67)
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is the derivative kernel. From the derivative theorem of Fourier analysis,

we can equivalently write

1/2 _
dp(t) = / (j2mu)Pel?™ dy,
—1/2

(=1)Pp!

g [sin(ﬂ't) cosy/2(mt) — cos(mt) sinp_1 (wt)]

(7.68)

where the incomplete sine and cosine are defined, respectively, as
1" 2n
cosq(2) = Z (e (7.69)

and
Lal (_1)nz2n+1

sing (z) = Z o1

n=0

(7.70)

The notation |a] denotes “the greatest integer less than or equal to a”. To
allow for p = 0 in (7.68), we set sin_j5(t) = 0. Then do(t) = sinc(t). In
the evaluation of (7.68), we used the identity [590]

n _ax _ n _ax - k (n_k)' xk

k=0

7.4.1 PROPERTIES OF THE DERIVATIVE KERNEL

This section will be devoted to exploring properties of the derivative ker-
nel. For large ¢ and even p, the cos,/s(7t) term in (7.68) dominates. For
odd p, sing,_1)/2(mt) dominates. This observation leads to the following

asymptotic relation for d,(t) for large .

(—1)P/27P sinc(t) ; p even
lim dy(t) =
teo (=1)P=D/27P cos(nt)/(wt) ; p odd.

Convolution of (2B)P*1d,(2Bt) with any bandlimited x(t) yields z(® (t).
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To show this, we write

@BV+{/ma%ﬂ@AZB@—TDdT

— 00

Y /oo 2(7) (Ci)psinc (2B(t— 1)) dr

— 00

B .
= /_B X (u)(52mu)P e?2 4 dy
= 2P (¢) (7.71)

where, in the second step, we have used the power theorem of Fourier
analysis. This result is a generalization of that of Gallagher and Wise [522]
who noted that the first derivative of a bandlimited signal can be achieved
by a convolution with an appropriately scaled first—order spherical Bessel

function ji (t) = — 4 sinc(t/r).

Using d,(t) as the signal in (7.71) gives the recurrence relation
dpiq(t) = / dg(T)dy(t — T)dT. (7.72)

Thus, higher order kernels can be generated by convolution of lower ordered
kernels.

A second obvious recurrence relation is

d p
a0 = (5) dat0)
Using this expression with ¢ = 1 and the relations

7 cos,(t) = —sin,_1(t)

7 sin, (t) = cosy(t)

gives, via (7.68), a third recurrence formula:

Lat) = dynt)

#dp(t) + % cos(mt); evenp
el o,
%dp(t) - (71)# sin(rt); odd p.

(7.73)
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Alternate derivative interpolation can be achieved by recognizing that if
z(t) is bandlimited, so is () (t). Therefore

2P (1) = i 2P (%) sinc(2Bt — m).

m=—0o0

Thus, the signal derivative is uniquely specified by its sample values which,

from (7.66) can be computed by the discrete time convolution

2 (%) — (2B)? n_fjoo P) (%) dy(m — n) (7.74)

where, from (7.68)°

% sinp—1 (rm) ; m#0
dp(m) = Y
(=1)P 7 6[p — even] ; m=0.

Note that the discrete derivative kernel is independent of the signal band-
width. Plots of |d,(m)| are shown in Figs. 7.11 and 7.12.
Using (7.70), the asymptotic behavior for d,(m) for large m is found to

be
(=1)™+EpaP=2/m? ; even p
dp(m) —

p—1
(_1)m+pTﬂ_p71

odd p.

A recurrence relation for the discrete derivative kernel follows from the
use of d,(n) as the signal in (7.74)

dpq(m) = ) dy(n)dy(m —n).

n=—oo

This is the discrete equivalent of (7.72).

A second recurrence relation immediately follows from (7.73) for m # 0:

b s (m) _(ij_l)dp<m) + 7(_1)725# ; even p
p+1{M) =
7(Ig1)dp(m) ; odd p.

®To derive the m = 0 case, it is easiest to use the integral in (4.66) with
t=m=0.
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FIGURE 7.11: Plots of |d,(n)| for even p. Points are connected for clarity.

The discrete derivative kernel is square summable. Since d,(m) is simply
the m'" Fourier coefficient of (j27u)™ for | u | < 1/2, we have

S Jdym) P = / [, (1) [2dt
1/2

= [ lt2my Pa
~1/2
2P

2p+1°

The sensitivity of derivative interpolation to additive sample noise is
examined in Chapter 8. There, we show that the interpolation noise level

increases significantly with p.
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FIGURE 7.12: Plots of |d,(n)| for odd p. Points are connected for clarity.

7.5 A Relation Between the Taylor and Cardinal
Series

The discrete derivative kernel can be utilized to couple a bandlimited sig-
nal’s Taylor series and sampling theorem expansion. If x(¢) is bandlimited,

it is analytic everywhere. Thus, its Taylor series about ¢t = m/2B,

oo
(=B o (m
sy =33 Y o (1,
= p! 2B
converges for all ¢. Substituting (7.74) gives

x(t)zi@Btp_!m)p i x(%) dy(m —n).

p=0 n=-—oo
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Since the series is absolutely convergent®, we can interchange the summa-

tion order
r= 3 w(55) > (2Bt - m);d”(m —n) (7.75)
n=-—o00 p=0 ’

The sum over p is recognized as the Taylor series expansion of sinc(2Bt—n)
about t = m/2B. Thus (7.75) reduces to the cardinal series.

7.6 Sampling Trigonometric Polynomials

A trigonometric polynomial is a bandlimited periodic function with a finite
number of nonzero Fourier coefficients. A low pass trigonometric polyno-
mial with period T can be written as

N

z(t) = Z cme 12t/ T (7.76)
m=—N

This function is uniquely determined by 2N + 1 coefficients. We therefore
would expect that 2/N 41 samples taken within a single period would suffice
to uniquely specify z(t). We will show that

,
of6) = o ataTy) k(7 ) (7.77)

q=1

where T,, = T/ P is the sampling interval, P (assumed odd) is the number

of samples per period and the interpolation function is

t
k(t) = array p <) (7.78)
P
We require that P > 2N + 1.

Proof. The cardinal series for z(¢) can be written as

2(t) = i 2 (pT)) sinc (; —p) (7.79)

p=—00 p
where the sampling interval is

T
T,=%;: P=2M+1>2N+1. (7.80)

6 See Exercise 2.5.
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We have assumed, for simplicity, that the odd number of samples taken in

each period are the same. We can partition the sum in (7.79) as

e 2P P 0

o= D A D

p=—00 p=1+P p=1 p=1-P
1-n)P

o
- > X
n=—oo0 p=1-nP
P

n=—oco q=1
where ¢ = p+nP. Using this, and recognizing that « ((¢ — nP)T},) = z(qT})
reduces (7.79) to
z(t) = Zx(qu) iq(t)
qg=1
where the interpolation function is

o0

ig(t)= Y sinc <t J“T”T - q) . (7.81)

P

n=—oo
Using the Poisson sum formula

1 M
i) = —— —j2mn($—1
W) = 531 > e )
n=—M
and the geometric series in (16.8) gives

sin( 7w(7F—
: _ sin(n(£-9)/P
Zq(t) o sin(ﬂ'(%p—q)/}’)

t
_ T, 4
= arrayp | %5

and our proof is complete. O

7.7 Sampling Theory for Bandpass Functions
A signal x(¢) is said to be bandpass with center frequency fy and bandwidth
B if

Xuw)=0; 0<|ul < fr, fu <|u| <o
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X(u)

| I I i
- B R Jr Jo Ju
FIGURE 7.13: Parameters for the support of the Fourier transform of a
bandpass signal.

where the upper and lower frequencies are fr, = fo—B/2 and fy = fo+B/2
respectively. An example spectrum is shown in Fig. 7.13. The signal is
assumed to be real so that X (u) is Hermetian.

We will discuss two techniques to characterize a bandpass function by
its samples. The first requires preprocessing prior to sampling. The second
uses samples taken directly from z(t) at a rate of 2B. A hybrid approach

is left as an exercise.

7.7.1 Heterodyned Sampling

A bandpass signal can be heterodyned down to baseband by using the stan-
dard (coherent) upper sideband amplitude demodulation technique illus-
trated in Figure 7.14. The bandpass signal is first multiplied by a cosinusoid
to obtain

y(t) = z(t) cos(2m fLt)

or, in the frequency domain

V() = X(u)s % B(u— 1) +6(u + fo)]

%X(U —fr)+ %X(U + f1)-

The result is illustrated in Figure 7.15. The signal y(t) is then low pass
filtered to yield the baseband signal z(t), which can be sampled by con-
ventional means. If sampling is performed at the Nyquist rate, then the

baseband samples are

o0

z (%) =2B /_DO x(t) cos(2m ft) sinc(2Bt — n)dt.
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F 2 cos(2zfit)

interpolate 20 %}
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FIGURE 7.14: (a) Heterodyning a bandpass signal to baseband in order to
apply conventional sampling. The encircled S is a sampler. (b) Restoration

of the bandpass signal from the baseband signal’s samples.

Postprocessing is also required to regenerate z(t) from samples of z(t) .
We partition Z(u) as
Z(u) = U(u) + L(u)

where

and

Then, clearly

%X(u) Llu+ fr)+U(u— fr)

Z(u+ fo)p(—u— fr) + Z(u— fr) plu— fr).

The inverse transform of the first term is the conjugate of the inverse
transform of the second. Thus

%uwzzmwm

where
1

wlt) = et exp(-i2n 1)« { (5000 - 2 ) es(-smfun) |
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FIGURE 7.15: Illustration of heterodyning down to baseband.

and R is the real operator. Simplifying gives
x(t) = 2 2(t) cos(2m frt) + 2 2z (t) sin(27w fr.t)

where the Hilbert transform of z(t) is

7.7.2 DIRECT BANDPASS SAMPLING

A bandpass signal can also be reconstructed by samples taken directly from
the signal. With reference to Fig. 7.11, assume that f7, is an integer multiple
of B.

fL =2NB. (7.82)

This relation can always be achieved by artificially increasing fy;, resulting
in an equal incremental increase in B.
The reason for requiring (7.82) is made evident in Fig. 7.13. When the

bandpass signal is sampled at a rate of 2B, the replicated spectra do not
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Xu) l’epliC‘atirons

- =
B 2fi=2B ™

FIGURE 7.16: When f;, is an integer multiple of B, the spectral replica-
tions corresponding to a sampling rate of 2B do not overlap the original
spectrum. Note, in this example, we had to artificially increase B to meet

the integer multiplication criterion.

overlap with X (u) (shown with solid lines). Therefore, X (u) can be regained
from the sample data with the use of a bandpass filter. Let’s derive the

specifics. Let

»
—~

~
~—

> () ol )

x?t) 2B comb(2Bt) (7.83)

so that

e
£
[

X (u) * comb(u/2B)

2B i X(u—2nB).

n=—oo

The signal is regained with a bandpass filter.

X (u) = %S(u) [H (“;fo) + 10 (“;f‘)ﬂ .

Inverse transforming gives

x(t) = s(t) * (sinc(Bt) cos(27 fot)) .

Substituting (7.83) and simplifying leaves

2(t) = i x(%) k(2Bt — n). (7.84)

1=—

where the interpolation function is

k(t) = sinc (;) cos (W) . (7.85)

Plots of k(t) for various N are shown in Fig. 7.17.
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1 1

N=1 N=2
0 0
1 1
0 2 4 6 8 0 2 4 6 8
1 1
N=3 N=4
0 0
4 1
0 2 4 6 8 0 2 4 6 8

FIGURE 7.17: Interpolation functions in (7.85) for direct bandpass signal

sampling for various N.

7.8 A Summary of Sampling Theorems for Directly
Sampled Signals

A number of the sampling theorems discussed in this chapter can be written
as

z(t) = Z x(tn)kn(t) (7.86)

nes

where S is a set of integers. A list of some applicable sampling theorems
are in Table 7.1. The signal z(t) is assumed to be (low pass or high pass)
bandlimited with bandwidth B. The sampling rate 2W exceeds the Nyquist
rate. Note that, in each case, the function used for interpolation can itself

be sampled and interpolated as

km(t) = Z km(tn) kn(t) (787)

nes
Excluded from this generalization are interpolations requiring samples
of a signal’s derivative or Hilbert transform. Derivative interpolation is

likewise not included.
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sample domain | sample locations interpolation function
(Eq)/Section S tn kn(t)
Cardinal
Series —00 < n < 0o 55 sinc(2Bt — n)
(6.3)/ 6.1
Over-
sampling —00 <N < 00 5 r sinc(2Bt — rn)
(7.2)/7.2.1
Lost sample
att =0 n#0 517 r sinc(2Bt — rn)
(7.94)/7.11 a5 sinc(rn)sinc(2Bt)
Recurrent 1<p<P tnp = sinc(2Bn (t — tnp))
. N sin(2rBn(t—ty
nonuniform® | —oco < n < 0o 3Bv T X H(}];; Siii?éﬂ;N]Zt(zpiti?))
(7.52)/7.3.3
Bandpass —00 < n < o0 55 sinc (Bt — %)
signals x cos (m(2N +1) (Bt — %))
(7.85)/7.7.2
Trigonometric
polynomials®) 1<n<P 517 array p (%)
(7.78)/7.6

TABLE 7.1: Direct sample interpolation following the formula in (7.86).
(a) The sum is over both n and p. (b) 2W = P/T where T is the sig-

nal’s period and P is an odd integer. Parameter comments: (1) B =
signal’s bandwidth W > B. (2) r = B/W = sampling rate parameter,
(3) By = B/N, (4) a, = sample locations in recurrent nonuniform sam-
pling.
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7.9 Lagrangian Interpolation

There exists a unique Nth order polynomial passing through any N + 1
samples. Lagrangian interpolation identifies that polynomial. Lagrangian
interpolation, when applied to an infinite number of uniformly spaced sam-
ples, is equivalent to cardinal series interpolation.

In general, let {¢,} denote a set of sample locations for a function z(¢).

The corresponding Lagrangian interpolation from these samples is [1259]
y(t) = Y w(tn)kn(t) (7.88)

where

alt) = I] ==

m#n

Note that this function meets the interpolation function criterion
Epn(tm) = d[n —m).

In other words, y(t) passes through all the sample points.
We now show that if {t,, = nT| — oo < n < 0o}, then (7.88) becomes the
cardinal series. Under this assumption, the interpolation function clearly

takes on the same form at every sample location. Thus
kn(t) = k(t — nT).

Analysis of the n = 0 case therefore suffices. There,

-1~ ()]

m##0

Separating the product into its positive and negative m portions followed

by a multiplicative combination gives
o0 ¢ 2
k(t) = 1-(—
=11 [ (57)
> 2
[1 - (i) ] (7.89)
gt ™m

sinlz) == |
k(#) = sinc (;)

and our equivalence demonstration is complete.

Since [6]

we conclude that
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7.10 Kramer’s Generalization

The generalization of the sampling theorem by Kramer (1959) [840] can
best be explained by a review of the conventional sampling theorem deriva-
tion in followed by a parallel generalized derivation.

Consider the inverse Fourier transform expression of a bandlimited func-
tion in (6.2). We can evaluate this expression without loss of information at
the points t = n/2B because the functions {exp(—jrnu/B)|—0co < n < oo}
form a complete orthogonal basis set on the interval —B < u < B . There-
fore, as explained in Section 2.4, the inner products expressed in (6.9) are
sufficient for an orthogonal series expansion for X (u) and therefore x(t).

Consider, then, the generalized integral transform?”

y(t) = /1 Y ()C(t: u)du (7.90)

where C(t;u) is a given kernel, and I a given interval®. Assume that over
the interval I, the functions {Cltp;u) | —o0 < n < oo} form a
complete orthonormal basis set which can be used to express Y (u). Then
Y (u) can be expressed in an orthonormal expansion using samples of y(t)

as coefficients.
oo

V()= 3 ylt) O (taiu).

n=—oo

Substituting into (7.90) gives a generalization of the cardinal series

y(t) = D ytn) kn(t) (7.91)

n=—oo

where the n'" interpolation function is
(1) = / C* (s 1) C (£ w) s, (7.92)
I
Equations (7.91) and (7.92) constitute Kramer’s generalization.

7 In this section, y(t) and Y (u) are not Fourier transform pairs.
8For the specific case of Fourier series, C(t;u) = exp(j2wut) /v/2B and
I={ul-B<u<B}.



7. Generalizations of the Sampling Theorem 452
7.11 Exercises

7.1. Fill in the details between the two equations in (7.2).

7.2. Let z(t) have a bandwidth of B. Let r = B/W < 1. Consider the sinc

squared interpolation:

y(t; A)=D Z z(nT) [Asinc (A(t — nT))

n=—oo

where D is a constant and 7' = 1/2W. Let C be such that
B<C<2WW -B.
(a) Find D such that
y(t; C) —y(t; B) = =(t).
(b) Find a filter H(5%) that gives 2(¢) as an output when y(¢; C) is input.
7.3. (a) Let
1 —at
Restore the resulting generalized interpolation in (7.24) using a dif-
ferentiator, a low pass filter and an amplifier.

(b) Same except

k(2Bt) = % ealtl,

Here, you are allowed an inverter, two amplifiers, two differentiators

and a low pass filter for restoration.

7.4. A signal’s Hilbert transform can be obtained by passing the signal

through a filter with frequency response
H(u) = —j sgn(u).

Let f(t) be a bandlimited signal with bandwidth B and let g(¢) be its
Hilbert transform.  Find f(t) from {g(5%) | — oo <n < oco}.

7.5. A bandlimited signal, f(¢), and its Hilbert transform are both sampled
in phase at half their Nyquist rates. Generate the interpolation functions
required to regain f(t).

7.6. Generate an alternate method for restoring lost samples by evaluating
(7.13) at the points {t = 53 | n & M}.
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7.7. A signal’s samples are

A=

~—n7y 1 oeven
f(nT) =4 7 : on=+1

0 ;  otherwise.

Given r = 1/2, find f(£T).

7.8. Except for n = 0, a signal’s samples are

212 . even n#0
TLT == n n 7
f( ) { 4(_17)T(nz+1)/2 , odd n

The signal is known to be oversampled, but the value of r is uncertain.

Find f(0).

7.9. Vandermonde determinants

The determinant of the matrix

1 oz 23 ... m{vfl
1 a9 x% xévfl
1 oy 2% ... m% !

is called the Vandermonde determinant and is equal to

A =1lcjopen(@r — 5).
For example, for N = 4,
A = (vq4—2a3)(xs—22)(Ts—271)
X (x3 — x2)(x2 — 1)
X (xo — 7).
Use this result to derive (7.52) by using (7.51) in (7.50) with Cramer’s rule.

7.10. Let f(t) have bandwidth B. The signals f(t — «) and f(t + «) are
sampled uniformly at a rate of B. Show that [1186]

cos(2mrBa) — cos(2m Bt)

1o = 27 B sin(27rBa)
+Ol) f(§—a)
. Z Bt—a B(tia)—n'

n=—oo
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7.11. (a) Derive the interpolation functions in (4.53) and (4.54).

(b) Show that the formula in (7.60) not only interpolates the signal sam-
ples properly, but also interpolates the derivative samples.

7.12. Consider the case where the integrating detector bins in Section 7.2.4.1

are separated by gaps and, in lieu of (7.31), we are given
t=(n+1)T

g (%) - /t_(nl)'r J(tydt.

where T < T. Assuming 1/T equals or exceeds the Nyquist rate, craft a
procedure to find the samples of f(t).

7.13. Why can’t we allow M = N in (7.80) ?

7.14. Show that the Fourier coefficients of a trigonometric polynomial can

be generated directly from the signal’s samples by the matrix equation
c=A7

where T contains the P signal samples, ¢ contains the 2N + 1 Fourier

coefficients and the ng*" element of A is

wi= [

7.15. Envelope detection

N

array p (t — %) 2™t gt

1
2

In this problem, we consider the amplitude modulation process in Sec-
tion 3.5. A bandlimited signal, z(t), has bandwidth B is used to form the
signal

z(t) = 2 w(t) cos(2m fot)

where fy is the carrier frequency and
w(t) = x(t) + b.

The bias, b, is chosen such that w(t) > 0. Then, as illustrated in Figure 3.30,
the signal w(t) rides the envelope of the modulating sinusoid. The signal
z(t) touches w(t) when t = n/fo. We therefore have access to the samples

w (%) and therefore the samples

(7))
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(a) Are the maxima of z(¢) in Figure 3.30 equal to the samples w (%)7
Hint: See Exercise 2.34.

(b) Under what conditions can we regain the baseband signal, x(t), from
the samples x (;L—O) using the sampling theorem?

(¢) Form a signal by linearly connecting the points of (%) Can the
baseband signal be recovered from this piecewise linear signal?

7.16. Let v(t) denote a real baseband signal with a maximum frequency
component of B/2. The signal

z(t) = v(t) cos(2m fot)

is bandpass. We showed that x(t), when heterodyned to baseband, required
a minimum sampling rate of 2B. Show a technique whereby a down hetero-

dyned version of x(t) requires a sampling rate of half that much (fy > B).

7.17. Implicit sampling of a function x(t) is illustrated in Fig. 7.18. A
sample is taken when z(t) crosses a predetermined level. Assume that the
levels are each separated by an interval of A and that one of the levels is
at zero. Show that not all finite energy bandlimited signals are determined
uniquely by their implicit samples for any finite value of A.  Hint: Assume
an average sampling density of 2B is necessary to uniquely specify the signal

and consider the function
y(t) = sinc?(t) 4 sinc?(t — a)
which is strictly positive when a is not an integer.

7.18. Does (7.85) satisfy the criterion for an interpolation function? If not,
why?
7.19. What class of functions does Lagrangian interpolation always inter-

polate exactly using only N samples?

7.20. Derive a closed form expression for the interpolation function for
recurrent nonuniform sampling using Lagrangian interpolation. Is it the
same as (7.52)7

7.21. Does Lagrangian interpolation result in the expression in (7.2) for

oversampled bandlimited signals?
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FIGURE 7.18: Implicit sampling.

7.22. An oversampled bandlimited function can be interpolated using the

oversampled cardinal series as
z(t)=r i x (ﬂ) sinc(2Bt — rn) (7.93)
—~ \2B

where the sampling rate parameter, r, has been explicitly placed in the
argument of z(-). For finite energy signals, this is true for 0 < r < 1. Thus,

as r changes in this range, x(¢) should not change and

d

drz
Show that, indeed, this is true. Hint: If x(¢) is bandlimited, so is tx(¢) and
ta'(t).

(t) = 0.

7.23. Show that for any oversampled finite energy bandlimited function
that

z(t)=r Z x (%) (sinc(QBt —rn)+ a i ) sinc(rn) sinc(ZBt)) .

(7.94)

7.24. The lost sample formula in (7.11) works for finite energy signals.
Does it work for z(t) = cos(2nrBt) when r = 0.57 In other words, can the

sample at the origin, £(0) = 1 be expressed using the other samples?

7.25. A bandpass function with bandwidth B is directly sampled at a rate
2B where B is an integer multiple of f;. The samples are interpolated

using the conventional cardinal series. Outline the processing required to
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regain the original signal from this interpolation. Does it make a difference
whether the integer multiple is odd or even?

7.26. For the filters in (7.61), derive the corresponding interpolation func-
tions for N = 3.

7.27. Complex Walsh functions
For a given B, let I = {u| — B < u < B}. Let

C(t;u) = {sgn (cos(2mut)] + j sgn[sin(27rut))} /V2B.

The set of functions, {C(55;u)| — 0o < n < oo}, known as complex Walsh
functions, form a complete orthonormal basis set for finite energy functions
on the interval I. Evaluate the interpolation functions, &y, (t), corresponding

to Kramer’s generalization of the sampling theorem for this basis set.
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7.12 Solutions for Selected Chapter 7 Exercises.

7.2.

y(t:C) = DC* Y x(nT)sinc® (C(t —nT))
y(t:; W) = D W? i x(nT) sinc® (W (t — nT))
a(t) = Y a(nT) k(t —n/2W)
where
k.(t) = D [C?sinc®(Ct) — B? sinc®(Bt)]
— K,(u) = D [CA(u/C) — BA(u/B)].
For |u| < B,
K = o [e(i-1) - (1-121)]
1
= 1T P=owie—n

and x(t) is recovered.

Here
k.(t) = D C?sinc(Ct)
— Ko (u) =K (%) —DCA (3)
and
1(55) = "(s5) /% (35)

1 U
= 1(—).
D(C —|ul) (23)
Notice, for |u| < B

<H (3p) < D(Cl— By’

1
DC
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| d
dt
) [Tpr |, G:L (1)
» A
— _/
~
(5]
B

LY

O '1pp

FIGURE 7.20: See Exercise 7.3b.

7.3.
(a) K (3%) =1/(a+ j2mu) and
U . u
This inverse filter is shown in Figure 7.19.°
(b) )
U a
L
2B a? — (j2mu)?
and .
U a U
H(35) = |55 G2m? | 1(55)
(23 [2 5 2mu) } (QB
The inverse filter is shown in Figure 7.20.
7.4.

9Note: the LPF should be used first to avoid differentiating discontinuities.
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(b) H(u) = —jsgn(u). Since 1/sgn(u) = sgn (u),

K(u) J sgn(u) II (i)

Y] 2B
and
j B
k@) = 7/ sgn(u) (j sin(27ut)) du
2B | p

1 B
= f/o sin(2mut) du

= —nBtsinc®(Bt).

Thus, if g(¢) is the Hilbert transform of f(¢) with bandwidth B, then

1 «— n\ (=1)" cos(2nBt) — 1
f(t)zfn;mg(ﬁ) 2Bt —n '

7.5.
(a) For M =1 and a = 0, (7.55) becomes
A(u) = j27B.

Equation (7.56) becomes

1 U 1
) = oo [H<B‘2)‘H<
1 U B
= ! (E) * (5 <“ 2
Thus

k(1)

1
— sinc(Bt) sin(wBt)
B

sin? (7 Bt)
w2 B%t
= tsinc?(Bt).

Ko(w) = 5 [—(u—B)H (B— ;) +(u+B)H<B+2)]
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Thus

ko(t) = sinc?(Bt)

sin? (7 Bt)
(rBt)?

sinc?(Bt).

The interpolation is
s = 3 [r(E) k(=) (B) ke (1= 2)].

Since k1(p/B) = d[n] and ka2(p/B) = 0, the equation reduces to an
identity at t = m/B.

Differentiate
ro- 5 ) G- 5o ()56
Clearly
/ d . ,
ki (t) = = Sine (Bt)
= 2B sinc(Bt) dy (Bt)
and
() =0

since d1(0) = 0 and sinc(n) is zero everywhere else. Note that
ka(t) =t ki(t),

Thus
keo(t) = thy (8) + K (1)

and

k/2 (%) = sinc?(n)

The interpolation therefore also interpolates the derivative samples.
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7.6. Doing so gives

. n n .
Z [6[n — m] — rsinc (r(n — m))] z (ﬁ) =r Z x (W) sinc (r(n — m))
ngM nem
or
§=S7
where § has elements {j (%) |n€ M} and

g(nT) = n;/l [6[n —m] — rsinc (r(n — m))] x (W)

can be found from the known data.

7.7.
Ay
<=7y 5 evenn
f(nT) =
0 ; odd n, n#+1

Therefore, for T = 1/2W,

g(£T) =

> jgl?’;f) ine (i12 ”> |

even n

N —

Note g(T') = g(—T). Using the + gives

. (n—1 2(—1)"/?
S1nc = ,even n
2 m(l—n)

and

R —

even n
2 2
)

. 1
1+2 —_—
722(1—(%HVV]
where we have let 2m = n. Numerically,

g&ﬂ:;

=12 0
H= [ 0 1/2 ]'

Now,
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Thus
f(£T) =1.

Note: The function these samples were taken from is

1 1
f(t) = sinc <2Bt — 2) + sinc (2Bt + 2) .

7.8. The samples are taken from the signal

cos(mt) — sinc(¢)

ft) = 4 sinc(t) = ;

dt
Thus f(0) = 0. (Note r = 1/2). Using (7.8) :

_1\n/2 1) =
2(0) = -2 Y %*%Z %
odd n

even n
n#0
- 0

since both summands are odd.

7.13. We have implicitly assumed that CLy = 0. If P = 2N + 1 then, in
the spectral replication, the Dirac delta at u = N/T would be aliased by
the shifted Dirac delta originally at v = —N/T.We evaluate the Fourier

coefficients in (7.76) with the familiar formula

1 [T/2 A
Cp = —/ x(T) ei2mnt/T qr
T J_1/2

Substituting (7.77 ) followed by manipulation completes the problem.

7.16. Since v(t) is real, V(u) is Hermitian. Thus, as illustrated in Fig-
ure 7.21, X (u) has a four fold symmetry. We can, therefore, heterodyne
the center frequency fy (rather than the lower frequency f1, to the origin).
Let

y(t) = x(t)cos(27 fot)
= o(t) cos?®(2m fot)

_ %v(t) + %v(t) cos(r fot).
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W)
\ u
B/2
} X (u)
/N /N
o fo

FIGURE 7.21: See Exercise 7.16.

A lowpass filter gives
1
(1) = 50(t)

which can be sampled at the Nyquist rate of B.

7.17. Since y(t) > 0 and approaches zero for large |¢|, no matter how
small A, there exists some value of |¢| above which there will be no more
samples. Thus, the number of samples is finite and the signal is not uniquely
determined.

7.18. Clearly
k(n) = sinc(n/2) cos (w(2N + 1)n/2).

Except for n = 0, sinc(n/2) is zero for even n. The cosine term is always
zero for odd n. Therefore, (7.26) is satisfied.

7.19. Real N*" order polynomials.

7.20. We wish to compute the interpolation function corresponding to o,.
The Lagrangian kernel in (7.88) can be partitioned as

where
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is due to sample locations located distances mT from oy, and the contribu-

tion due to the remaining terms is

H H t* mTN+C¥p)
o O (mTy + ap)’
qg=1

qF D
Using the product formula for sin(z) in (7.89) gives

ap(t) = sinc (2Bn(t — ayp)) .

After factoring out the zero term, the m product in b,(¢) can be written as

t—aq
t+Oéq 1-— mTN

I I ap—ag "
Qp — Qg P q

m##0 mT N
Expressing both products as sincs and simplifying reveals the resulting

interpolation function to be identical to that in (7.52).

7.21. No. Lagrangian interpolation would result in the conventional cardi-
nal series. Recall that Lagrangian interpolation results in an interpolation
where only the sample value contributes to the interpolation at that point.
Equation(7.2), on the other hand, usually has every sample value contribut-
ing to the sample at t = m/2W.

7.22. Differentiating (7.93) gives
%x(t) = dilr (r ZZO:O T (%) sinc(2Bt — Tn))

= Yooz (5%)sinc(2Bt — rn)
(7.95)
+ry, (%) (%) sinc(2Bt — rn)

—ry o onx(3%)sinc' (2Bt — rn)

The first of the three terms is recognized as z(t)/r and (7.95) becomes

wa(t) = ta(t)+ v () o (5%) sine(2Bt —rn) 7o)
— 1y gnx(35)sinc' (2Bt — rn)

For the second term, we use the hint and expand ¢z’ (¢) into an oversampled
cardinal series

te'(t) =r i (;g) x (;B> sinc(2Bt — rn).
0
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Equation (7.96) thus becomes

%m(t) = %m(t) + %t 2 (t) — rniéon T (%) sinc’(2Bt —rn)  (7.97)
Using the hint and expanding tz(t) into into an oversampled cardinal series
e ) rn

tx(t) = Tnz:;) (@> x (@) sinc(2Bt — rn).
Thus o
%t:p(t) = rnz_% (rn) x (%) sinc’ (2Bt — rn)
and (7.97) becomes
Lot) = La@)+ita'(t) - Lita(t)
= @) +ta’(t) - (x(t) +t (1))

Il
o

7.23. We write (7.2) as
x(t) = ra(0)sinc(2Bt) + r Z x(n/2B) sinc(2Bt — rn).
n#0

Substitute (7.11) and simplify. The same result can be obtained by filtering
(7.12).

7.24.

n
x (W> = cos(mrn).
For r = 0.5, (7.11) becomes

z(0) = ;x (%) sinc (g) .

But z (ﬁ) = 0 for odd values of n and sinc (%

n # 0. The series is thus equal to zero rather than the desired value of one.

) = 0 for even values of

The lost sample restoration procedure clearly does not work in this case.

7.26. The matrix to solve is ( for £ <u < B')

Sl (u) 1 1 1

= ? j2mu j2m(u — %) j2m(u — %)
Ss(u) (2mu)®  [j2m(u—22)?  [j2m(u— 22))?
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F(u)
x| F(u-— %)
Flu— 48)

Using the third order Vandermonde determinant

To construct F(u), we evaluate the equation

F(u) = Ky(u) S1(u) + Ka(u) Sa(u) + K3(u) Ss(u) ;—B <u < B.

467
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Solving gives
o = L) [ 2) -2
5 (1) (- 2)a ()
+ <u—|—23B) <u+ 43B>H(§g+1>} ,
i = 5(2) () [o-mn (35

—2ull (;;;) + (u+ B)I (;’g 0 1)]

e = (&) G ()
n(35) ()

With a bit of work we inverse Fourier transform to the interpolation func-
tions in (4.57).

and
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Sampling Noise and Error
Effects

“As far as the laws of mathematics refer to reality, they are not certain; and as
far as they are certain, they do not refer to reality.” Albert Einstein

“In theory, theory and reality are the same. In reality, they’re not.”

“It is not certain that everything is uncertain.”
Blaise Pascal (1623-1662) [1197].

8.1 Introduction

Exact interpolation using the cardinal series from unaliased samples as-
sumes that (a) the values of the samples are known exactly, (b) the sample
locations are known exactly (c¢) an infinite number of terms are used in the
series, and (d) sampling is performed at a sufficiently fast rate. Deviation
from these requirements results in interpolation error due to (a) data noise
(b) jitter (c) truncation and (d) aliasing respectively. The perturbation to
the interpolation from these sources of error is the subject of this chapter.

8.2 FEffects of Additive Data Noise

If noise is superimposed on sample data, the corresponding interpolation
will be perturbed. In this section, the nature of this perturbation is ex-
amined. The effect of data noise on continuous sampling interpolation is
treated in Section 12.3.1.2. The multidimensional case is the topic of Sec-
tion 9.9.3.2.

8.2.1 ON CARDINAL SERIES INTERPOLATION

Suppose that the signal we sample is corrupted by real additive zero mean

wide sense stationary noise, £(t). Then, instead of sampling the determin-
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istic bandlimited signal, z(t), we would be sampling the signal

y(t) = x(t) +£(0). (8.1)

From these samples, we form the series

oo

z(t) = Z Y (55 )sinc(2Wt — n) (8.2)

n=-—oo
where the sampling rate, 2W, equals or exceeds twice the bandwidth, B,

of z(t). Recall the sampling rate parameter

B
== <1
T W_

In general, z(t) will equal y(¢) only at the sample point locations.
Substituting (8.1) into (8.2) reveals that

2(t) = a(t) + n(t) (8.3)
where -
n(t) = E:f(%%)ﬁm@W%—n) (8.4)

Therefore, n(t) is the stochastic process generated by the samples of £(t)
alone and is independent of the signal. Note that, since £(t) is zero mean,
so is n(t). Hence, expectating both sides of (8.3) leads us to the desirable
conclusion that the expected value of the noisy interpolation is the noiseless

signal.

z(t) = z(t).

8.2.1.1 Interpolation Noise Level

A meaningful measure of the cardinal series’ noise sensitivity is the inter-

polation noise level which, since £(t) is zero mean, is, n?(t). Towards this
end, we will first find the autocorrelation for n(t). From (8.4)

E [n(t)n(r)]

Z Z Ry (?12;[/”1) sinc(2Wt¢ — n)sinc(2Wr — m)

n=—o0 m=—o0

R,(t—T)

oo

:k_XOj:OORg (2‘];/) Z sinc(2Wr — n + k)sinc(2Wt — n)(8.5)

n=—oo
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where our assumption of the wide sense stationarity of 7(¢) will shortly be
justified and, in the second step, we have let &k = n—m. The n sum in (8.5)
is the cardinal series applied to x(t) = sinc (2W (7 —t) + k). Then

Ry(t)= > R (;4/) sinc(2Wt — k). (8.6)

k=—o00
Thus, the interpolation noise autocorrelation is found from the cardinal
series interpolation using sample values from the data noise autocorrelation.
To find the interpolation noise level, we simply evaluate (8.6) at t = 0.
The remarkable result is

7% = €2 (8.7)
That is, the cardinal series interpolation results in a noise level equal to
that of the original signal before sampling [165].

8.2.1.2 Effects of Oversampling and Filtering

In many cases, one can reduce the interpolation noise level by oversampling
and filtering. If, for example, we place z(¢) in (8.3) through a filter that is
one for | u |< B and zero otherwise, then the output is

ze(t) = z(t) * 2B sinc(2Bt)
= z(t) +n-(t)

where the stochastic process, 7, (t), is defined as

n-(t) = n(t) * 2B sinc(2Bt).
We now will show that
2 <n?=¢. (8.8)
That is, filtering reduces or maintains the interpolation noise level since

power due to the high frequency components of the noise is eliminated.
Using the appropriate form of (5.82) with h(t) = 2B sinc(2Bt) gives

Sy (w) = Sy(w) T (53

2B
From (5.72),
B
7= [ s, (5.9)
-B
whereas
o w
n :/ Sy (w)du (8.10)
—-w
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Since power spectral densities are nonnegative, comparison of (8.9) and
(8.10) immediately reveals that the noise level is maintained or reduced as
was advertised in (8.8).

We now investigate this reduction more specifically for two types of noise

autocorrelations.

(a) Discrete White Noise

Here, we assume that

Then, from (8.6):

Thus

and, from (8.9)

= re2. (8.11)

The noise level is reduced by the ratio of the Nyquist to the sampling rate.

(b) Laplace Autocorrelation
If the data noise has a Laplace autocorrelation with parameter A as in
(5.77), then the Fourier transform of (8.6) is

_ 572 - —Alnl —jmnu/W u
Silw) = g 2, e 1 (57)

% i e cos(mnu/W) II (ﬁ)

where, in the second step, we have recalled that 5, is real. Continuing,

&2 L an u
Sp(u) = == [14+2)» e cos(mnu/W)| II (==
! 2W nz::l (2W)
? > —nAt+i2mu) u
= 1Ry e | (). (8.12)
& [iems oo ()
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Applying the geometric series! to (8.12) and simplifying gives the (unfil-
tered) interpolation noise power spectral density [986]

_ & sinh(5p) T(%)

100 = 537 cosh (ghy ) — cos(mu/ W)

The power spectral density for 7,.(¢) is the same, but is only nonzero over
the interval | u |< B. The filtered interpolation noise level, from (8.9),
follows as

n2 = €2 sinh (2;[/) /0 {cosh (2;[/) — cos(7v) }1 dv (8.13)

where we have made the variable substitution v = 2uT" and have recognized

the integrand is even. Since [590]

VP
/ dy 2 arctan( az b tan(’y/2)> ca? > b?

a+ bcos(7) I a+b

equation (8.13) can be evaluated as

— 9¢2 inh (=) tan(&
Nt = iarctan (sm i) an(f )> . (8.14)
™

cosh (ﬁ) —
Since the principle value of the arctan is strictly less than /2, it is clear
that the filtered interpolation noise level is less than the data noise level.

Note that for large A, the Laplace autocorrelation approaches the auto-

correlation of discrete white noise. This follows from

sinh(p)
o0 cosh(p) — 1 B

The corresponding limiting case of (8.14) is thus the same as that for white
noise in (8.11). Note also for » = 1 and 7 replacing 7., that (8.14) reduces
to (8.7).

Plots of 2 /€2 are shown in Figure 8.1 as a function of r for various values
of A/2W. The higher the correlation between adjacent noise samples, the
higher the filtered interpolation noise level.

!See (16.6) in the Appendix.
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01 02 03 04 05 06 07 08 09

FIGURE 8.1: Plots of interpolation noise variance for additive data for
various values of A/2W where A is the parameter of the Laplace autocor-

relation.

8.2.2 Interpolation Noise Variance for Directly Sampled
Signals

The results of the previous section can be nicely generalized to the sampling

theorems listed in Table 7.1, all of which can be written as
'T(t) = Z x(tn)kn(t) (815)
nes

where S is a set of integers. Suppose the data were corrupted by real addi-
tive zero mean stationary noise £(t). Then z(t,)+£(¢,) would appear in the
summand of (8.15) rather than just z(¢,). The result is clearly x(¢) + n(t)

where the interpolation noise is

n(t) = Y Elta)kn(?). (8.16)

nes

Our noisy interpolated signal is then

(1) = z(t) + n(t). (8.17)

Since £(t) is zero mean, we have the desirable property that
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z(t) = z(t).

The second order statistics of 7(t) reveal the uncertainty of our estimate.
Using (8.16), we have

Ry (t;7) En(t)n(r)]

> Reltn — tm)kn(H)km (7). (8.18)

nesSmes

The interpolation noise variance follows as
72(0) = Ry(t:1). (8.19)

If there is oversampling, the signal, once interpolated, can be filtered to
remove noise components not in the pass band. If the signal is low pass
with bandwidth B, the result is

z-(t) = z(t) * 2B sinc(2Bt)
(8.20)
= z(t) +n-(t)

where
n-(t) = n(t) * 2B sinc(2Bt).

Discrete White Noise. The expressions for the second order statistics
simplify significantly if the noise samples {£(¢,) | n € S} are uncorrelated
(white). Then

Re(tn — tm) = E26[n — m), (8.21)

and (8.18) reduces to a single sum:

Ry(t;7) =€ Y kn(D)kn(7), (8.22)
nes
and the normalized interpolation noise variance (NINV) becomes

P/ = k(). (8.23)

nes

If the interpolated signal is filtered, the resulting NINV is

CHOIGED ROl (8.24)

nes
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where, if the signal is low pass with bandwidth B,
k) (t) = ky(t) * 2B sinc(2Bt). (8.25)

The general results of this section will now be applied to some specific

cases.

8.2.2.1 Interpolation with Lost Samples

We here consider the NINV resulting from interpolation in the presence of
lost samples [988]. We will demonstrate that the NINV increases when (a)
the r < 1 sampling rate becomes close to that of Nyquist, (b) the number
of lost samples increases and/or (c) the lost sample locations are “close” to
each other. Analysis will be restricted to additive white noise as in (8.21).
(a) One Lost Sample

For one lost sample at the origin, we use the corresponding interpolation
function in (7.12):

kn(t) = sinc(2Wt —n) + 7 !

-Tr

sinc(rn)sinc(2Wt). (8.26)

Substituting into (8.23) gives

2

2(t)/e2 = Z [sinc(QWt —-n)+ . i sinc(rn)sinc(2Wt)
n#0
= n;m[ sinc?(2Wt — n) + (1 i r)QsiHCQ (rn)sinc?(2Wt)
+ 1 2_T sinc(2Wt — n)sinc(rn)sinc(2Wt) |
- ﬁ sinc?(2W't). (8.27)

Each of the three infinite sums can be evaluated in closed form. For the

first term, we set 7 =t in the cardinal series expansion

oo

sinc W (t — 7)) = Z sinc(2Wr — n) sinc(2Wt — n).
The cardinal series applied to
sinc(2Bt) = Z sinc(rn) sinc(2Wt — n) (8.28)

n=—oo
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lets us evaluate the third sum, and the series in (7.2) can similarly be
applied to

sinc(2Bt) = r Z sinc(rn) sinc(2Bt — rn). (8.29)
Setting ¢ = 0 gives the second sum. Alternately, (8.29) is a low passed

version of (8.28). Collecting terms and simplifying leaves

P/ = 1+ 127« sinc(2Wt) sinc(2Bt)

- T

sinc?(2Wt). (8.30)

—-r
Note that, for large ¢, the NINV approaches one. This is consistent with
(8.7) since, far removed from the origin, the effect of the lost sample is
negligible.

The noise at the origin follows from (8.30) as

— r

P0)/e = . (8:31)

The result is monotonically increasing on 0 < r < 1. Interestingly, for
r < 1/2, the normalized interpolation noise level in (8.31) is less than one
which is less than the noise level of the known sample data. Note, however,
that we have yet to filter the high-frequency components of the discrete
white noise.

For the filtered case for one lost sample, the interpolation function, from
Table 7.1, is

2

k) (t) = rsinc(2Bt — rn) + 17“ sinc(rn)sinc(2Bt).
From (8.23), the corresponding NINV is:
2
n2/e2 =12 inc(2Bt — T i inc(2Bt
/& =r Z [smc( rn) + T sinc(rn)sinc(2Bt)

n#0
Proceeding in a manner similar to that for the unfiltered case above, we

obtain
n2/& = %_r [1—r{1 - sinc®(2Bt)}] . (8.32)

For large t, the noise level goes to the no lost sample filtered equivalent in
(8.11). Note, in particular, from (8.31) that

17(0) = 7n?(0).
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2

0 1 2 3 0 1 2 3
6
r=0.80
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n(t) /€
n2/€?
0 1 2 3 0 1 2 3

FIGURE 8.2: Plots of the normalized interpolation noise variance (NINV)
for the case of a single lost sample vs. t/2W for four different values of r. In
all cases, the curve with the largest values are for 72/£2 in (8.30) and the
lower curves are the filtered case, 72/€2, in (8.32). As expected, the NINV
increases with 7. In all cases, for both the filtered and unfiltered cases, the

NINV asymptotically approaches one.

Hence, filtering the interpolation does not improve the uncertainty of the
restoration of the lost sample. As we would expect from (8.7) and (8.11)
respectively,

P (+o0) = €
and

(Eoo) = rEZ.

Plots of (8.30) and (8.32) are shown in Figure 8.2.

(b) Two Lost Samples

Let M = 2 and let the lost samples be located at the origin and at
x = k/2B for some specified positive integer k. The 2 x 2 matrix, A,
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discussed in direct interpolation from M lost samples in Section 7.2.1 has

elements
1—r
ailp = a2 =
A
and )
7 sinc(rk)

alg = ag1 = N

where

A = (1 —7)% —r?sinc®(rk).

The corresponding interpolation functions in (7.20) and (7.22) are substi-
tuted into (8.23) and (8.24), respectively. After straightforward yet tedious

calculations, we obtain

)/ = 1—(a®+ ) +2r [an(ar + Bp) + ara(ap + BT) ]
+ 77 (a1, + afy) (@A + 208y + B2N)
+ 2(111&12(052’)/ + 204ﬂ/\ + ﬂZ’Y) ] (833)
and
2(1)/€ = r—r*a]+p7)

+2r3 [ay1 (111 + Bip1) + arz(arpy + Bi71) ]
+ [ (af; + afy) (aFA + 201 81y + BTN
+ 2a11a12(ady + 201 81 A + B17) ] (8.34)

where
a = sinc(2Wt — k), ay = sinc(2Bt — rk)

B = sinc(2Wt), B1 = sinc(2Bt)



and

P1

T1
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Z sinc(rp)sinc(2Wt — p)
p#0,k
B1 — B — asine(rk),

Z sinc(rp)sinc(2Bt — rp)
p#0,k

(1 — T) B1 — aq sinc(rk),

r

Z sinc(r(p — k))sinc(2Wt — p)
p#0,k
a1 — a — Bsine(rk),

Z sinc(r(p — k))sinc(2Bt — rp)
p#0,k

(1 ; T) oy — By sine(rk),

Z sinc?(rp)

p#0.k

Z sinc?(r(p — k))
p#0,k

1
— — 1 —sinc?(rk
. sinc” (rk),

Z sinc(rp)sine(r(p — k))

p#0,k

(2 -2) sty

480

Numerical examples of the NINV’s in (8.33) and (8.34) are shown in Fig-
ures 8.3 and 8.4 for £k = 1 and various r. The samples are lost at times t = 0

and 1. The asymptotic value of the unfiltered restoration approaches one

and that of the filtered case, r. As the sampling rate becomes closer to the

Nyquist rate, the problem of restoration of the two lost samples becomes

more ill-conditioned?.

2See Section 16.5 in the Appendix.
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For r = 0.5, the NINV in (8.33) and (8.34) is shown in Figure 8.5 for
various k. For separation by & = 1 sample (upper left), the NINV for
both the filtered and unfiltered cases is higher. For k = 2, 3,4, the NINV’s
are commensurate. One might expect that, for large k, the NINV’s would
become the same as that as for a single lost sample. In essence, each point
is sufficiently separated from the other so neither knows the other is there.
This is illustrated in Figure 8.6 where NINV’s for two lost samples are
shown for & = 4,8. The shapes of the curves are nearly identical.

The NINV at the filtered and unfiltered lost sample locations are iden-
tical. Examining the filtered and unfiltered NINV at the lost sample point

n%(0) = M:W:M

= 22 [(af, + aix) A + 20110127 - (8.35)

locations yields

As the separation, k, between the two lost samples increases, the NINV
approaches that for a single lost sample. From (8.31), we have
o

— k —— k
1 2 = 1 2 e = 1 2 ER 2 _— =
kli{gon ©0) k:lgrolon (28) fim n:(0) klggonr (23) 1—r
(8.36)

(c) A Sequence of Lost Samples

For an even greater number of lost samples, the obtaining of a closed
form solution for the NINV using the previous methods becomes nearly
intractable. Evaluation of the infinite series numerically becomes more at-
tractive. Alternately, a concise matrix approach to the problem developed
by Tseng [1547] can be used. We will not, however, review it here.

Numerically evaluated plots of the filtered NINV for three samples in a
row are shown in Figure 8.8 for » = 0.5 and 0.8. The NINV at the lost
sample locations is shown in Figure 8.9 for M lost samples in a row. The
noise level increases drastically with respect to the number of adjacent
lost samples and sampling rate parameter. Correspondingly, the condition
number of the A = [I — S]~! matrix increases greatly with larger M and

r.
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8.2.2.2 Bandpass Functions

The NINV for bandpass function interpolation follows from Table 7.1 and
(8.23) as

o0

n2(t)/€2 = Z sinc? (Bt - g) cos? (7T(2N +1) (Bt - g)) . (8.37)

n=—oo

Expanding the bandpass function
z(t) = sincB(t — 7) cos (wm(2N + 1)B(t — 7))
in the bandpass sampling theorem in (7.84) and (7.85) gives

sincB(t — 7)cos (m(2N + 1)B(t — 7))

— Y sine (Br ) cos (r2n 1) (Br— 1))

n——oo

X sinc (Bt - g) cos (7T(2N +1) (Bt - g)) .

Evaluating this expression at 7 = ¢ reduces (8.37) to

n(t)/& =1.
Therefore, as in the cardinal series, the interpolation noise variance is the

same as the variance of the data noise.

8.2.3 NOISE SENSITIVITY OF PAPOULIS’
GENERALIZATION: THE CHEUNG-MARKS THEOREM

Papoulis’ generalization of the sampling theorem was presented in Sec-
tion 7.3. Here, we will explore the effects of additive white noise superim-
posed on the sample data. We will expose the ill-posedness of a number of
innocent appearing sampling theorems [306]. Interpolation is here defined
to be ill-posed if the NINV cannot be bounded. Clearly, such sampling
theorems should be avoided.

An example of an ill-posed sampling theorem is a special case of signal-
derivative sampling. Shannon was the first to note that one could sample
at half the Nyquist rate if at each sample location two samples were taken:
one of the signal and one of the signal’s derivative. Consider the seemingly
innocent alteration of sampling at the Nyquist rate with interlaced signal

and first derivative samples taken at each Nyquist interval. As we will
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demonstrate, restoration here is ill-posed. Indeed, subjecting the samples
to sample-wise white noise renders the restoration unstable. Hence, one
would wish to sample an odometer and speedometer simultaneously, rather
than sequentially, to determine position.

Let {&(nTn) | p = 1,2,--- ,N;—0c0 < n < oo} denote a zero mean
discrete stochastic noise sequence. If g,(nTn) + &,(nTn) is used in (7.47)
instead of g,(nTn), the output is f(¢) 4+ n(t) where

N )
:Z Z (nTn )kp(t — nT). (8.38)

We will assume that the discrete noise is stationary and white:
E [&(nTn)&(mTN) ] = & 6k — p] §[n — m]
where g = E[| &(nTy) |?] is the data noise variance of the p!* sampled

signal. The interpolation noise level then follows as

o0

252 >l kp(t—nTy) 2

n=—oo
Clearly, n2(t) is periodic with period Tx. Application of the Poisson sum
formula yields

oo

N
> & Y W,(2nBy) e BN (8.39)

where 5
| Ep(t) [P Wy (u) = / Kyl )8 = ).

Note that (8.39) is simply a Fourier series with coefficients

Ch T Z €& W,(2nBy). (8.40)

We accordingly define the average interpolation noise variance by
L b
Co = E ng Wp(O)

N B
_ izg/ | K (u) 2 du (8.41)
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or, using Parseval’s theorem,

o

N
1 _
=38 / |k (6) |2 dt. (8.42)
N p:1 —00
Thus the average interpolation noise variance is infinite if any one of the
N interpolation functions has unbounded energy. Equivalently, if, for any
p=1,2,...,N,

/m oy (8) |2 dt = /_B | K (u) 2 du = oo (8.43)

then the restoration is ill-posed. This result was dubbed the Cheung-Marks
theorem by Brown and Cabrera [204].

8.2.3.1 Examples

1. Derivative Sampling. Consider the N = 1 case corresponding to

Mth-order derivative sampling
Hy(u) = (j2mu)M

We can, in principle, regain all frequency components other than zero. Note,
however, that (8.42) becomes

& B ou
Co = Gty [
= 0.

The corresponding sampling theorem is thus ill-posed.

2. Interlaced Signal-Derivative Sampling. A less obvious ill-posed
sampling theorem occurs when we nonuniformly interlace Mth order deriva-
tive samples with signal samples. The sampling theorem for this problem
was addressed in Sec. 4.2.3.2. The spectra of the interpolation functions
K1 (u) and Ks3(u) have real poles when A(u) =0 or A(u+ B) = 0 on the
intervals (0, B) and (—B, 0) respectively. The former occurs when

uMe—i2m(aB4n) — (u—BM,0<n<M

o= 2 i joan (02 )]

One of these roots is real when (a) o = 0 and M is even, or (b) & = 5= and
M is odd (corresponding to n = M/2 and n = (M —1)/2, respectively.) In

or
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either case, the real pole generated by A(u) is at B/2 and that generated by
A(u+ B) is at —B/2. Clearly, application of (8.41) exposes these sampling
theorems as ill-posed. Plots of the spectra of the interpolation functions
are shown in Figure 8.10 for M = 1 for various values of «. Figure 8.11

illustrates the same process for M = 2.

8.2.3.2 Notes

1. Sample Contributions in the Ill-Posed Sampling Theorems.
Insight into the ill-posedness of the sampling theorems can be gained by
inspection of the interpolation functions. Consider, for example, N = 1
derivative sampling with M = 1. It follows that

1 B eJ2mut
ki(t) = —= d
1®) B ) 5 gu "
1 .

where Si(+) is the sine integral®. Since Si(oc0) = +7/2, interpolation at
any point is affected significantly by every sample value, no matter how
distant.

A similar contribution occurs for the ill-posed cases of interlaced signal-
derivative sampling. We can invert (7.56) and (7.57). For M = 2 and a = 0,
the results are

k1(t) = = (sin(rBt)Si(nBt) + cos( Bt) sinc(Bt) + sinc®(Bt))

N —

d
o _ 1 sin(wBt)Si(rBt)

ka(t) = 5 (xB)?

Again, the occurrence of the sine integrals makes possible equally significant
contributions from all sample values, no matter how far removed from the
point of interpolation. The weighted noise levels from each sample value
thus add to a random variable with unbounded variance.

2. Effects of Oversampling. If we sample at a rate 2W > 2B and
do not take advantage of the oversampling, the average interpolation noise
level in (8.41) becomes

3Defined in (2.77).
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where, now, Ty = N/2W. If, however, the filtered interpolation formula
in (7.65) is used, then one can easily show that the average noise variance

reduces to
(r) 57 al b 2
Cy == / K,(u du. 8.44
9 LTI (5.449)
Clearly
i’ < cp.

Thus, as we have seen before, oversampling can reduce interpolation noise
variance by allowing suppression of high frequency noise components.

As an example, consider the ill-posed interlaced signal derivative sam-
pling theorem. If we sample at a rate greater than twice the Nyquist
rate, the integral in (8.44) will not include the poles at u = £W/2 and
the resulting sampling theorem becomes well-posed. At exactly twice the
Nyquist rate, the integration limits in (8.44) are at the pole locations. Thus
Cér) = 0o. We can, however, discard the derivative samples and use the
conventional (well-posed) sampling theorem to restore the signal. Thus we
are confronted with the curious task of discarding the derivative samples

to improve the interpolation noise level.

8.2.4 On Derivative Interpolation

Hamming [624] notes that “the estimation of derivatives from computed or
tabulated values is dangerous.” This is largely due to data uncertainty. We
will show especially that, even when the noise is bandlimited, NINV’s for
high order differentiation interpolation can be significantly high [982].
Recall from Section 7.4 on derivative interpolation that derivatives of

bandlimited signals can be computed via

oo

2@ (1) = 2wy Y m(%) d,(2Wt — n) (8.45)

where the derivative kernel is

0= (4 st

Since x(P)(t) is bandlimited, it is unaltered by low-pass filtering. Passing
(8.45) through a filter unity on | u |< B and zero elsewhere gives

o0

2P () =r2BP Y @ (%) d,(2Bt — rn). (8.46)
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If the noise samples, £(55), are added to the signal samples in (8.46), the
result is 2(P) (t) + ") (t) where

n®(t) = @B Y g(%) d, (2Bt — rn).

n=—oo

Thus
Ry, (t=7) = E [n?) 0y (7)]

=r?(2B)” Y R (%) 3" 4, (2B7 — (n—m)r) d, (2Bt —rn).

Since z(t) = d, (2B(r —t) + mr) is bandlimited , we can use (8.46) to
evaluate the n sum above. Furthermore, since

and

it follows that

Ry, (1) = (-1 Z ( )dzp(QBT m).  (8.47)

Since 71, (t) is zero mean, the interpolation noise is wide sense stationary.

The corresponding interpolation noise variance is
77;27 = Rnp (O)

(—1)Pr(2B)? Z ( )dgp(rm). (8.48)

A spectral density description of the process can be obtained by first trans-
forming (8.47).

Ry, (t) < Sy, (u)

27Tu o i ( ) —JTrmu/WH( v )
e 2B

Application of the Poisson sum formula to the m sum gives

Sy, (w) = (2mu)®” Z Se(u—2nW) 11 (ZuB)

n=—oo
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where Re¢(t) <> S¢(u) and Se(u) is the input noise power spectral density.
An alternate expression for the output noise level follows as

7772) = / Sy, (u)du

o0 B
= (2n)% Z / u* Se(u — 2nW) du. (8.49)

n=—oo -B
For the unfiltered case (r = 1), the integration interval in (8.49) is over
| w |< W. Since S¢(u) > 0, filtering always results in a noise level equal to

or better than the unfiltered case.

8.2.5 A LoweRr BounDp oN THE NINV

Consider £(t) input into the cascaded low-pass filter and p**-order differen-
tiator in Figure 8.12. Let 6,(¢) denote the output. Recall that, in general,
the output spectral density Sp(u) due to a spectral density input S;(u) into

a system with transfer function H (u) is:

So(u) =| H(u) [* Si(u).

Thus
So(u) = (2mu)2P Se (u) 11 (%)
and
o B
02 = (2m)* /_ N u?P Se (u)du. (8.50)

Compare this to (8.49). Since S¢(u) > 0, it follows that @ is a lower bound
for the output noise level

n; 2 0},
Equality is achieved when £(t) has band-limited spectral density (say over
the interval | u |< © ) and the sampling rate is sufficiently high to avoid
aliasing (i.e. 2W — Q > B). A lower sampling rate would result in aliasing
and a higher output noise level.

For finite £2, S¢(u) — 0 as | u |— oo. We see from (8.49) that 777% — @
as 2W — oo. Hence, the bound can be approached arbitrarily closely by
an appropriate increase in sampling rate. Note that we can guarantee from
(8.49) that 7)72) strictly decreases with r if S¢(u) strictly decreases with u > 0.
This spectral density property is applicable to a Laplace autocorrelation.

It is, however, not applicable to triangular autocorrelation.
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8.2.5.1 Examples

(a) Triangular Autocorrelation. Consider the triangle autocorrelation

parameterized by a > 0.
Re(r) = €A (g) (8.51)
Substituting into (8.48) gives the normalized error.
7

= = (-1)Pr(2B)*
5 = (1'r2B)

N
dsp(0) +2 (1 - %) dzp(rm)] (8.52)
m=1
where
T=2Wa

and N = |T|. Plots of (8.52) are shown in Figure 8.13 for 2B = 1 and
a = 0.5 and 0.1.
Of specific interest is the case where sampling is performed such that

T < 1. The noise samples are then white. That is,

Re (%) = €2 5[n). (8.53)

Since

=

—1

2

doy(0) = / (j2mu) P du

(e
we have for white samples
— — r(2rB)*
np/6* = Topt1 (8.55)

For the conventional sampling theorem, p = 0 and the noise level is im-
proved by a factor of r. This result is also in (8.11).

Since 2B = 1 in Figure 8.13, the plots there are equivalent to (8.55)
for » > a. Note that (8.55) is independent of the a parameter - thus the
merging of the a = 0.1 and 0.5 plots at » = 0.5. For the domain shown, all
of the a = 0.1 samples are white.

Note also that (a) the NINV increases dramatically with the order of
differentiation and (b) there can exist a point whereupon a further increase
of sampling rate results in an insignificant improvement in the interpolation

noise level.
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Since A(t) + sinc®u, from (8.50), the normalized lower bound for the

triangle autocorrelation is

B
02/€2 = 2a(2m)* / u? sinc? (au)du. (8.56)
0
To place this in more palatable form, we rewrite it as
o or)2p B
02/¢2 = (2m) / u?P72[1 — cos(2mau)]du. (8.57)
p 7T2a 0
For even index
1
3 .
dog(t) = / (j2mv)%le~ 2™ dy
-3

1

2(2m)%(—1)1 /02 V%4 cos(2nvt)du.

For uw = 2Ww, it follows from (8.57) that for p > 1

— —  2(2B)*(-1)P
9%/52 = %[de—Q(O) — dap—2(2aB)].

The p = 0 case follows immediately from (8.56) using integration by parts.
Thus, using (8.54),

S [75;:2 + (=1)Pd2p—2(2aB)] ;p>0

e -
%[Si(QﬂaB) —sin(waB) sinc(aB)] ;p=0.

Lower bounds for each of the plots in Figure 8.13 are graphically indistin-
guishable from the r» = 0.1 values.
(b) Laplace Autocorrelation. A second tractable solution results from

the Laplace autocorrelation parameterized by A.
Re(1) = €2 e, (8.58)

is considered here. Rewriting (8.48) as

—_ (20 /B » N N\ imnu/W
= u’? R (—) e I du,
P oW oy n;m *\aw

we can show in a manner similar similar to that in Section 8.2.1 that the
NINV can be written as

— 5 2p A " u?P du
n2 /€ = (2nW)*Psinh (2W> /0 coh () — con(m) (8.59)
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The well-behaved (strictly increasing) integrand in (8.59) provides for
straightforward digital integration. Sample plots of (8.59) are shown in
Figure 8.14 for 2B = 1. As with the previous example, the NINV increases
significantly with p.

Two special cases of (8.59) are worthy of note.

a) The p = 0 case as plotted in Figure 8.13 simply corresponds to con-
ventional sampling theorem interpolation followed by filtering. For
this case, (8.59) becomes the integral in (8.13) whose solution is
(8.14).

b) If

A
—>1 .
ST > (8.60)

then (8.59) approaches

/e

(2nW)2P / u*Pdu
0

r(2nB)?P

T (8.61)

which is the same result as the discrete white noise case in (8.54).
Indeed, when (8.60) is applicable, the noise samples are very nearly
white and the plots for white samples in Figure 8.13 can be used as

excellent approximations.

Here, as in the previous example, one must be cautioned on com-
paring equally parameterized interpolation noise levels for differing
p. If we are dealing with temporal functions, the units of 7772,/?2 are

(seconds) 2.

For a lower bound for the Laplace autocorrelation, we transform (8.58)
and substitute into (8.50). The result is

— = 42m)* /B v¥®dy
02/¢2 = . 8.62
HESTRT T 502

Setting u = 2w/ gives

2 © u?Pdu
02/€2 = Z )\ :
b/ T /0 1+ u? (8.63)
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where € = 27 B/\. The p = 0 case follows immediately. For p > 0, consider
first the case where ¢ < 1. With 2 = —u?, the denominator in (8.63) can

be expanded via the geometric series in (16.6).

izm:(l—z)_1;|z|< 1. (8.64)

m=0
The resulting integral is evaluated to give

= 2 ) o0 €2m+2p+1

0 = — A\ )" —
b/ 0 7n2::0( ) 2m+2p+1
Set n = m + p and recall the Taylor series

e (_1)n22n+1

t = _— . 8.65
arctan z ,;) o1 (8.65)

Thus, for e < 1,

— = 2 5 p—l g2n+1
9;2;/52 = ;(—1)1)/\ P | arctane — Z(_l) ]

For € > 1 we rewrite (8.63) as

— = 2 1= 1 u?du
92/€2 = Z )2
o/ T { 0 * /1+ ] 1+u?
2 Pl (cyn € y2p
S [V ) B =) Py e
™ 4 o 2n+1 14 1+u
From (8.64), it follows that
> z
—Zz”‘:l iz > 1
n=0 —F
Again, with z = —u?, we obtain

p—1 82p—2m—1 -1

w2 o (- E0 ) e e

n=0 m=0

Set n = m—p in the m sum and use (8.65). Recognizing 7 /2—arctan(1/e) =

arctane for € > 0 again yields (8.66). Placing these results in recursive form
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gives
% arctane ;p=20
% _ %[5 — arctan ] ip=1 (8.66)
= .
2A@2rB)?P 7 2051
= (@p=T) A & ;p>1
where
2nB
€= —"-.
A

Graphically, these bounds are also indistinguishable from the corresponding

smallest values on the plots in Figure 8.14.

8.3 Jitter

Jitter occurs when samples are taken near to but not exactly at the desired
sample locations. We here consider only the case of direct uniform sampling
[1177]. Instead of the sample set z(n/2W), we have the sample set

G =)

where o, is the jitter offset of the n

—OO<’I’L<OO}

th sample. We assume that the jit-

ter offsets are unknown. If they are known, then sampling theorems for
irregularly spaced samples can be used [1039].

In this section, we will show that cardinal series interpolation of jittered
samples yields a biased estimate of the original signal. Although the bias
can be corrected with an inverse filter, the resulting interpolation noise

variance is increased.

8.4 Filtered Cardinal Series Interpolation

We know that

x(t)=r Z x (%) sinc(2Bt — rn)

n=—oo
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and thus may be motivated to estimate x(t) directly from the jittered data

as
0

y(t)=r Z z (34 — on) sinc(2Bt — rn). (8.67)

n—=—oo

The interpolation error is obtained by subtracting these two expressions.

n(t) = y(t) —x(t)
= r Z &, sinc(2Bt — rn) (8.68)
where
gn:x(ﬁi—wm)—x(ﬁﬂ. (8.69)

If the jitter deviations {0, } are identically distributed random variables,
then the interpolation in (8.67), does not give an unbiased estimate of x(t).
That is

Y1) = a(t) # 2(t) (8.70)

where, for any function v(t), we define

o(t) = v(t) * £ (1) (8.71)

and f,(t) is the probability density function describing each o,,. To show
this, we first note that if 2(¢) is bandlimited with bandwidth B, then so is
x(t). Hence

—_~—

z(t)y=r i x (%) sinc(2Bt — rn).

The expectation of a single jittered sample is
n o n
x(ﬁ—an) = /—oofU(T)m(W_T)dT
7

= — ). 8.72

m(ﬂV) (8.72)
Substituting this into the expected version of (8.67) substantiates our claim
in (8.70).

8.4.1 Unbiased Interpolation from Jittered Samples

Equation (8.70) reveals that cardinal series interpolation from jittered sam-

ples results in a biased estimate of the original signal. Motivated by our
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analysis in the previous section and Section 7.2.4 on reconstruction from a

filtered signal’s samples, , we propose the interpolation formula

(0= 3 o (g o) (t- ) (5.73)

where

k() s ﬁ gf(ﬁ) (8.74)

and the jitter offset’s characteristic function. ®,(u), is the Fourier trans-
form of its probability density function.
fo(t) +— D, (u).
We claim that z(t) is an unbiased estimate of z(¢).
z(t) = (). (8.75)

Furthermore, the interpolation noise variance is given by

var z(t) = E[{Z(t)—%}z}

_ niw [ﬁ@) —xciv;) 1 k2 (t— %) (8.76)

when the jitter offsets are independent. As jitter becomes less and less

pronounced,
fo(t) — 6(t).
From (8.72), we thus expect to see the interpolation noise variance in (8.76)

correspondingly approach zero.

Proof. Expectating (8.73) and substituting (8.72) gives

0= 3 ol 5)

n=—oo

Fourier transforming and using (8.74) gives

DY 1 - T —jTnu H(L)
2« Wn_zoox(ﬁv)e Y

(55)
D, (u)

= X(u) (8.77)
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where we have recognized from (8.71) that

z(t) +— X(u) y(u).

Inverse transforming (8.77) completes our proof of (8.75).

To show (8.76), we first compute the autocorrelation

R,(t;7T) = Z Z 2 (g% —on) 2 (5 — om)k(t — 35 )k(T — 32%).

n=—oo m=—oo

Since the 0,,’s are independent

z (g7 —on) 7 (3 —om) =

Substituting into (8.78) gives

Ro(tir) = 37 @ (gfp) bt = g )k(7 = 5ip)

Il
| eee—
8

N
—
- 3
g
S—

|
1S3
&
= 3
3
Ly

ol
e~
(V]
EE
S~—

oyl
=

q

|
(V)
EE
S~—
_l’_

8
-~
N~—
T

ﬂ
S~—

Using the relationship
var z(t) = R, (t;t) — 2°(t)

gives our desired result. O

8.4.2 EFFECTS OF JITTER IN STOCHASTIC BANDLIMITED
SIGNAL INTERPOLATION
Our analysis in this section will show that the use of an inverse filter to

obtain an unbiased interpolated estimate from jittered samples will increase

the variance of the estimate. Instead of a deterministic signal, x(t), we
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consider the analysis of the previous section as applied to a wide sense

stationary stochastic signal, x(t), with mean X and autocorrelation R, (7).

We assume that jitter locations (which we will express in vector form as
&) are independent of x(t¢). Thus, the joint probability density function for
& and x(t) can be expressed as the product of the probability density of &
with that of x(¢). Thus, the expectation of any function w|[&; x(t)] can be
written

Ew[d; x(t)] = Ex Ezw[a; x(1)] (8.79)

where E, and E> denote expectation with respect to X(t) and & respec-
tively. Thus, if (8.73) is used to interpolate jittered samples from the
stochastic process x(t), we conclude from (8.75) that

Ezz(t) = x(t).

In accordance with (8.79) we expectate both sides with respect to x(t) and
conclude that
Ez(t) = x(¢). (8.80)

If v(t) is any stochastic signal with constant expectation T, we conclude
from (8.71) that

Evﬂ(t/) = /00 v(T) fo(t — T)dT = T.
Reinterpret (8.76) as

£ [0 -50) = 5 | ) () | 2

n=-—oo

Expectation of both sides with respect to x therefore gives

oo
var z(t) = var (x(t)) Z K (t — o)
n=—o00
where
var x(t) = 2~ ¥°
is a constant. Applying the Poisson sum formula gives

var z(t) = 2Wvar [x(t)] Z o(2nW) g4It

n=—oo
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where
p(u) = K(u) x K(u)
and * denotes deterministic autocorrelation?. Since K(u) = 0 for | u |> B,
we conclude that p(u) =0 for | u |> 2B. Thus

p(2nW) = p(0)5[n].

Since

B
o0) = s [ 1 ®olu) |2 d

we conclude that

B
ZZfi((g - % /_ @) [ du (8.81)

This and equation (8.80) are our desired results.

8.4.2.1 NINV of Unbiased Restoration

Using the filtered cardinal series in (8.67) on the stochastic signal x(t)

results in a now unbiased estimate

y(t) =X

where, now
var y(t)
var x(t)

Since density functions are non-negative, the characteristic function obeys

=7 (8.82)

the inequality
| &, (u) |< D,(0) = 1. (8.83)

Thus, (8.81) always equals or exceeds r. The price of an unbiased estimate
is a higher NINV. This price can be measured in the ratio of (8.81) to
(8.82):

var z(t)

1/2
= =2 ®,(2Bv) | % dv > 1.
p= / | ©,(2Bv) |2 dv >
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8.4.2.2 Examples

In the following specific examples of unbiased restoration from jittered sam-
ples, s is the standard deviation of the jitter density. We will also find useful
the parameter

Kk =2mBs.

In all cases, we will see p increase with increasing x.

1 Gaussian Jitter. If
1 —t2
(1) = a9
0 2)mexp(%z)

D, (u) = exp (—2(msu)?).

1/2 ,
p= 2/ (2" gy,
0

A plot is shown in Figure 8.15 versus k.

then

Thus

2 Laplace Jitter. Let

fo(t) = 1sem><_vz|t>~

V2

Then

2/s?
(2/s%) + (2wu)?
and we obtain the closed form solution

P
—K —kK
3 20

O, (u) =

4

p=1+

A plot is shown in Figure 8.15.

3 Uniform Jitter. Uniform jitter is characterized by the density
1 .
ﬁ@Z;HW@€+$MWW

where ¢ = v/12s. The density function is thus zero for

V12
1t]> 2 = i
2 2

4See Table 2.3.
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Therefore
1/2 dv
p=2 / S
0 sinc%@)
A plot is shown in Figure 8.15. Note that there is a singularity in

the integrand when any zero of the sinc lies within the interval of

integration. This occurs when

Sl

2

or, in other words, when the temporal locations of two adjacent sam-
ples have a finite probability of interchanging their position in time.
The value of p in such cases is unbounded. This case reveals that ob-
taining an unbiased estimate by inverse filtering can be an unstable

undertaking.

8.5 Truncation Error

The cardinal series requires an infinite number of terms to exactly interpo-
late a bandlimited signal from its samples. In practice, only a finite number
of terms can be used. We will examine the resulting truncation error for

both deterministic and stochastic bandlimited signals.

8.5.1 An Error Bound

We can write the truncated cardinal series approximation of z(t) as

N
zn(t) = Z 2 (5%) sinc(2Bt —n).

n=—N

The error resulting from using a finite number of terms is referred to as

truncation error:

en(t) =] z(t) —xn(t) |*. (8.84)
We will show that [1177]

en(t) < 2B(E — Ey)|sinc(2Bt + N) — sinc(2Bt — N)](,l)n@
7T2
= (B~ EN)]%sinz(ZwBt) i< % (8.85)



8. Sampling Noise and Error Effects 501

where F is the energy of x(t) and Ey is the energy of zx(¢). Using Parse-
val’s theorem in (6.34) applied to xy(t) gives,

1 N
EN - En:Z—N ‘x(Q

m\ﬁ

2
|
From (8.85), as we would expect,
a) since Eo, = F, the error bound tends to zero as N — co.

b) for | n |[< N, the error en(5%) is zero.

A plot of
en(r/2B) 2N sin®(t)
2B(E — Ey) 72 (N2 —t2)

is shown in Figure 8.16 for NV = 10. Also shown is the curve’s envelope

2 N/n?

N2 _ 727
The envelope for N = 50 is shown in Figure 8.17. Note that, at 7 = N — 1,
the envelope has a value, for large N, of about 1/72 ~ 0.10.

Proof. Using the cardinal series expansion in (3.4), we have

2
(=D z(55)

L.
eny(t) = PSIH2(27TBt) Z 5Bt — 1

|n|>N
applying Schwarz’s inequality® gives

sin?(27 Bt)

t) <
enlt) = 2B

(E—En) Y (t—35)7" (8.86)

where we have recognized that
1 n 12
55 2 |7 (GBI =E-En.
In|>N
We can write (8.86) as

o0

7Nf+ 3 ] (t—55)"2.  (8.87)

n=-—oo0 n=N+1

< sin? (27 Bt)

en(t) < — 55— (E—Ey)

5 See Appendix 16.1.
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Motivated by Figure 8.18, we can write, for ¢ < N/2B,

(oo} oo
Y (t—g5)"° < 2B (t—7)"2dr
n=N+1 N/2B
N —1
= 2B (23—75> . (8.88)

Similarly, for t > N/2B,

oo N -1
—2

> (t+45)7% < 2B <2B+t> :

n=N+1

Substitution of these two inequalities into (8.87) followed by simplification
yields our desired result in (8.85). O
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r=0.20 r=10.40

60
r=10.80
50
40
30

20

FIGURE 8.3: NINV in (8.33) and (8.34) for two adjacent lost samples (at
t =0 and ¢t = 1) corresponding to, on the top row, r = 0.2 and 0.4 and,
on the bottom row, r = 0.6 and 0.8. In all cases, the unfiltered NINV,

n2(t)/€2 is the top curve, i.e. n2(t)/€2 > n2(t)/€2 where n2(t)/€2 is the
filtered NINV. The unfiltered NINV always asymptotically approaches one

whereas the filtered NINV approaches r. For the r = 0.8 curve (bottom
right), the filtered and unfiltered NINV’s are graphically indistinguishable.
The r = 0.8 curve is shown using a logarithm plot in the upper left of
Figure 8.4.
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r=0.80

2() /€2
10° 77_(!5

ni /&
10
-10 5 0 5 10
10*

r=0.95

10°
10°
107%
-10 5 0 5 10 10 5 0 5 10

FIGURE 8.4: NINV in (8.33) and (8.34) for two adjacent lost samples (at
t =0 and t = 1) corresponding to, in the top row, r = 0.8 and 0.9 and, in
the bottom row, » = 0.95 and 0.99. For all but the » = 0.8 case, the curves
are graphically indistinguishable. The unfiltered NINV, 72(t)/£2 always
exceeds the unfiltered case, i.e. n2(t)/€2 > n2(t)/€2 where n2(t)/€2 is the
filtered NINV. Since the NINV becomes larger as the sampling rate becomes

closer to the Nyquist rate, whereat it becomes infinite, the restoration of
the two lost samples becomes more ill-conditioned. As we move farther
from the lost sample, 72(t) /€2 — 1 and n2(t)/€2 — r
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FIGURE 8.5: NINV in (8.33) and (8.34) for r = 0.5 and various k. The
lost samples are at (0,%). The unfiltered NINV, 72(t) /€2 is the top curve
in all four plots. As we move farther from the lost sample, n2(t)/&2 — 1
and n2(t)/€2 — r.

0 10 20 0 10 20

FIGURE 8.6: NINV in (8.33) and (8.34) for r = 0.5 and k =4 and k = 8
. The locations of the lost samples are sufficiently separated so that the
NINV’s around the lost samples are nearly the same. The unfiltered NINV,
7]27(75)/572 is the top curve in both plots. As we move farther from the lost
sample, n2(t) /€2 — 1 and n2(t) /€2 — r.
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10-2 1 1 1 1 1 1 1 1 1
0 0.1 0.2 03 04 0.5 0.6 0.7 08 09 1

FIGURE 8.7: Log plot of the NINV for two lost samples at the sample point
locations in (8.35). The top curve corresponds to lost sample separation
k = 1. The next curve is for k = 2, etc. As k — oo, the curves, as predicted
in (8.36), approach r/(1 —r).

1000

100

FIGURE 8.8: Filtered NINV for three lost samples at 0, +1, and —1 as a
function of 2Wt.
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FIGURE 8.9: NINV of M lost samples in a row at the lost sample locations.
The lower dot values in each case correspond to r = 0.5 and the upper x’s
tor =0.8.
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10 T T T T
a=0.5
10' ¢ 0.45 '
0.4

0 a=0
10 - : - -
10"
10°
10" s : s :

FIGURE 8.10: Hlustration of the manner in which the interpolation func-
tions in (7.56) and (7.57) approach poles for M =1 as o — 1/2B. On top
is a plot of | Ky(u) | for different values of a. | K5(u) | is shown on the

bottom. The bandwidth, B, is normalized to one.
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0 0.2 0.4 0.6 0.8 1

FIGURE 8.11: Same as Figure 8.10, except M = 2.

M)+ A1) ( J jp X1+ 6,(1)

dr

-B B u
LPF

FIGURE 8.12: Cascaded low-pass filter and p* order differentiator. The

output noise level, @, is a lower bound for p** order derivative interpolation

from the input samples.
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FIGURE 8.13: NINV for the triangle autocorrelation with 2B = 1. The
solid curve is for a = 0.1 and the dashed curve for a = 0.5. The curves are
identical for r > 1/2 where the noise samples are white. For a = 0.1, the
noise samples are white for r > 0.1.

I 4 —
"2
ol
é‘? 3
10 2
1
1E p=0
I | 1 | 1 L | 1 .
0.2 0.4 0.6 0.8 r

FIGURE 8.14: NINV for Laplace autocorrelation with A\ = 2B = 1.
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0 1 2

FIGURE 8.15: A plot of p for Gaussian (p;), Laplace (p2) and uniform (p3)

jitter as a function of Kk = 27 Bs.

0.1 T T T T T T T T T

-t N=10 / 4

0.05 , 4

0 1 2 3 4 5 6 7 8 9 10

FIGURE 8.16: Truncation error bound and it’s envelope for N = 10.
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FIGURE 8.17: Truncation error envelope for N = 50.

2B
_
(r—1)"
.
N N+l N+2 N+3
2B 2B 2B 2B

FIGURE 8.18: The left side of the inequality in (8.88) is the area under the
rectangles. The right side of the inequality is the area under the 2B(t—7)~2
curve over the interval (N/2B, 00).
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8.6 Exercises

8.1. According to (8.11), the filtered interpolation noise level can be made
arbitrarily small by simply increasing the sampling rate. Why is this result
intuitively not satisfying as » — o0o? Explain why we can not make the

noise level arbitrarily small in practice.

8.2. The interpolation function for trigonometric polynomials has infinite
energy. Thus, application of either (8.23) or (8.24) results in an infinite
NINV classifying the interpolation as ill-posed. Explain why this reasoning
is faulty. Derive the filtered and unfiltered NINV using (7.77) assuming
additive discrete white noise on the P data points.

8.3. The stochastic process in (8.38) is wide sense cyclostationary [1174,
1457]. Define the stochastic process

U(t) = n(t - ©)

where © is a uniform random variable on the interval (0,Ty) and n(¢) is
given by (8.38).
(a) Show that W(t) is wide sense stationary.

(b) Evaluate ¥2 in terms of the Fourier coefficients in (8.40).

8.4. In both Figures 8.13 and 8.14, colored noise always produces a worse
NINV than white noise. Is this always true? If not, specify a noise for which

the statement is not true.

8.5. Using the result of Exercise 2.23, show that the interpolation noise
variance due to jitter in (8.68) can be bounded as

n2(t) < (20 B)?Eopas/(3T)
where the jitter deviation is bounded by
Omaz >| o |

and we have assumed sampling at the Nyquist rate.

8.6. Using (8.76), let
E, = / var z(t) dt.

— 00
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Similarly, let

o0

E,= / var y(t) dt.

— o0
Show that E, > E,,.
8.7. Show that the interpolation noise in (8.68) is not zero mean.
8.8. Compute the NINV in (8.9) when the additive noise has a Cauchy
autocorrelation with parameter ~.

e

(r/v)?+1

8.9. Consider restoring a single lost sample at the origin when r < 1/2. We

Re(r) =

could use (7.11) or delete every other sample and use the filtered cardinal
series in (7.2). Contrast the corresponding NINV’s.

8.10. A bandlimited signal, z(t), with nonzero finite energy, can be charac-
terized by a finite number of samples if there exists a T such that z(t) =0
for | t |> T'. Show, however, that no such class of signals exists.

8.11. Show that -
/ eN(t) dt:E—EN

— 00

where ey (t) is the truncation error in (8.84).
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8.7 Solutions for Selected Chapter 8 Exercises.

8.1. The explanation is unreasonable because the noise level on a bandlim-
ited signal could, in the limit, be reduced to zero. The resolution is that
any physical continuous noise has a finite correlation length. Thus, as the
samples are taken closer and closer, the noise eventually must become cor-
related and the white noise assumption is violated. For continuous white

noise, all noise samples are uncorrelated. But the noise level is infinite.
8.3. U2 = .

8.4. Consider a power spectral density that is nonzero only over the interval
B < |u| < W. Interpolating and filtering would yield a zero NINV.

8.6. Clearly

oo

E.= Y [x2(7172/W)x(n/2W)1 / TR a

—0o0

n=—oo

From (8.74) and Parseval’s theorem,

[e%s) ) B 1 B Ly
/_Oo () dt = s /_B | Do () |2,

The case of y(t) can be obtained by k(t) = r sinc(2Bt). Since

2 [ 0; sinc?(2Bt) dt = /
<f.-

(2w
L
2W ~

We conclude that £, > F,.

8.7. Clearly

8.8. The power spectral density of the noise follows from the transform of
(8.6);

Sn( ) = QW’Y 52

;2 3 S n )
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FIGURE 8.19: NINV for noise with Cauchy autocorrelation. See Exer-

cise 8.8.

Since [590]

cos(kr)  m cosh(a(m —x)) 1

k2+a2  2a  sinh(aw) = 242

;0 < x <27,
k=1

we conclude that

= cosh 2my(W —u)) u
Snlu) =y sinh(27yW) = (ﬁ) ’

Substituting into (8.9) and evaluating gives

n2/€2 = sinh(27yB) coth(2myW)
= sinh(2mryW) coth(2myW).

A semilog plot of the NINV is shown in Figure A.8.19 as a function of yW
for various values of r.

8.9. By deleting every other sample, the sampling rate parameter becomes
2r. The NINV for a single sample is /(1 — r). Since

r<r/(l—r); r<1/2,
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we conclude that (7.11) yields a smaller NINV.

8.10. Since z(t) is bandlimited, it is analytic. Thus, its Taylor series ex-
panded about any given point converges everywhere. We choose an interval
for which z(t) is identically zero. The resulting Taylor series, however, con-

verges to z(t) = 0 everywhere.
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Multidimensional Signals

“Most people never think about dimensions, except in geometry and
architecture classes, for the simple reason that our dimensional realm never
changes. Since birth we have lined in the four dimensions of length, width,
height, and time... The laws of physics God designed for physical life require

that all the matter and energy of the universe be situated on (and confined to)
the manifold, or ‘envelope’ of these four dimensions.” Hugh Ross [1301].

We must admit with humility that, while number is purely a product of our
minds, space has a reality outside our minds, so that we cannot completely
prescribe its properties a priori.” Karl Friedrich Gauss (1777-1855), Letter to

Bessel, 1830.

“But my Lord has shewn me the intestines of all my countrymen in the Land of
Two Dimensions by taking me with him into the Land of Three. What therefore
more easy than now to take his servant on a second journey into the blessed
region of the Fourth Dimension, where I shall look down with him once more
upon this land of Three Dimensions, and see the inside of every three-
dimensioned house, the secrets of the solid earth, the treasures of the mines in
Spaceland, and the intestines of every solid living creature, even of the noble

and adorable Spheres.” Edwin A. Abbott in Flatland (1884) [3].

9.1 Introduction

N dimensional signals are characterized as values in an N dimensional
space. Each point in the space is assigned a value, possibly complex. Each
dimension in the space can be discrete, continuous, or on a time scale!. A
black and white movie can be modelled as a three dimensional signal. A
color picture can be modelled as three signals in two dimensions, one each,
for example, for red, green and blue.

This chapter explores Fourier characterization of different types of mul-
tidimensional signals and corresponding applications. Some signal charac-
terizations are straightforward extensions of their one dimensional coun-

terparts. Others, even in two dimensions, have properties not found in one

! See Chapter 14 on time scales. 2
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dimensional signals. We are fortunate to be able to visualize structures
in two, three, and sometimes four dimensions. It assists in the intuitive
generalization of properties to higher dimensions.

Fourier characterization of multidimensional signals allows straightfor-
ward modelling of reconstruction of images from their tomographic projec-
tions. Doing so is the foundation of certain medical and industrial imaging,
including CAT (for computed azial tomography) scans.

Multidimensional Fourier series are based on models found in nature
in periodically replicated crystal Bravais lattices [1080, 1294]. As is one
dimension, the Fourier series components can be found from sampling the
Fourier transform of a single period of the periodic signal.

The multidimensional cosine transform, a relative of the Fourier trans-
form, is used in image compression such as JPG images.

Multidimensional signals can be filtered. The McClellan transform is a
powerful method for the design of multidimensional filters, including gen-
eralization of the large catalog of zero phase one dimensional FIR filters
into higher dimensions.

As in one dimension, the multidimensional sampling theorem is the
Fourier dual of the Fourier series. Unlike one dimension, sampling can be
performed at the Nyquist density with a resulting dependency among sam-
ple values. This property can be used to reduce the sampling density of
certain images below that of Nyquist, or to restore lost samples from those
remaining.

Multidimensional signal and image analysis is also the topic of Chapter 10
on time frequency representations, and Chapter 13 where POCS is applied

signals in higher dimensions.

9.2 Notation

A continuous multidimensional function is denoted (t_) where the coordi-

nates of the N dimensional space be expressed by the vector

=Tty taty - t, - tn]T. (9.1)
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and —oo < t,, < oo for 1 < n < N. The superscript 7' denotes transposi-
tion. The ¢,, vector norm of ¢ is

N 1/m
il = [Z w] . 92)

The ¢5 norm of this vector, ¢, is thus determined by the expression®

N
g =r=Y e
n=1

Geometrically, the ¢ vector norm is the Euclidean length of the vector.
The ¢; norm, also dubbed the city block metric, is

N
12l[1 =" ltnl-
n=1

The ¢+, norm is determined solely by the dominate term in the vector.
N
|[£]] 0o = max [t,,].
n=1
For discrete signals, a multidimensional signal is denoted using square
brackets as in x [m] where
o T
m=[mymamg - my ---my|" .
and m, =...,—-2,—-1,0,1,2,... for 1 <n < N.
Multidimensional signals can be mixed, with a continuous domain in one
dimension and a discrete or time scale domain in another. An example
is a black and white celluloid movie where a sequence of continuous two

dimensional images is presented in discrete time steps.

9.3 Visualizing Higher Dimensions

Conceptual extrapolation to higher dimensions is often straightforward. A

two dimensional circle becomes a sphere in three dimensions and, in N

3In the absence of a subscript for || - ||, we assume the £2 norm. That is
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dimensions, a hypersphere. The equation describing the locus of points on

an N dimensional hypersphere is

[e]]2 =r

where 7 is the radius of the sphere. If the points internal to the hypersphere
are included, we have an N dimensional hyperball that includes all points
satisfying ||]]; < r. Similarly, a two dimensional box becomes a three
dimensional cube and, in N dimensions, a hypercube. The locus of points
on the hypercube are described by all the points satisfying ||£]|oo < 72.
The mathematical extensions to higher dimensions are often straightfor-
ward, but can mislead the intuition. As an example, consider a unit radius
circle imbedded in a square. The Euclidean distance from the middle of
the circle to a point on the circle is one. The distance from the center to
a vertex of the square is v/2. In three dimensions, we have a unit radius
sphere imbedded in a box. The distance from the center to the surface of the
sphere is one. The distance to a vertex of the box is v/3. Thus, in general,
for N dimensions, a unit radius hypersphere embedded in a hypercube has
one unit to the surface of the sphere and v/N units to the vertex of the box.
Hence, for N =10,000 dimensions, we traverse one unit to arrive at the hy-
persphere surface and 99 more units to arise at the vertex of the hypercube.
Geometric visualization of such properties in higher dimensions is beyond

our ability. Hilbert spaces® can have an infinite number of dimensions.

9.3.1 N DIMENSIONAL Tic TAc TOE

Higher dimensions can be pictured in lower dimensions. In Figure 9.1, a
three dimensional tic tac toe cube on the left is shown as three matrices
of two dimensions on the right. The object of the the game is to colinearly
align four X’s or O’s in three dimensions. The 5 x 5 matrix of 5 x 5 matrices
in Figure 9.2 is a two dimensional representation of a tic tac toe game in
four dimensions. Each linear sequence of five matrices represents a three
dimensional cube. A line through any three dimensional cube wins. The four
dimensional game can be played in two dimensions on a sheet of paper. As
is seen in Figure 9.3, this is also true of the game in five dimensions. There
is a 6 x 6 matrix of 6 x 6 matrices of 6 x 6 matrices. The visualization of
winning tic tac toe lines clearly becomes more difficult as the dimensions

4 See Section 13.3.1.
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increase.

9.3.2 VECTORIZATION

The tic tac toe example aids in understanding vectorization: the reduction
of higher dimensional linear mappings into lower dimensions. Consider the
two dimensional superposition sum

Ki Ko
y[nl,nz] = Z Z h[nl,ng;kl,kg]l‘[kl,kg}; 1 S ny S N1 and 1 S N9 S N2.

k‘1:1 k2:1
(9.3)

Here, y[ni,n2] is the system output of a linear system with point spread
function h[ny,na; k1, ko] corresponding to an input x[ki, k2. Inversion of
this mapping, ¢.e. finding the input from the output, can be achieved
through mapping of (9.3) to a one dimensional mapping. We unwrap the
K, x K5 matrix row by row and let £ = (K7 — 1)ky + k1. Similarly, let

m = (N7 — 1)ng + n1. The superposition sum in (9.3) then becomes

ylm] = Z him, Qz[f;1 <m < M (9.4)

where M = N1 Ny and L = K; K5. The two dimensional mapping in (9.3)
is revealed as a sequence of simultaneous equations that, in the case of
inversion, can be solved using conventional tools for solving simultaneous

equations in one dimension.

9.4 Continuous Time Multidimensional Fourier
Analysis

The Fourier transform of z(t) is defined by the integral

X (i) = /t (Bexp(—j2rid i)di (9.5)
T L e
and

dt := dty dty - - - dty. (9.7)
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FIGURE 9.1: Tic tac toe in three dimensions can be characterized in two
dimensions. Four in a row in any direction wins. Three winning combina-

tions are shown.
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FIGURE 9.2: Tic tac toe in four dimensions can be characterized in two di-
mensions. Five in a row in any direction wins. Three winning combinations

of five in a row are shown.

A short hand notation for a Fourier transform pair in (9.5), as was the case
in one dimension, is
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FIGURE 9.3: Tic tac toe in five dimensions can also be characterized in

two dimensions.

The inverse of the N dimensional Fourier transform is
z(t) = / X (@)exp(j2ra’ t)di (9.8)

Table 9.1 contains a list of properties of multidimensional Fourier trans-
forms theorems.

The Fourier transform in N = 2 dimensions can be written

X(’Lbl,’LLg) :/ l’(tht2)67j2ﬂ—(u1t1+u2t2dt1dt2 (99)
9.4.1 LINEARITY

The Fourier transform in (9.5) is linear®.

9.4.2 THE SHIFT THEOREM

A function z(f) is shifted by the fixed vector 7 to form the shifted function
x(f — 7). The process can be interpreted as repositioning the origin to the
point £ = 7. This is illustrated in Figure 9.4 in N = 3 dimensions. On the
left, a function z(#) is one inside the cube and zero outside. The cube is
shifted by the vector 7 on the right. The cube has been shifted so that it’s

previous value at the origin is now positioned at the position ¢ = 7.

5 See Exercise 9.5.
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TABLE 9.1

1. Transform

z(t) «—— X (@) = /{x(f}exp(—j%rﬂTf)df

2. Linearity

Z ATk ([) — Z ar Xy (ﬁ)
k k

3. Inversion
z(t) = / X (@)exp(j2ral t)dii +— X (i)

4. Shift
z(t = 7) «— X(@)exp(—j2nii’ 7)

5. Separability
N

H T (ty) — H Xn(un)

6. Rotation, Scale and Transposition

X(A~T%)

A
#(AL) +— detA]|

7. Convolution
z(t) x h(t) = [x(?)h(q— T)dr +— X () H (1)

8. Modulation
z(E)h(t) «— X (@) = H(a)

Table 9.1: Properties of the multi-dimensional Fourier transform.
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x(0) e
PR I

> 1 >

FIGURE 9.4: Tllustration of a shift operation in N = 3 dimensions. The
function is shown on the left. The function, shifted by the vector 7, is shown
on the right.

If the cube, starting as shown at the left in Figure 9.4, moves with com-
ponent velocities given by the vector ¥ = [v; ve v3]?, then the position of
the cube at time s is the shift z(f — ¥s).

The shift theorem in Table 9.1 is a straightforward generalization of the
one dimensional counterpart.

(t-7) f{ 2(€ — 7) exp (—j2m—[Tg) d¢
= [ra()exp (—j2mu? (£ + 7)) dt

= X(@)exp (—j2nu’7)

9.4.3 MULTIDIMENSIONAL CONVOLUTION
The multidimensional convolution integral is

y(t) x(t) * h(?)
= [. (Pt —7)d7

(9.10)

In one dimension, the kernel h is referred to as the system impulse response
or, in optics, as the system line spread function. In higher dimensions, h is
also termed the system point spread function or Green’s function. In one

dimension, systems that can be characterized by convolution integrals are
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said to be time invariant. In higher dimensions, they are shift invariant or,
in the case of optics, isoplanatic.
Proof of the convolution theorem in Table 9.1 follows.

V(@) = [ry(E)e 2 iar

= [i[[-2(D)h(E — F)dF] e > Eai
= [ a(?) [Jh(F = Fe-i> T ai] a7
= [, @ [H(@)e T a7

_ [ I x(?)e’ﬁ’”f?df} H (1)

—  X(@)H(a)

Between the third and fourth lines we have applied the shift theorem.

9.4.3.1 The Mechanics of Two Dimensional Convolution.

In one dimension, convolution mechanics consists of the operations of “flip
and shift”. Similar mechanics hold in higher dimensions.

In two dimensions, the convolution integral in (9.10) is

o] [e]
y(tl,tg) = / / Z’(Tl,TQ)h(t1 — T17t2 — TQ)dTldTg. (9.11)
t1=00 t2=OO

For two dimensions, the mechanics of convolution are illustrated in Fig-
ure 9.5. In Figures 9.5(1) and 9.5(2) are pictured the functions, z(t1,%2)
and h(t1,t2), to be convolved. Since the integral in (9.11) is with respect
to 71 and 72, we show, in Figure 9.5(3), the function h(7, 7). For a fixed
(t1,t2), we shift in Figure 9.5(4) to form the function

k‘(Tl,Tg) = h(Tl — tl,TQ — tg).
The transposition of k in both variables, as shown in Figure 9.5(5), gives
k(*’]‘l, 7’1’2) = h(tl — T17t2 — 7'2).

Note that the argument of h here is exactly to the form required in the
convolution integral in (9.11). Therefore, in lieu of the one dimensional
“flip and shift”, two dimensional convolution requires a “transposition and
shift” of the impulse response. The “transposition and shift” manipulates
the impulse response in Figure 9.5(3) into that in Figure 9.5(5). Evaluation
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of the two dimensional convolution integral in (9.11) is now straightforward.
The function h(t; — 71,t2 — 72) is multiplied by (71, 72) and the product
integrated. The result is the output y(¢1, t2) for the value of (¢1,t2) used in
the shift. For our running example, the output is equal to the overlapping

area, shown as black, in Figure 9.5(6).

© /f‘_\(m ® i)
*®
_>?1'

n

\\:‘

N

o h(Tl -fl, Tg-fg) - k (f],fg)

Ty sl
® k(-n,- &)= ht-1,6-12) ® x(n,n) W(t-1t: -1)
5 (s}
4]
T 0 -t

-1z T

FIGURE 9.5: Convolution mechanics. The functions are one in the shaded

areas and are otherwise zero.

9.4.4 SEPARABILITY

A function z(Z) is said to be separable if it can be written as the product

of one dimensional functions:
N
2() = [] #nltn) (9.12)
n=1

The separability theorem states that the corresponding multidimensional
Fourier transform is the product of the one dimensional Fourier transforms

of the one dimensional signals.

N
a(l) < X (i) = [] Xn(un)

n=1
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where o

T (tn) & Xp(uy) = / X (tn)exp(—j2munty )dty

is a one dimensional transform pair.

Proof. Substitute (9.12) into (9.5) and separate integrals. O

Example 9.4.1. FEzample of a Sum of Separable Functions. The separabil-
ity theorem allows evaluation of certain multidimensional transforms using
one dimensional transforms. Consider the N = 2 dimensional example in
Figure 9.6 where a function is one inside the two symmetrically spaced

h

h

[¢— ¢ —»

FIGURE 9.6: A two dimensional signal is equal to one inside the two

squares and is otherwise zero.

squares and is zero outside. We can write

- t1 1 ty 1 t; 1 to 1
x(tl,t2)—l'[(c 2>H(c 2>+H(0+2>H(c+2> (9.13)
From the separability theorem

1 1 :
II <t—l + 5) I <t—2 + 5) & Psine(cu sine(cug eI (9.14)
c c

Superimposing the + and — components of (9.14) and using the linearity

property of Fourier transformation gives us the transform of (9.13):

x(t1,t2) <> 2¢?sinc(cuy )sine(cusg) cos (re(ur + ug)) (9.15)
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The above example is a case where a function is the difference of two sep-
arable functions. One can establish that, for any two dimensional function,

we can always find one dimensional functions such that

o0

w(tite) = Y al)(t)al) (t2)

m=—0o0

That is, any two dimensional function can be expressed as the superposition
of separable functions. More generally, in N dimensions,

oo N
w(@)= Y J[=0 ). (9-16)

m=—oon=1
The choices of the one dimensional functions are not unique.
Example 9.4.2. Fourier Series. As a two dimensional example of (9.16),

consider the set of functions, x(t1,t2), that are zero outside the interval

0 <ty <T. For a fixed ty, we can write the Fourier series

o0
p(tite) = Y am(ta)e®™™/ T 0<t <T

m=—0o0

where

e :
Oén(tg) = T/ J)(tl,tg)eij%rmtl/Tdtl.
t1=0

Comparing with (9.16),
) () = ST 0 <ty < T
and
2 (t2) = am(ta).

Application of the linearity and separability properties of the multidi-
mensional Fourier transform to (9.16) gives

oo N
ZORED DN | BRI (9.17)

m=—oo n=1

where
M () —— XM (u).
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9.4.5 ROTATION, SCALE AND TRANSPOSITION

For any nonsingular matrix A, the function z(A#) can be envisioned as a
rotation, scaling, and/or transposition® of the function x(). All operations
are performed about a stationary origin, since £ = 0— At'=0.

We can illustrate simple linear distortion with the unit square at the
right side of Figure 9.7. The (t;,t5) axis on the right are distorted to Af
on the left, where

A

The t; = constant axis is now along the line ay1t; + a12ts = constant.
Likewise, the to = constant axis is now along the line as1t; + agots =
constant. This is illustrated in Figure 9.7. The unit square on the left is thus
distorted into the parallelogram on the right. The more general mapping of
two dimensional functions for the matrix A is evident in Figure 9.8. Each

small square on the left is mapped to a parallelogram on the right.

‘a11t1+a12t2:0 ‘ ‘a11f1+alzf2:1 ‘
& \ \
| 4
A =0 = A 4 ]
e 1 ?(‘ n 1 5] / ",”’/,
R i ;T
E =1 b Janttaph=1 ‘
E | n=0 ,_.‘ anti T anth=0 ‘
] : 1 4 __,,EF""
ey Ei*fl == r 121
‘ 1

FIGURE 9.7: Illustration in two dimensions of the effect of the coordinate
transfer of ¢ to Af.

The examples in Figures 9.7 and 9.8 assume the elements of A are pos-

itive.

5In multidimensions, transposition occurs when the function is reversed in
one or more axes. For z(t1, t2,t3), for example, z(t1, —t2,t3), z(—t1,t2, —t3) and
x(—t1, —t2, —t3) are all referred to as transpositions.
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> 1 > 1

FIGURE 9.8: Mapping of a two dimensional function from coordinates ¢

to coordinates Af.

9.4.5.1 Transposition.
Negative elements in the A matrix impose transposition. For the matrix,
A= ,
0 1
the ¢; axis is reversed corresponding to a horizontally flipped coordinate
system.
9.4.5.2 Scale.

Scaling the unit square, shown at the left of Figure 9.7, is performed by St’

where the scaling matriz is

1
— 0
s=| " (9.18)
0 1
Mo

The horizontal scaling replaces t; by t1/Mj. The coordinate (t1,t2) = (1,0)
is therefore replaced by (¢1,t2) = (Mj,0) thereby effecting a magnification
of M in the horizontal direction.

More generally, in N dimensions, multidimensional scaling is performed
using

. 1 1 1

where diag denotes a diagonal matrix.
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E | o sin(#)
B *n . \9 - h

M -sin(&) cos(8)

FIGURE 9.9: Tllustration in two dimensions of (left) scaling by magnifica-
tion factors My and Ms, and (right) counterclockwise rotation by an angle
of 6.

9.4.5.3 Rotation.

To rotate a function counterclockwise by an angle of 8, we use the rotation

matrix
cos(f)  sin(h)
R = (9.20)
—sin(@) cos(#)

Note that R~! = RT.

9.4.5.4 Sequential Combination of Operations.

Care must be taken in sequential application of rotation, scale, transposi-
tion and shift operations. One might suppose that a rotation followed by
a scale operation would be accomplished by SRi. The proper operation is,

however, RSt. We illustrate with an example.

Example 9.4.3. Sequential Operations. The mechanics of sequential
application of linear distortions and shifts is illustrated in Figure 9.10.
Beginning with the function z(#) = II(¢;)II(ty) on the left, we desire to
generate the function z (t—> on the right. The shaded areas correspond to
values of one while unshaded areas are zero.

In the first operation, we rotate the function 45° to form w(t) = z(R#)
where the rotation matrix, R, uses § = 45°. Next, to form y(td)7 the w
function is scaled and

y() = w(St)
= z(RSP).
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Thus, for rotation followed by scale, the proper sequence of matrix opera-
tions is RS. Lastly, we form

2t) = y(t—=7)

YO)=w(ST)=x(RST) | 2()=yF ~H)=x(RSG~7) ‘

NG W(F)=x(RF) \ & \ f2
t &

151

151 5]

I

FIGURE 9.10

9.4.5.5 Rotation in Higher Dimensions.

The rotation matrix in (9.20) is for two dimensions. Sequential appli-
cation of two dimensional rotations in planes, however, can be applied
to effect rotations in higher dimensions. An illustration for extension to
three dimensions is shown in Figure 9.11. A three dimensional function,
x(t) = a(t1,t2,t3), is shown in the left hand of the figure. We first rotate
counterclockwise in the (1, ;) plane to form y(f) = 2(Rgt) where, keeping
the t3 coordinate fixed and, in accordance to the rotation matrix in (9.20),

cos(f) sin(d) 0

Ry=| —sin(d) cos(d) O

0 0 1

Next, we rotate y(t) in Figure 9.11 in the (t3,t;) plane to form

2(t) = y(Ryt)
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where

—sin(¢) 0 cos(¢)
R, = 0 1 0
cos(¢) 0 sin(¢)
Therefore, we conclude that z(t) = z(Rif) where
—cos(0)sin(¢) sin(f)  cos(0) cos(¢)
R=RyRy= | sin(f)sin(¢) cos(d) —sin(f)cos(p) |.  (9.21)
cos(¢) 0 sin(¢)

W@ )=x(Ral) Z(f)¥y(R¢f )=x(ReR )

x(r)

FIGURE 9.11

9.4.5.6 Effects of Rotation, Scale and Transposition on Fourier

Transformation.

To determine the effects of rotation and scale on a function’s Fourier trans-

form, we evaluate

z(At) [I(Aﬂexp(fj2ﬂﬁT5df
i
= |detA|/ 7exp(—j2r(A~Ta@)T 7)d7

X(A~"a)
—_— .22
| det A (9:22)
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where we have made the substitution 7 = At and | det A| is the transforma-
tion Jacobian. We assume A is not singular. The superscript —7' denotes
inverse transposition,i.e. A7 = (A~1H)T = (AT)~L.

Example 9.4.4. Scaling. For the scaling matrix in (9.18), we conclude

t t
x (]\411, ]\422) < M1M2 X(Mlul,MQUQ)

More generally, if S is the diagonal matrix in (9.19), we have
T(At) <— MMy - - M X (Myuy, Maus, - - -, Myuy)
Example 9.4.5. Rotation. For the rotation matrix in (9.20),
R!=RT. (9.23)

Therefore,
z(Rt) < X (Ra) (9.24)

and, in two dimensions, rotating a function simply rotates its transform by
the same angle. This is also true in higher dimensions.

The rotated square in Figure 9.10 is w(#) = x(Rf) where the rotation
angle is 45°. Then, if x(£) = II(¢t,)II(t2) > sinc(uq )sinc(uy),

w(t) = x(Ri)

— XR%)

= X(RTa)

_ U1 —U u1+u
— X( 1\/52’ 1\/52)

sinc (L\/E“Q) sinc (WT“?)

Example 9.4.6. Sequential Operation. The rotated square is shown on
the right of Figure 9.9, call it z(f), can be obtained from z(£) = TI(t1)TI(ty)
by (1) first translating to the first quadrant to form y(#) = 2(f — 7) where
7 = [3 3]7, and then (2) rotating to form z(f) = y(Rf) = z(Rf — 7).
Applying the shift theorem

y() & X (@)e 7277,

Step (2) gives
2(t) < Y(RTa)

_ X(RTﬂ)efj%r(RTﬁ)T?.
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Since
ug cos(6) — ug sin(6)
uy sin(f) — us cos()

and
(RTﬁ)T 7 = [uy cos(f) — ug sin(0)] 71 + [uq sin(@) + us cos(9)] 2

then, since X (@) = sinc(uq )sinc(uz), we conclude

Z(w) = sinc(ug cos(f) — ug sin(f)) sinc (uq sin(f) — uz cos(h))

x exp (—jm {(uy (cos(8) + sin(h)) + ua (cos(d) —sin(6))})
(9.25)

The results of the above examples illustrate visualization of the effects of
rotation and scaling on a function’s transform. Rotation in the time domain
corresponds to an equivalent rotation in the transform domain whereas, for
scaling, a compression in one dimension in the time domain is countered

by an expansion along the corresponding frequency dimension.

9.4.6 FOURIER TRANSFORMATION OF CIRCULARLY
SYMMETRIC FUNCTIONS

A function is said to be circularly symmetric or, in higher dimensions,
spherically symmetric, if

2(f) = f(r) (9.26)
where

r=||f]] = VT (9.27)

That is, the multidimensional function varies only with the radial variable,
r. An illustration in two dimensions is in Figure 9.12.

The two dimensional polar equivalent of the multidimensional Fourier
transform in (9.9) can be obtained by the variable substitutions

t1 = rcos(f); ta = rsin(f)
dtldtg = rdrdf

and the polar frequency coordinates, (p, ¢), related by

uyp = pcos(P); ug = psin(e). (9.28)
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5]

X (fl,tz)

FIGURE 9.12: On the left is the one dimensional function f(r) = II (r — 3).
The annulus z(t1,t2) = f(||t]|) is shown on the right.

We will interchangeably write 7 = ||t]| and p = ||i]|. It follows that

z(t) = f(r) «— i /00 f(r)exp (j2mrpcos(d — ¢)) rdrdf
6=0 Jr=0

where we have used a trigonometric identity. Note that the integrand in 6
is a periodic function of 6 with period of 27. Since the integral over any
period of a periodic function independent of the the starting point of the

integration,

z(t) +— ! /00 f(r)exp (j2mrp cos(8)) rdrdf. (9.29)
6=0 Jr=0

From this expression, we see the two dimensional Fourier transform of a
circularly symmetric function in also circularly symmetric, i.e. (9.29) is not

a function of ¢. Hence, we can write the two dimensional Fourier transform

property

2(f) = f(r) «— X (@) = F(p). (9.30)
A useful Bessel function identity here is”
Jn(2) = L / " eint gizsin(t) gy (9.31)
" 2r J_,

Application of the n = 0 case to (9.29) gives our desired result for the

"This integral is that used to find the Fourier series coefficients of a periodic
function, in this case ¢/**"*) with period 2
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transform for two dimensional circularly symmetric functions in (9.30) as
o
f(r) «— F(p) = 27r/ r f(r)Jo(2mrp)dr. (9.32)
r=0
This relation is named a Fourier-Bessel or (zeroth order) Hankel trans-
forms. The transform is commonly written as

Hf(r) = F(p) (9-33)

where H is the Hankel transform operator.
In summary, given a circularly symmetric function, f(r), we can compute

the two dimensional Fourier transform using (9.9) and evaluating

o0 o0
/ / f (Mt% + t%) e I2mlutitusta gy, gy,
— 00 — 00

or we can use the Hankel transform in (9.32). The results will be the same.
Use of the Hankel transform is usually more straightforward. An exception
is the Gaussian in Exercise 9.14(a).

Hankel transform theorems are the topics of Exercise 9.13.

9.4.6.1 The Two Dimensional Fourier Transform of a Circle

Consider the unit radius circle

fr) =11 (*) : (9.34)

Substituting into (9.32) gives

1
F(p) = 27/ rJo(2mrp)dr
0

Since p
%aJl () = ado(a)

we conclude that
F(p) = 2 jinc(p) (9.35)
A plot of F(p) is in Figures 9.13.

9.4.6.2 Generalization to Higher Dimensions

In N dimensions, spherically symmetric functions still obey (9.26) and
(9.27). The N dimensional Fourier transform of z(t) = f(r) is spherically
symmetric with radial variable p = ||@]|. Hence, in N dimensions,

w(t) = f(r) «— X (@) = F(p).
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FIGURE 9.13: A plot of 2 jinc(p). An optically generated jinc is shown in
Figure 15.19.

In lieu of computing the N dimensional transform in (9.5), we can evaluate
the Hankel transform generalized to N dimensions [165].

F(p) = ii_l/ f(r) T%J%_l(%rpr)dr. (9.36)
pz=1 o

9.4.6.3 Polar Representation of Two Dimensional Functions that are Not

Circularly Symmetric

Any two dimensional function can be expressed in polar coordinates as
x(r,0). The two dimensional function is periodic in § with a period of 27

and can therefore be represented as a Fourier series

o}

x(r,0) = Z cn(r)ed™? (9.37)

where )
1 [ ,
en(r) = — / x(r,0)e="%dp (9.38)
0
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are referred to as circular harmonics.
As in the circularly symmetric case, we express the two dimensional

Fourier transform in (9.5) in polar form. The result is

2m o'}
X(p,0) = /970 /70 x(r, 0)exp (j27rpcos(d — ¢)) rdrdf. (9.39)

Substituting the circular harmonic expansion in (9.37) and using the Bessel

function identity in (9.31), we obtain after some manipulation,

oo

X(p,¢) = > " Hycn(r)] (9.40)

n=—oo

where the nth order Hankel transform is defined by

Hplf(r)] =27 /OOO rf(r)Jn(2mrp)dr (9.41)

Note, in particular, that (9.40) is a polar Fourier series of the spectrum
of X(p,¢) with circular harmonics (—j)"Hy[cn(r)]. The nth order Han-
kel transform of an image’s nth circular harmonic therefore gives the nth
circular harmonic of the image’s two dimensional Fourier transform.

The special case of the zero'" order Hankel in (9.33) is Ho = H. Indeed,
the circularly symmetric Fourier-Bessel transform in (9.33) is a special case
of the nonsymmetric transform in (9.40). This follows from the observation
that, for circularly symmetric functions, the spherical harmonics are such
that

cn(r) = f(r)d[n].

There are no circular harmonics except for the zero frequency component

n=0.

9.5 Characterization of Signals from their
Tomographic Projections
In tomography, information of an image’s tomographic projections is used

to reconstruct the image. The mathematics for doing this from planar pro-

jections using the inverse Radon transform is the topic of this section.
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9.5.1 THE ABEL TRANSFORM AND ITS INVERSE

An illustration of the tomographic projection of a circularly symmetric
object, f(r), is in Figure 9.14. For each fixed to, the area of the one dimen-
sional slice as a function of t5 is computed. The result is the tomographic

projection, p(ta). Specifically,

fz t2

Jr)

(@nd

FIGURE 9.14: The Abel transform, p(ts, is the projection of a circularly

symmetric function, f(r).

p(t2) Joo f(r)dt

= QIOOO f(r)dtl

where, in the second step, we have recognized that the integrand is an even
function. To change the integration to a function of , we make the variable

rdr
tr=/r2 —t2forr >ty = dt] = ——.
2 r? — t2

Then, abandoning the subscript on 5, we have

substitution

=2 [

This, the Abel transform, is simply the tomographic projection of a circu-

(9.42)

larly symmetric function. The inverse problem is finding the function, f(r),

from its tomographic projection, p(t). This is the inverse Abel transform.
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To invert the Abel transform in (9.42), we will first massage the for-
ward Abel transform into a convolution integral [164]. The first step is to
explicitly place the the integration limits in the integrand as a unit step

< fr)u(r —t)dr
7,2 2
Making the variable substitutions

p = 1 = r = \p—dr= %
(9.43)

Since p (v/p — v/7) = 1 (p — 7), the result of the substitution is

o~ f -7
p(vi) = 2y, HElAeoT) 4y

= Jo BER T (Vo) dp.

We have therefore expressed the Abel transform as the convolution

p(V7T) = ”\(/}TT) « f (V7). (9.44)

We will find it useful to use the variable p in lieu of 7 in this convolution.

p(va) =20 r (). (0.45)

Let F denote the Fourier transform operator that maps the variable p into
the frequency variable, u. From the Fourier transforms listed in Table 2.4,
we find

P~ 2 u(p) — (j2u) "'/,
Imposing the transpose theorem (see Table 2.3), we have
(=p) " 2u(=p) ¢ (—j2u) 7'/ (9.46)
and, applying the convolution theorem, (9.45) becomes
Flp(vp)] = (—j20) 2 F [ (V).

Multiplying both sides by j27u and applying the derivative theorem gives

£ wpp(ﬁ)} = —r/Z72u FIf (/7))
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Solving gives
Lo —1)2 d
FI (VP = —=(=i20) 2 F | Zp(y7) |
™ P
Inverse transforming and again using (9.46) gives

FD =2 M2 L (), (9.47)

From the chain rule of differentiation,
d 1,
—P\WpP)=57=P
a0 (Vp) =3 7

and the convolution can be written as

P =g [T ()i

To make this expression in terms of its original variables, we apply the
substitutions in (9.43). Since dr = 2tdt and u(t* — p?) = u(t — p), we

obtain the inverse Abel transform.

_ 1> Pt
fr)=—— e

This is the inverse Abel transform. Equivalently, integrating by parts gives

fr) = _% /:o V2 -2 % (pf)> dt. (9.49)

9.5.1.1 The Abel Transform in Higher Dimensions

(Vp),

(9.48)

To extend the Abel transform to higher dimensions, define the radial vari-
able 7y = ||fn]|| where ty = [t1 to t3 --- tn]T. The projection of the

function fy(rxn) to one dimension is

fl(rl):/tZ /td /t4~-~/tN fn(rN)dty - - dtadtzdts. (9.50)

This integration can be done in stages, the nth of which is

fn—l(rn—l) = J;n fn (Tn) dtn

= o fa (, [r2_ +t;ﬁ) dt,,

Clearly, fn—1(rn—1) is the Abel transform of f,, (r,,). Multidimensional Abel
transforms can therefore be performed as sequential one dimensional Abel

transforms. The same is true for the inverse Abel transform.
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9.5.2 THE CENTRAL SLICE THEOREM

The central slice theorem says that the the one dimensional Fourier trans-
form of a tomographic projection of a two dimensional function is equal
to a slice of the function’s two dimensional Fourier transform along a line.
Consequently, knowledge of all projections at all angles suffices to fill in all
values in the frequency plane. Since the Fourier transform of the image is
known, the image is thus totally defined by its projections. This property,
illustrated in Figure 9.15, will now be derived.

FIGURE 9.15: Illustration of the central slice theorem.

The projection, p(t1), in Figure 9.15 is obtained by vertical line integrals
of the image x(). Thus

p(t1) = /C><> z(t1, ta)dts.

— 00

The one dimensional Fourier transform of the projection is
P(u) = [7 p(t)e 7P atdty o
= 7 [ (b t)em T

The two dimensional Fourier transform of the image is
o0 oo .
X(ur,uz) = / / x(ty, to)eI2mmatituzta) gp, gy,
—0o0 —0o0

Comparing with (9.51) yields the central slice theorem.

X(Ul,O) = P(ul)
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Thus, as illustrated in Figure 9.15, the Fourier transform of the projection
is equal to the slice of X along the u; axis.

Information about X along the us axis is obtained by Fourier trans-
forming a horizontal projection of the image. To find X along a 45° line,
we Fourier transform the image projection at a 45° angle. The value of
X at and point (ug,us) can therefore be obtained by Fourier transform-
ing an appropriate projection. The central slice theorem clearly illustrates
sufficient information exists in the tomographic projections of an image to

reconstruct the image.

9.5.3 THE RADON TRANSFORM AND ITS INVERSE

The central slice theorem convinces us that an image can be reconstructed
from its projections. The inverse Radon transfom gives us the algorithm to
do so.

Geometry illustrating the Radon transform is in Figure 9.16. As was the
case in Figure 9.15, we preform a projection except the image is now rotated
clockwise by an angle of 6. Recall, from (9.24), rotation of an image in two
dimensions is equivalent to rotating its Fourier transform by the same angle.
Let the projection parallel to ts be

po(t1) = /_oo z(Rot)dts. (9.52)

This mapping of the two dimensional image, x(f), to the two dimensional
function, py(t) is the Radon transform. An image and its Radon transform
are shown in Figure 9.17. The reconstruction problem is finding the two di-
mensional image from its projections. This is the inverse Radon transform.

The Fourier transform, Py(u1), is, by the central slice theorem, equal to
the horizontal slice on the Fourier transform plane. Rotating back to the
original coordinate system, shown on the rightmost figure in Figure 9.16,
we find that

Py(u1) = X (uq cos(0), uy sin(h)). (9.53)
Note
Pyin(p) = X(pcos(0+m), psin(0+))
= X(—pcos(f),—psin(h)) (9.54)

= Py(-p)
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6\ X(@i) |*

u
0
Poty ) P u)=X [”1 cos(@);;r;sin(ﬁ)]
PRy I\

FIGURE 9.16: Illustration of the geometry behind the Radon transform.

FIGURE 9.17: An image (left - the Shepp-Logan phantom) and its Radon
transform.

Consider, then, the inverse Fourier transform using the polar coordinates
n (9.28).

27 [e%s)
stnt) = [ [ X (peos(),puin(@) e o0 4425006 i,
=0 0
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Substitute (9.53),

2w oo —j2mp(t1 cos sin
wlti,ts) = [T [ Polp)em2molt cos@)ttasint®) pipdg

T 2 o0 —J2m cos sin
- [f¢:0 +f¢:7r:| fp:O Py (p)e—a2melticos(@)Ft25in(9)) 5 pd g,
(9.55)
Using (9.54) applied to the integral from ¢ = 7 to 7 gives

[ Palp)em e 2506 i
= [ [ Po(—p)emd2mett eon@m s Snétm) pi
[ Pal ) s 0
_ f;r:o f0:7oo qu(p)e*ﬂﬂp(tl cos(¢)+ta sin(¢))(_p)dpd¢,
Then (9.55) becomes
w(tite) =[] 2y Polp)ems2mltr cox(@)ttzsin(®) pdpdg
+f(;:0 prZ—OO p¢(p)efj2ﬂp(t1 cos(¢)+t2 sin(¢))(_p)dpd¢
_ f;:o [fpoi_oo \p\P(z,(p)e*jz’TP(tl cos(¢)+t2 sin(¢))dp} do

(9.56)
Define the filtered projection by the Fourier transform pair

p(t) < [ul Py(u) (9.57)

where

Po(t) <> Py(u).
The function p(t) is therefore obtained by passing the projection through a
filter with a frequency response of |ul. It is therefore appropriately dubbed a

filtered projection. Equation (9.56) can be expressed in terms of the filtered
projection.

ot ts) = /¢ " b (t cos(6) + o sin(0)) do. (9.58)

=0

This is the inverse Radon transform.

Since sen(u)(j2m)
u| = T,
and )
L & sgn(u),

7t
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the filtered projection in (9.57) can then be expressed as the convolution

. 1 dpy(t)
Do) = 5 37 * ;lbt '

Equivalently, in terms of the Hilbert transform, the filtered projection can

po(t) = 51 (Lol ) == et

be written as

27 dt

The inverse Radon transform in (9.58) requires knowledge of projections
at all angles. In practice, only a finite number of projections is known and

we approximate (9.58) by N projections.

N-1
a(tr,t2) = Y Pt cos(én) + tasin(n)) Ag, (9-59)

n=0
where ¢, = nA¢ and A¢ = w/N. Each projection is filtered and smeared
back into two dimensions along the angle where the original projection
was obtained. This process is referred to as back projection. All of the
back projected filtered projections are summed to obtain an approximation
to the original image. The reconstruction process is appropriately termed
filtered back projection.

Tomography variations and modelling are developed extensively beyond

the introductory treatment given here [774].

9.6 Fourier Series

Multidimensional periodic functions can be expanded in a multidimensional
generalization of the Fourier series. First, we must establish some formality

for characterizing multidimensional periodicity.

9.6.1 MULTIDIMENSIONAL PERIODICITY

The geometry of multidimensional periodicity in IV dimensions can be dic-
tated by N periodicity vectors, {p,|l <n < N} that map the set of all N
dimensional vector of integers, m, to a grid of points. This is illustrated in
two dimensions in Figure 9.18 for the vectors p; = [1, 1] and g = [2,0]%.
The integer vector 7y = [2, —1]7, marked (2,-1) in Figure 9.18, corresponds
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to the point ¢ = 2p; — ps. Likewise, each of the points in Figure 9.18 is as-
signed a vector of integers in accordance to the the multiplicity of times

each vector contributes to the point.

tzl,
0(2.-2) (2.-1) 0 (2.0)
(-1,0) (1,0) (L)
) 1T e 0
P ///
1 ///
o } O — < >
(0,-1) (0,0) D, 01 &
-1.0) o (- o 2,-Do

FIGURE 9.18: Illustration of how periodicity vectors generate a grid of

points such that each point is assigned a vector of integers.

The matrix comprised of the columns equal to the periodicity vector,

P = [pi|p2| - - - [PN];

is referred to as the periodicity matriz. For the example in Figure 9.18, the

b2 1 . (9.60)

periodicity matrix is

P:
10

Requiring that the pi,’s not be collinear is equivalent to requiring that P
not be singular ( det P # 0 ). The set of all points can be written as

{Pm|m = all vectors of integers} .

A given replication geometry does not have a unique periodicity matrix.
Besides the periodicity vectors shown in Figure 9.18, any of the periodicity
vector pairs in Figure 9.19 will generate the same replication geometries.

The P vector’s in this figure are
1 -1 2 -1

1 1 0 1
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(1) /l\tz o (2] g b o

/7 N
// \\
1+ I
0 o o
\\
-1 -1 N
0 : Xf o = © ‘ v —y—————
) H
o] (4} 0 0 0 0

O f J o © t o, .’ S
I h
(o) (] 0 o o] s}
FIGURE 9.19
1 0 2 3
1 2 0 1

The area, T, of the multidimensional parallelogram defined by periodicity
vectors is T = |det P|. For the example in Figure 9.18, evaluating the
parallelogram, and computing the magnitude of the determinate of (9.60),
both yield an area of T" = 2. This is also the area of all the parallelograms
in Figure 9.19 as defined by the periodicity matrices. The determinants of
the four matrices in (9.61) is likewise, in each case, equal to 2.

Definition 9.6.1. Multidimensional Periodicity. An N dimensional func-
tion, S(@), is said to be periodic if there exists a set of N non-collinear
vectors, {P,|1 < n < N}, such that, for all @,

S(w) = S(t = pr) = S(i@ = p2) = - - - = S(@ = pn). (9.62)

Alternately, if
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for all vectors of integers, m, the function is periodic.

A periodic N = 2 signal with the periodicity matrix in (9.60) is shown
in Figure 9.20.

f |l

_J
9

LU

5

FIGURE 9.20: A periodic function in two dimensions with the periodicity
matric in (9.60). The function is one inside the shaded area and it otherwise

Zero.

The concept of a periodis not as straightforward as in one dimension since
we now must deal with geometrical forms rather than with simple intervals.
A tile is any region that, when replicated in accordance with the periodicity
matrix, will fill the entire space without gaps. Parallelograms defined by
the periodicity vectors always generates a tile. The example, illustrated in
Figure 9.21 for the two dimensional periodic replication of crosses in Fig-
ure 9.20, generalizes straightforwardly into higher dimensions. Rectangular
and hexagonal tiles for the same periodic are shown in Figures 9.22 and
9.23. Tiles, as illustrated in Figure 9.24, can even be disjoint. For a given
periodicity matrix, the choices for tiles shapes is endless. As we will shortly
show, however, all tiles share the property of equal area.®

Note that there exists one replication point per tile. The number of pe-
riods per unit area, T', is thus equal to the area of a cell which can be

calculated from the parallelogram configuration as

T =|det P|

8In this chapter, area means, in general, multidimensional area, e.g., for N = 3,
volume.



9. Multidimensional Signals 553

b

S/

pe; p «

FIGURE 9.21: Completing the parallelogram using the periodicity vectors

as legs always generates a tile. The shaded parallelogram is a tile for the

periodic replication of crosses in Figure 9.20.

A 1‘2

v
O
Y
o
v

h

(@) @) o

FIGURE 9.22: The shaded rectangle is a tile for the periodic replication of
crosses in Figure 9.20.

The periodicity in Figure 9.21, for example, has an area of 2 units.

9.6.2 THE MULTIDIMENSIONAL FOURIER SERIES
EXPANSION
In this section, we derive the Fourier series for a periodic function, S(&),

with given periodicity matrix P. The periodic function will be assumed to

exist in the @ domain for reasons that will become obvious shortly. First,
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FIGURE 9.23: The shaded hexagon is a tile for the periodic replication of
crosses in Figure 9.20.

! 1 ! L
O o O o O o |
N N A (N A -
° /7 o - N
A e N e I e

FIGURE 9.24: The shaded area, a rectangle minus the circle plus the circle

in the adjacent rectangle, is a tile for the periodic replication of crosses in
Figure 9.20.

we establish the following.

Theorem 9.6.1. Multidimensional Comb Lemma.
> 6(F— Qi) < |det P| Y~ 6(if — Prit) (9.63)

where
Q' =pP! (9.64)
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and the multidimensional Dirac delta is
8() = 0(t1)d(t2) -+~ 3(t)

Proof. If we define
@) = 3 o - Qi)

then .
Z o(t—m) N
AMQ) =2 —— = |detP comb(t,,
(Qf) = P = |4etPl [T comb)
where we have used the identities
1
P =
| det P| At Q)
and j
ot
At) = . .
S(AD) det A] (9.65)

Using the last entry in Table 2.4 and the separability theorem, we conclude
that

N
ANQE) <> [det P| [ ] comb(uy,) = | det Py " 6(ii — 1i)

n=1

Using the rotation and scale theorem, we find that
A(E) <> 6(Q"i — 1)

from which (9.63) immediately follows. O

Using (9.63), we can now show that a periodic function, S(u) with peri-

odicity matric P can be expressed via the Fourier series expansion

S(i) =~ elm]exp(—j2mi” Qi) (9.66)

m

where the Fourier coefficients are
c[m] = | det Q| / S(@)exp(j2ri’ Qm)di (9.67)
aeC

and C is any tile.
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Proof. Let X (@) = S(@)/|det P| over any tile and be zero elsewhere. This
function X (%)| det P| is a period of S(@). We can therefore replicate it to
form S().

S(ii) = | det P|X (i) * Y _ 6(ii — Prit) (9.68)

Using the modulation theorem in Table 9.1, and the multidimensional comb

lemma in (9.63), we conclude

s()) =) )_o(F-Qm) = > «(Qm)5(F - Qi)

m

where
z(t) & X (@) (9.69)

and

s(t) < S(@).

Transforming gives

S(if) = a(Qrit)exp(—j2mil” Qi) (9.70)

3

and, after noting that ¢[m] = x(Qm) our proof is complete. O

Example 9.6.1. Consider the periodic function, S(&), shown in Figure 9.25.
The function is zero in the circles and one outside. A periodicity matrix

6 3
0 5

We choose the rectangular periodicity cells shown with the dashed lines.

for this function is

P =

To find the Fourier coefficients, we choose the cell centered at (3,0). Cor-

respondingly,

|det P| X (@) = II (”16_3> I (%) — I ( (y *43)2 + “3> .

Therefore

| det P|2(t) = [30 sinc(6t;) sinc(5t2) — 8 jinc(24/t3 + 3)] exp(—j67t;)

and, since

my
> 6
Qm[_m_sz]

10 5
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FIGURE 9.25: A periodic function equal to one within the circles and zero
without.

we conclude that our desired Fourier series coefficients are

cmi,me] = (=)™ {5[m1]sinc (% - m2>

4 . mi\2  /mi mg\?2
157 ( \/ ¢/ "0
The resulting Fourier series using these coefficients is

mip=—00 Ma=—00

9.6.2.1 § Expanding Kernels in a Fixed Periodic Array

9

Expanding a function on a periodic array can generate interesting and
commonly used tiling patterns. Consider the circles on an infinite hexagonal
grid shown in Figure 9.34(a). The function is set to one inside the circle
and zero outside. Expand the circles until they touch as shown in Fig-
ure 9.34(b). This is the hexagonal pattern generated by placing a number

“Recall that § denotes exercises or sections on tangential albeit related mate-
rial.
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of pennies on a table and positioning them as closely as possible. Sphere
packing in higher dimensions is foundational in communications theory
[659]. In mathematics, the pattern corresponds to the sample spectrum for
an image whose spectrum has circular support [1009]. Images formed by

either coherent or incoherent light using lenses all have this property [559].

We continue expanding the circles so they overlap. Whenever the cir-
cles overlap, they add. The replicated three petal pattern shown in Fig-
ure 9.34(c) results. In the darker areas of this figure, the two dimensional
function is equal to two. There is no overlap in the lighter shaded areas
where the functional value is one. The replicated three petal pattern in
Figure 9.34(c) has been used to represent the trinity in Christianity [1384].

Further expansion shown in Figure 9.34(d) results in replicated hexagons.
The flower-of-life tiling shown [1071] in Figure 9.34(e) emerges from further
expansion.

The flower-of-life tiling, as shown in Figure 9.35, has a rich history in
art and architecture. The following are shown:' Figure 9.34(f) shows an
additional circle kernel expansion beyond the flower-of-life.

Expanding kernels naturally occur in electromagnetic. Periodically spaced
antenna [488, 707, 963] and sensor arrays [589, 1498] can display diverse
and complex patterns depending on source excitation and range. A large

(we assume infinite) periodic array of transmitters simultaneously boosting

10A]] images from Wikipedia.
e TOP LEFT: One of Leonardo da Vinci’s drawings.

e TOP MIDDLE: The center of this cup contains a version of the flower-
of-life geometrical pattern. Cypro-Archaic I (8th7th centuries BC). From
Idalion, Cyprus.

e TOP RIGHT: Crop circles.

e BOTTOM LEFT: Paw of a gilded lion in front of the Hall of Mental Cul-
tivation at the Forbidden City in Beijing.

e BOTTOM RIGHT: Threshold from a door of a palace of Ashurbanipal
about 645 BC. Drawing by Jules Bourgoin (1838-1907), professor at the
Ecole des Beaux-Arts, Paris [1208].
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power will display patterns associated with our expanding cones example
if interference is coherent and broadcast range is assumed to decay with
distance from the transmitters. Indeed, any decay model can be treated in
the context of the model.

What happens when the circles are expanded further? Results are shown
in Figure 9.36 starting with the flower-of-life in the upper left. Assume the
original radius of the circles in the flower-of-life is R = 1. Shown are tilings
corresponding to the circle radiuses of 5, 10, 25, 50 and 100. The interesting
behavior achievable by expanding kernels at each point in the expansion
are available as online videos [1134]. Figure 9.36 shows screen shots of this
behavior.

Different kernels and periodicity generate different emergent tile struc-
tures. Depending on the kernel and periodicity, detrended expanding kernel

tiling can:

—_

. asymptotically approach oscillation as function of the kernel expands,
2. asymptotically approach a fixed point periodic function,
3. asymptotically approach a mean of zero, or

4. most interestingly, generate a never repeating pattern of fascinating

shapes giving rise to the use of the term efflorescent.

Tiling is periodic. This suggests use of a Fourier series representation for
purposes of analysis. We now do so and establish criteria for the above four
behaviours.

The hexagonally shaped tile in Figure 9.39b has a periodicity matrix of

R 1 -1
and an area of )
|det Q| = V3R . (9.72)

2
For a given periodicity structure defined by the periodicity matrix Q, a
periodic signal with a kernel of g (f) can be written in a space with coor-
dinates ¢ as

2 () = Zg (T~ Q). (9.73)

Note that
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e the kernel is not constrained to be zero outside of a tile and can even

extend over the entire ¢ space, and
e many kernels can generate the same periodic function, z (E)

The corresponding multidimensional Fourier series of the periodic func-
tion in (9.102) is [1009, 1186]

z (t) = | det P| Z G (Pr) exp (j2nt" Pr) (9.74)

where P = Q7.

Definition 9.6.2. The expanding kernel periodic function, x, (t_), gener-
ated by a kernel g (f) is

v () =3 <F_ ) (9.75)

g

As o increases, the kernels expand.

From (9.103), the corresponding Fourier series of the expanding kernel
is
z, (t) = |det P|o? Z G (oPm) exp (j2nt" Pr) . (9.76)
Theorem 9.6.2. The mean value of the expanding kernel function, x, (f),
18
1

@) = Q] free O

= o°|detP| [g (t) dt
i
= 02| det P|G(0) (9.77)
where C is any region in the t space covering a tile.

Proof. Equation (9.106) as the mean of z, (f) follows from the 7 = 0 term
in the Fourier series in (9.105). Equation (9.106) follows from (?7?).

G(ﬁ)z/{g(t_)dﬁ
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9.6.2.1.1 § Periodic efflorescent functions: detrending the expanding

kernels

Definition 9.6.3. The periodic efflorescent function, (, (f), is the de-

trended expanding kernel function, i.e x, (ﬂ minus its mean.

Co (t_) =Tq (f) - <x0>

The corresponding Fourier series of (, (f) is simply the Fourier series of
To (f) in (9.105) with the 77 = 0 term removed

(o (B) = |det Plo® > G (oPrit) exp (j2nt" Prii) . (9.78)
m#£0
The Fourier series coefficients for the efflorescent function are

det P|o2G (oPm) ; m#0
e ] = 4 |etPl"G (oPm) 5 m A0 (9.79)
0 ; m#£0

e (Convergence. The periodic efflorescent function can most interest-
ingly generate a never repeating pattern of fascinating shapes giving
rise to the use of the term efflorescent. Expanding kernels can also

asymptotically approach

— oscillation as function of o,

— a fixed point periodic function or

— a mean of zero.

e Periodicity in o
Efflorescent functions can be periodic as a function of 0. We will first

look at a one dimensional example and then extend it to two.

— Periodicity in One Dimension. Define the rectangle function by

L Jtl<3
i) :=9 5 ; ltl=3
0 ; |t|>3.

Theorem 9.6.3. Using the scalar periodicity matriz Q = T,

the one dimensional kernel

g(t) =1L(t)

results in a efflorescent function periodic in o with a period of
T, =2T.
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Proof. The efflorescent function is

(o (1) = % Z sinc (%) eI Zmmt/T (9.80)
m##0
where .
sinc(t) = sin(7rt)
' it

For m # 0, the mth Fourier series coefficient is

colm| = oG (%) %sinc (%)
1 sin (77)

T ™

Because of the sin term, ¢,[m] is periodic with respect to o with
period 27

Cotar[m] = co[m]

Since all of the Fourier series coefficients in (9.109) are similarly

periodic, we conclude that

Coror(t) = (o (1).
and the efflorescent function oscillates as a function of o. O

The periodicity of {,(t) is illustrated in Figure 9.40. The function
is bounded by |{, ()| < 1 and is plotted over a single period. The
Figure begins with an all zero function marked with the number
0. o increases a bit. For the function marked 1, there is now a
short positive pulse and the remainder of the function is zero.
Since ((;) = 0, all of the functions shown have zero area. The
pulse at the origin begins to spread as ¢ increases as is seen
in the functions marked 2 through 7. Then, at 8, the function
returns to being identically zero. The second phase is shown
in Figure 9.40b. We begin with the zero function marked 8 in
Figure 9.40a which is also marked 8 in Figure 9.40b. ¢ increases
a bit. The function marked 9 is a short negative pulse. As o
increases, the negative pulse widens as is seen in the functions
marked 9 through 15. Function 16 is identically zero and is the
same as the function marked 0 in Figure 9.40a. One period is

complete and, as o increases, the next identical period begins.



9. Multidimensional Signals 563

— Periodicity in Two Dimensions. Periodicity in more than one
variable requires consideration of a generalization of relative
primes.

Definition 9.6.4. For our purposes, we say that integers k and
{ are relatively prime if, for both |k| > 1 and |¢] > 1, there is no
common prime factor. To include 0 and +1,

x only £1 is “relatively prime” to 0, and

x all integers are “relatively prime” to +1.

Theorem ?? showed that linear kernel distortion can be absorbed
into a change in the periodicity matrix. Thus, when there is
flexibility in the sampling matrix, we can consider without loss

of generality only the undistorted 2D kernel
g (£) = II(t:)I1(t). (9.81)

Theorem 9.6.4. ¢ Periodicity: The efflorescent function cor-
responding to the kernel in (9.110) and periodicity matriz Q is
periodic in o if two conditions are met.

1. The first and second rows of P are relatively prime. That

isll
k k
pu_kopa_k 9.82)

pi2 0 pe Lo

where the (k,¢) pairs are relatively prime integer pairs.

2. The periods

2k 2k
T, =2 =22 (9.83)
P11 P21
are relatively prime, i.e.
n K
— = — 9.84

where K and L are relatively prime integers. Then the period

of oscillation in o is

T, =T,L = KTy (9.85)

1 Tf, for example, p12 = 0, evaluate the reciprocal % = i—ll for which ¢; =0
and kl = +1.
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The efflorescent function then has a period of
2k K
Pp21

T, = KT» (9.86)

The proof is given in Exercise 9.6.10. An online video shows the
oscillation in 2D when Q is the identity matrix [1134](c). The

corresponding periodicity is therefore on a square grid.

Example 9.6.2. If
Al

then k1 = 16, {1 = 9, ks = —1 and ¢ = 5.12 Tt follows that
T = 12\/?, T = —12\/5/5 and the period in o of the efflorescent
function is T, = —12v/2.

P =

—_
| —
\

o= wloo
olot Nlw

Corollary 9.6.1. Consequences of Theorem 9.6.10: When
the assumptions of Theorem 9.6.10 apply:

1. All element pairs of the P matriz are relatively prime. For

the first and second columns,

pu ks pi2 kg

== =— 9.87
P21 b3 pao Ly ( )
2. All elements of the Q matrix are relatively prime.
3. Equivalent expressions for the periods in (9.112) are
20 20
P12 P22
4. Equivalent expressions for T, in (9.115) are
2Lk 214 2Kk 2K¢
it b (9.89)
P11 P12 P21 D22
The proof is in Exercise 9.29.
Example 9.6.3. If
4 -2
P =
0 3
12 We could also have taken ks = 1 and 5 = —5 with the consequent that

T, = +12\/§. This is a difference without a consequence.
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then, from (9.111), k; = 2,43 = —1, ko = 0 and ¢, = 1. We can’t
use the Ty expression in (9.112) because ks = po; = 0. Applying
the alternate expressions in (9.117) to the ratio in (9.113) gives
K= % so that K = 3 and L = 2. We can’t use (9.115) to
evaluate T, because of a repeat of the zero over zero problem.

Using the alternate expression appearing first in (9.118) gives

To' _ 2Lk1 -9
P11

e (Convergence to the mean.

We here establish where the detrended expanding kernel approaches

a constant.

Theorem 9.6.5. Sufficient condition for converging to the

mean. [f

lim o%G (oPm) = o™ G(0)d[m) (9.90)

o—> 00

then x4 (f) converges to its mean.

As a consequence,

Proof. As o — oo, all terms 0?G (oPn1) in (9.105) tend to zero when
(9.119) is true except when 77 = 0. Then (9.105) becomes

o?| det P|G(0)
<930>

lim x4 (f)

T — 00

o A sufficient smoothness criterion.

Convergence of an expanding kernel periodic function to its mean of
zero is assured when the kernel adheres to smoothness and integra-

bility properties.

Theorem 9.6.6. Convergence to the mean: The M dimensional

function, x, (f), converges to its mean if its kernel, g (f), obeys the
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following property.

itz

where the nonnegative integers {ix|l <k < M} obey

dt = A < 0 (9.91)

M
> ik >M (9.92)
k=1

The choice of i = [iy iz i3 --- in|T is arbitrary so long as (9.120)

and (9.121) are satisfied.

The proof is given in Exercise 9.30.

Example 9.6.4. For M = 1, Theorem 9.6.12 says there will be

convergence to the mean if

Example 9.6.5. Figure 9.40 illustrates the one dimensional efflores-
cent function with kernel II(¢) is a periodic function of o. However,

the two dimensional kernel

g (D) =I(ty)e %,

even though it contains a II(-) term, converges to a constant. Specifically,[1652]

> © | e
1(t,)dt / = et
/f\' /tl——oo to=—00 dt%

- 4(1+4e*3/2) =A< oo
and 4; +99 = 0+ 3 > M = 2. The criteria in Theorem 9.6.12 are met

and convergence to the mean is assured.

dts

o3 ’ "
Z g (®)|di
o3¢ ()

13 For M =3 and i = [401)7, for example,

M .
9k 65
([15) 0= a0
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9.6.2.1.2 § Convergence to a non-zero fized point.

As the following theorem shows, the efflorescent function can converge to

a fixed point other than identically zero.

Theorem 9.6.7. Convergence of (, (f) to a fized periodic function:

For the one dimensional kernel

g(t) = e "nu(t) (9.93)

where p(t) is the Heaviside step function, (, (f) converges in steady state

to the solid red sawtooth waveform shown in Figure 9.41.

. 1t

A proof is given in Exercise 9.31.

9.6.2.2 § Efflorescent Examples

The most interesting of efHlorescent functions are those that are neither
periodic in ¢ nor approach a fixed point. In two dimensions, efflorescent
functions continually bloom in a nonrepeating manner. The reader is en-
couraged to view the online videos [1134] (especially the expanding cone
and circle videos) to fully appreciate this emergence. Screen shots for ex-
panding circle and cone shaped kernels are shown in Figures 9.36, 9.37 and

9.38. We now analyze properties of these two kernel types.

9.6.2.2.1 § Ezxpanding Circle Example

The expanding circles example is a special case of (9.104) for M = 2
dimensions where the kernel g(t) is a one inside a circle of unit radius and

is otherwise zero.
r
g(®) =11 (3) (9.95)
Then G(0) is simply the area of a unit radius circle.
o 7 o
G(0) _/gn ()=

For expanding circles, the expanding kernel function is
17— Qrit|
o (t) = nmf—-
7o (1) = 3 ( %

so that g (t_?m) is a circle of radius o centered at Qm.
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The 2D Fourier transform of a unit radius circle in (9.124) is [?]
J1(27p)

2p
where Jp(+) is a first order Bessel function of the first kind. Asymptotically

[6]
J1(2mp) p~ /2 3
on pjo 5 €08 27p e (9.96)

G (i) =

so that, for m # 0,

Jy (2o | Pr])
2 - 21

G(oP _
" G(oPrit) 2P|

1 o 3
—  — /=== cos | 27o|Pm| — -7
= w\ipa o (2elPl - )
The condition of Theorem 9.6.11 for convergence to the mean is therefore
not met, i.e. for any fixed P and m # 0, the limit does not approach zero

as o increases without bound.

§ On a hexagonal grid. We have yet to specify a periodicity for the expand-
ing circles. Assume the circle centers are spaced hexagonally in accordance
with the periodicity matrix in (9.100). From (9.101) we see that

1 2
et Pl = Tt = o (9.97)
The expanding kernel function’s mean, from (9.106), is therefore
9 2 2102
o) = (o) ™ = iz

Screen shots for the efflorescent function is shown in Figure 9.36 from the
video available online [1134](a).

9.6.2.3 § Expanding Cones
Set the two dimensional kernel to a circular cone of unit height.
r
9 (t_) =(1-r)l (5)

For circularly symmetric functions, the 2D Fourier transform becomes the

Hankel transform [?] so that [1652] becomes

G (1) 27r/0 r(1 —r)Jo(2mrp)dr (9.98)

Hy(2mp)J1(2mp) — Hi(2mp)Jo(2mp)
4p?
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where H,(-) are Struve functions [1654] and J,(-) are Bessel functions of
the first kind. In Appendix 9.32, we show that

PG PR) — — 2 |- s (2mupm|\—f) (9.99)
e 2\ P i |

As is the case with the expanding circles, the condition of Theorem 9.6.11

for convergence to the mean for the expanding cones is therefore not met.
For any fixed P and m # 0, the limit does not approach zero as o increases

without bound.

9.6.2.8.1 § On a hexagonal grid

Assume the cone centers are spaced hexagonally in accordance with the
periodicity matrix in (9.100). Thus we can use (9.126). Since Jo(0) = 1,

the volume of a cone with a unit circle base and unit height is, from (9.127),

™

G(0) = 271'/0 r(1—r)dr= 3

The expanding kernel function’s mean, from (9.106), is then

9 2 T 2y/3mo?
(o) =0 P
V3R2) 3 R?
Screen shots for the cone’s efflorescent function are shown in Figures 9.37
and 9.38 from the video available online [1134](b).
The proof of (9.128) is in Exercise 9.32.

9.6.2.4 Expanding Kernels in a Fixed Periodic Array

14

Expanding a function on a periodic array can generate interesting and
commonly used tiling patterns. Consider the circles on an infinite hexagonal
grid shown in Figure 9.34(a). The function is set to one inside the circle
and zero outside. Expand the circles until they touch as shown in Fig-
ure 9.34(b). This is the hexagonal pattern generated by placing a number
of pennies on a table and positioning them as closely as possible. Sphere
packing in higher dimensions is foundational in communications theory

[659]. In mathematics, the pattern corresponds to the sample spectrum for

1Recall that § denotes exercises or sections on tangential albeit related mate-
rial.
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an image whose spectrum has circular support [1009]. Images formed by

either coherent or incoherent light using lenses all have this property [559].

We continue expanding the circles so they overlap. Whenever the cir-
cles overlap, they add. The replicated three petal pattern shown in Fig-
ure 9.34(c) results. In the darker areas of this figure, the two dimensional
function is equal to two. There is no overlap in the lighter shaded areas
where the functional value is one. The replicated three petal pattern in

Figure 9.34(c) has been used to represent the trinity in Christianity [1384].

Further expansion shown in Figure 9.34(d) results in replicated hexagons.
The flower-of-life tiling shown [1071] in Figure 9.34(e) emerges from further
expansion.

The flower-of-life tiling, as shown in Figure 9.35, has a rich history in
art and architecture. The following are shown:'® Figure 9.34(f) shows an
additional circle kernel expansion beyond the flower-of-life.

Expanding kernels naturally occur in electromagnetic. Periodically spaced
antenna [488, 707, 963] and sensor arrays [589, 1498| can display diverse
and complex patterns depending on source excitation and range. A large
(we assume infinite) periodic array of transmitters simultaneously boosting
power will display patterns associated with our expanding cones example
if interference is coherent and broadcast range is assumed to decay with

distance from the transmitters. Indeed, any decay model can be treated in

15 All images from Wikipedia.
e TOP LEFT: One of Leonardo da Vinci’s drawings.

e TOP MIDDLE: The center of this cup contains a version of the flower-
of-life geometrical pattern. Cypro-Archaic I (8th7th centuries BC). From
Idalion, Cyprus.

e TOP RIGHT: Crop circles.

e BOTTOM LEFT: Paw of a gilded lion in front of the Hall of Mental Cul-
tivation at the Forbidden City in Beijing.

e BOTTOM RIGHT: Threshold from a door of a palace of Ashurbanipal
about 645 BC. Drawing by Jules Bourgoin (1838-1907), professor at the
Ecole des Beaux-Arts, Paris [1208].
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the context of the model.

What happens when the circles are expanded further? Results are shown
in Figure 9.36 starting with the flower-of-life in the upper left. Assume the
original radius of the circles in the flower-of-life is R = 1. Shown are tilings
corresponding to the circle radiuses of 5, 10, 25, 50 and 100. The interesting
behavior achievable by expanding kernels at each point in the expansion
are available as online videos [1134]. Figure 9.36 shows screen shots of this
behavior.

Different kernels and periodicity generate different emergent tile struc-
tures. Depending on the kernel and periodicity, detrended expanding kernel

tiling can:
1. asymptotically approach oscillation as function of the kernel expands,
2. asymptotically approach a fixed point periodic function,
3. asymptotically approach a mean of zero, or

4. most interestingly, generate a never repeating pattern of fascinating

shapes giving rise to the use of the term efflorescent.

Tiling is periodic. This suggests use of a Fourier series representation for
purposes of analysis. We now do so and establish criteria for the above four
behaviours.

The hexagonally shaped tile in Figure 9.39b has a periodicity matrix of

R 1 -1

- = 9.100

2| v ] (9.100)
and an area of )
3R

et = V3R (9.101)

2
For a given periodicity structure defined by the periodicity matrix Q, a
periodic signal with a kernel of g (f) can be written in a space with coor-
dinates £ as

(0 =) g(f—Qm). (9.102)
Note that

e the kernel is not constrained to be zero outside of a tile and can even

extend over the entire  space, and
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e many kernels can generate the same periodic function, z (ﬂ

The corresponding multidimensional Fourier series of the periodic func-
tion in (9.102) is [1009, 1186]

z () = |det P| Y G (Prit) exp (j2rt” Prii) (9.103)

where P = Q7.

Definition 9.6.5. The expanding kernel periodic function, x, (ﬂ, gener-
ated by a kernel g (f) is

z, (t) = ;g <F Qm) (9.104)

g

As o increases, the kernels expand.

From (9.103), the corresponding Fourier series of the expanding kernel
is
2, (£) =|detP|o® > G (oPi) exp (j2nt" Prit) . (9.105)
Theorem 9.6.8. The mean value of the expanding kernel function, x, (f),
18
1

@) = Taq] free ™ O

= 07| detP| [g () dt
i
= 02| det P|G(0) (9.106)
where C is any region in the t space covering a tile.

Proof. Equation (9.106) as the mean of z, (t) follows from the 17 = 0 term
in the Fourier series in (9.105). Equation (9.106) follows from (?7?).

G0) = [a(0)ar
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9.6.2.4.1 Periodic efflorescent functions: detrending the expanding

kernels §

Definition 9.6.6. The periodic efflorescent function, (, (f), is the de-
trended expanding kernel function, i.e x, (ﬂ minus its mean.

Co (t_) =Tq (f) - <x0>

The corresponding Fourier series of (, (f) is simply the Fourier series of
To (f) in (9.105) with the 77 = 0 term removed

(o (B) = |det Plo® > G (oPrit) exp (j2nt" Prit) . (9.107)
m#£0
The Fourier series coefficients for the efflorescent function are

- detP|o2G (oPm) ; m#0
cg[m]:{ | | 0 ) om0 (9.108)

e (Convergence. The periodic efflorescent function can most interest-
ingly generate a never repeating pattern of fascinating shapes giving
rise to the use of the term efflorescent. Expanding kernels can also
asymptotically approach

— oscillation as function of o,
— a fixed point periodic function or

— a mean of zero.

e Periodicity in o
Efflorescent functions can be periodic as a function of 0. We will first

look at a one dimensional example and then extend it to two.

— Periodicity in One Dimension. Define the rectangle function by

L Jtl<3
i) :=9 5 ; ltl=3
0 ; |t|>3.

Theorem 9.6.9. Using the scalar periodicity matriz Q = T,

the one dimensional kernel
g(t) =11(t)

results in a efflorescent function periodic in o with a period of
T, =2T.
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Proof. The efflorescent function is

(1) = % 3 sinc (%) eI2mmt/T (9.109)
m##0
where .
sinc(t) = sin(7rt)
' it

For m # 0, the mth Fourier series coefficient is

colm| = oG (%) %sinc (%)
1 sin (77)

T ™

Because of the sin term, ¢,[m] is periodic with respect to o with
period 27

Cotar[m] = co[m]

Since all of the Fourier series coefficients in (9.109) are similarly

periodic, we conclude that

Coror(t) = (o (1).
and the efflorescent function oscillates as a function of o. O

The periodicity of {,(t) is illustrated in Figure 9.40. The function
is bounded by |{, ()| < 1 and is plotted over a single period. The
Figure begins with an all zero function marked with the number
0. o increases a bit. For the function marked 1, there is now a
short positive pulse and the remainder of the function is zero.
Since ((;) = 0, all of the functions shown have zero area. The
pulse at the origin begins to spread as ¢ increases as is seen
in the functions marked 2 through 7. Then, at 8, the function
returns to being identically zero. The second phase is shown
in Figure 9.40b. We begin with the zero function marked 8 in
Figure 9.40a which is also marked 8 in Figure 9.40b. ¢ increases
a bit. The function marked 9 is a short negative pulse. As o
increases, the negative pulse widens as is seen in the functions
marked 9 through 15. Function 16 is identically zero and is the
same as the function marked 0 in Figure 9.40a. One period is

complete and, as o increases, the next identical period begins.
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— Periodicity in Two Dimensions. Periodicity in more than one
variable requires consideration of a generalization of relative
primes.

Definition 9.6.7. For our purposes, we say that integers k and
{ are relatively prime if, for both |k| > 1 and |¢] > 1, there is no
common prime factor. To include 0 and +1,

x only £1 is “relatively prime” to 0, and

x all integers are “relatively prime” to +1.

Theorem ?? showed that linear kernel distortion can be absorbed
into a change in the periodicity matrix. Thus, when there is
flexibility in the sampling matrix, we can consider without loss

of generality only the undistorted 2D kernel
g (£) = II(t:)I1(t). (9.110)

Theorem 9.6.10. o Periodicity: The efflorescent function
corresponding to the kernel in (9.110) and periodicity matriz
Q is periodic in o if two conditions are met.
1. The first and second rows of P are relatively prime. That
is'6
pu _koopan ke (9.111)
P12 01 pa 2 .

where the (k,¢) pairs are relatively prime integer pairs.

2. The periods

2k 2k
=" =22 (9.112)
P11 Pp21
are relatively prime, i.e.
n K
—- = — 9.113

where K and L are relatively prime integers. Then the period

of oscillation in o is

T, =T,L = KTy (9.114)

16 Tf, for example, p12 = 0, evaluate the reciprocal % = i—ll for which ¢; =0
and kl = +1.
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The efflorescent function then has a period of
2k K
Pp21

T, = KT, (9.115)

The proof is given in Appendix 9.28. An online video shows the
oscillation in 2D when Q is the identity matrix [1134](c). The

corresponding periodicity is therefore on a square grid.

Example 9.6.6. If
Al

then k; = 16, £ = 9, ks = —1 and ¢» = 5.17 It follows that
T = 12\/?, T = —12\/5/5 and the period in o of the efflorescent
function is T, = —12v/2.

P =

—_
| —
\

o= wloo
olot Nlw

Corollary 9.6.2. Consequences of Theorem 9.6.10: When
the assumptions of Theorem 9.6.10 apply:

1. All element pairs of the P matriz are relatively prime. For

the first and second columns,

pi1 k3 pi2 ks
—_ = === 9.116
b21 l3 " pao 4y ( )

2. All elements of the Q matrix are relatively prime.

3. Equivalent expressions for the periods in (9.112) are

2/ 20
T,="21,="2 (9.117)
P12 P22

4. Equivalent expressions for T, in (9.115) are
2Lk 210, 2Kky 2K/o

T, = = = (9.118)
P11 P12 D21 D22
The proof is in Appendix 9.29.
Example 9.6.7. If
4 =2
P =
0 3
17 We could also have taken ks = 1 and 5 = —5 with the consequent that

T, = +12\/§. This is a difference without a consequence.
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then, from (9.111), k; = 2,43 = —1, ko = 0 and ¢, = 1. We can’t
use the Ty expression in (9.112) because ks = po; = 0. Applying
the alternate expressions in (9.117) to the ratio in (9.113) gives
K= % so that K = 3 and L = 2. We can’t use (9.115) to
evaluate T, because of a repeat of the zero over zero problem.

Using the alternate expression appearing first in (9.118) gives

To' _ 2Lk1 -9
P11

e (Convergence to the mean.

We here establish where the detrended expanding kernel approaches
a constant.

Theorem 9.6.11. Sufficient condition for converging to the

mean. [f

lim o%G (oPm) = o™ G(0)d[m) (9.119)

o—> 00

then x4 (f) converges to its mean.

As a consequence,

Proof. As o — oo, all terms 0?G (oPn1) in (9.105) tend to zero when
(9.119) is true except when 77 = 0. Then (9.105) becomes

lim z, (f) = o?| det P|G(0)

<930>

o A sufficient smoothness criterion.

Convergence of an expanding kernel periodic function to its mean of
zero is assured when the kernel adheres to smoothness and integra-

bility properties.

Theorem 9.6.12. Convergence to the mean: The M dimen-

sional function, x, (f), converges to its mean if its kernel, g (f), obeys
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the following property.'®

i)

where the nonnegative integers {ix|l <k < M} obey

dt =A< 0 (9.120)

M
> ik >M (9.121)
k=1

The choice of i = [iy iz i3 --- in|T is arbitrary so long as (9.120)

and (9.121) are satisfied.

The proof is given in Appendix 9.30.

Example 9.6.8. For M = 1, Theorem 9.6.12 says there will be
convergence to the mean if

Example 9.6.9. Figure 9.40 illustrates the one dimensional efflores-
cent function with kernel II(¢) is a periodic function of o. However,

the two dimensional kernel
g(t) = H(tl)e_t§7

even though it contains a II(-) term, converges to a constant. Specifically,[1652]

> © | e
1(t,)dt / = et
/f\' /tl——oo to=—00 dt%

- 4(1+4e*3/2) =A< oo
and i1 + 199 = 0+ 3 > M = 2. The criteria in Theorem 9.6.12 are met

dts

o3 ’ "
Z g (®)|di
o3¢ ()

and convergence to the mean is assured.

18 For M =3 and i = [401)7, for example,

M .
9k 85
([15) 0= a0
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9.6.2.4.2 § Convergence to a non-zero fized point.

As the following theorem shows, the efflorescent function can converge to

a fixed point other than identically zero.

Theorem 9.6.13. Convergence of (, (ﬂ to a fized periodic function:

For the one dimensional kernel

g(t) = e "nu(t) (9-122)

where p(t) is the Heaviside step function, (, (f) converges in steady state

to the solid red sawtooth waveform shown in Figure 9.41.

. 1t

A proof is given in Appendix 9.13.

9.6.2.5 § Efflorescent Examples

The most interesting of efHlorescent functions are those that are neither
periodic in ¢ nor approach a fixed point. In two dimensions, efflorescent
functions continually bloom in a nonrepeating manner. The reader is en-
couraged to view the online videos [1134] (especially the expanding cone
and circle videos) to fully appreciate this emergence. Screen shots for ex-
panding circle and cone shaped kernels are shown in Figures 9.36, 9.37 and

9.38. We now analyze properties of these two kernel types.

9.6.2.5.1 § Ezxpanding Circle Example

The expanding circles example is a special case of (9.104) for M = 2
dimensions where the kernel g(t) is a one inside a circle of unit radius and

is otherwise zero.
r
g@):II(i) (9.124)
Then G(0) is simply the area of a unit radius circle.
o 7 o
G(0) _/gn ()=

For expanding circles, the expanding kernel function is
17— Qrit|
o (t) = nmf—-
7o (1) = 3 ( %

so that g (t_?m) is a circle of radius o centered at Qm.
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The 2D Fourier transform of a unit radius circle in (9.124) is [?]
J1(27p)

2p
where Jp(+) is a first order Bessel function of the first kind. Asymptotically

[6]
J1(2mp) p~ /2 3
R pjo 5 COS 2mp " (9.125)

G (i) =

so that, for m # 0,

Jy (2o | Pr])
2 - 21

G(oP _
" G(oPrit) 2P|

1 o 3
—  — /=== cos | 27o|Pm| — -7
= w\ipa o (2elPl - )
The condition of Theorem 9.6.11 for convergence to the mean is therefore
not met, i.e. for any fixed P and m # 0, the limit does not approach zero

as o increases without bound.

§ On a hexagonal grid . We have yet to specify a periodicity for the expand-
ing circles. Assume the circle centers are spaced hexagonally in accordance
with the periodicity matrix in (9.100). From (9.101) we see that

1 2
|det P| = [t Q) = A (9.126)
The expanding kernel function’s mean, from (9.106), is therefore
9 2 2102
o) = (o) ™ = iz

Screen shots for the efflorescent function is shown in Figure 9.36 from the
video available online [1134](a).

9.6.2.6 § Expanding Cones
Set the two dimensional kernel to a circular cone of unit height.
r
9 (t_) =(1-r)l (5)

For circularly symmetric functions, the 2D Fourier transform becomes the

Hankel transform [?] so that [1652] becomes

G () 27r/0 r(1 —r)Jo(2mrp)dr (9.127)

Hy(2mp)J1(2mp) — Hi(2mp)Jo(2mp)
4p?
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where H,(-) are Struve functions [1654] and J,(-) are Bessel functions of
the first kind. In Appendix 9.32, we show that

2GloPi) —s | (2Pt - 7) (9.128)
(2 agrm — 514/ 757 COS ye mj — — .
oo 7\ TP i

As is the case with the expanding circles, the condition of Theorem 9.6.11
for convergence to the mean for the expanding cones is therefore not met.

For any fixed P and m # 0, the limit does not approach zero as ¢ increases

without bound.

9.6.2.6.1 § On a hexagonal grid

Assume the cone centers are spaced hexagonally in accordance with the
periodicity matrix in (9.100). Thus we can use (9.126). Since Jo(0) = 1,

the volume of a cone with a unit circle base and unit height is, from (9.127),

™

G(0) = 271'/0 r(l—r)dr= 3

The expanding kernel function’s mean, from (9.106), is then
9 2 T 2\/§7r02
<:L'o_> =0 _=
V3R2) 3 R2
Screen shots for the cone’s efflorescent function are shown in Figures 9.37
and 9.38 from the video available online [1134](b).

9.6.3 MULTIDIMENSIONAL DISCRETE FOURIER
TRANSFORMS

The DTFT of an M dimensional discrete signal, z[7 |, is
X(F) =Y alitle 77"

il
This is recognized as a Fourier series with an identity matrix as the peri-
odicity matrix. The inverse is thus
N . T —
afii] = [ X(F)e T Raf

box

1 1 1
/ /2_ /2_ /2 =
1 1 1
box 1=—3 v J2=73 fu=—3

19 Alternately, integration can be over any unit interval tile cube.

where!?
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Let z[ii | be defined in a rectangular box with length N, in the mth
dimension, i.e. {0 < ny, < Ny 1 <m < M. The DFT of the multidimen-
sional signal follows as

X[ﬁ] — Z x[ﬁ]eijﬂZTN’lﬁ
i€ box

where the M x M diagonal matrix is

N .= dlag[Nl N2 L NM]

and
Ni—1Ns—1  Npy—1
ne box n1=0 ny=0 nay =0
Equivalently

X[k = Z ﬁ o= 927 kmnmn [Nas

7

The inverse DFT follows as

ali ]

Z 7j27rkTN ta
€ box

In the special case of M = two dimensions, the DFT and inverse DFT

are
N1 N2 ‘271_( 1k1+n2k2>
Xk, kol = > > afng, nole” Ny (9.129)
ny= Onz 0
and v N
1 L 2 271,( niky o )
[nl,ng] Z ZXklka] J N1 N2 .
NiN, k1=0 ka=0

9.6.3.1 Evaluation

The FFT (fast Fourier transform) [177, 350, 351, 683, 1213] is an efficient
method for evaluating the one dimensional DFT. It can be used to effi-
ciently evaluate higher order DF'T’s. For two dimensions, we can take the
FFT of each of the rows of x[ny, na] to form the Ny x Ny matrix

Ny
i‘[kl,’fu] = Z $[n1,n2]67j27rn1k1/N1

n1:0
Evaluating the FFT of each column of Z[k1, ns] gives the 2D DFT in (9.129).
More generally, sequential application of a one dimensional DFT or FFT
to a multidimensional function one dimension at a time will result in a

multidimensional DFT.
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9.6.3.2 The Role of Phase in Image Characterization

In this section, we explore the role of the magnitude and phase of a 2D
DFT in the characterization of an image. We will the phase of the DFT of
an image is more important than the magnitude of the DFT.

Two images are shown at the top of Figure 9.42. We will call them Josh
and Family. Both images were Fourier transformed and the magnitude of
the transform was set to one. The inverse transform of the phase only
functions is shown in the second row of Figure 9.422°. The nature of the
original images is still present. Indeed, the phase images are akin to high
pass filtered versions of the original images. This is because the magnitude
of the Fourier transform of the images have much of their mass around the
low frequencies. By setting the magnitude to one, the high frequencies are
essentially amplified as they would be by a high pass filter.

In the third row of Figure 9.42 is the inverse Fourier transform when the
transform phase is set to zero?!. Close examination reveals no relationship
to the original images.

In the bottom row, the magnitudes and phases are swapped. On the left,
the magnitude of the Fourier transform of Family and the phase of the
transform of Josh was mixed and inverse transformed. The Josh picture
clearly emerges. On the right is the mixture of the phase of the Fourier
transform of family with the magnitude of the transform of Josh. The
Family picture emerges.

The images in Figure 9.42 clearly demonstrate the dominate importance
of the phase of the Fourier transform over magnitude in preservation of the

original image.

20The inverse transform is normalized to fit in the [0, 1] interval to allow display
as an image.

21No normalization was applied here. When a pixel value exceeded one (white),
it is displayed as one.
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(a)co=R (b) c =5R

N7 N7 Y
F.

fﬂé-w.éﬁkow

(f) 100

FIGURE 9.28: Heat map plots of expanding circle efflorescent function. As
the circle expands, the tiling patterns have more texture because higher
and higher spatial frequencies are introduced.
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(e) 1500 (f) 1750

FIGURE 9.29: Heat map plots of expanding cone efflorescent function. The
nonoverlapping small cones are seen in (a). (Continued in Figure 9.38.)



9. Multidimensional Signals 588

(e) 3250 (f) 3750

FIGURE 9.30: Heat map plots of expanding cone efflorescent function.
(Continued from Figure 9.37.)
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|—1

— 1 —

T

(a) The first part of the periodicity in o.
— 1

15
14

13
12

11
10

T
(b) The second part.

FIGURE 9.32: The periodicity in o of {,(¢) for expanding rectangular ker-
nels in (9.109). The period in o is 27. The function (,(¢) is also periodic
in t with period T.
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| | |
—200 0 200

FIGURE 9.33: Using the exponential decay kernel in (9.122) results in the
¢, (t)’s shown. As 0 — oo, the function approaches the sawtooth shown by
the thick red line given by (9.123). (For this plot, T' = 275.)
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(a)co=R (b) c =5R

N7 N7 Y
F.

fﬂé-w.éﬁkow

(f) 100

FIGURE 9.36: Heat map plots of expanding circle efflorescent function. As
the circle expands, the tiling patterns have more texture because higher
and higher spatial frequencies are introduced.
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(e) 1500 (f) 1750

FIGURE 9.37: Heat map plots of expanding cone efflorescent function. The
nonoverlapping small cones are seen in (a). (Continued in Figure 9.38.)
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(e) 3250 (f) 3750

FIGURE 9.38: Heat map plots of expanding cone efflorescent function.
(Continued from Figure 9.37.)
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(b) The second part.

FIGURE 9.40: The periodicity in o of {,(¢) for expanding rectangular ker-
nels in (9.109). The period in o is 27. The function (,(¢) is also periodic
in t with period T.
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| | |
—200 0 200

FIGURE 9.41: Using the exponential decay kernel in (9.122) results in the
¢, (t)’s shown. As 0 — oo, the function approaches the sawtooth shown by
the thick red line given by (9.123). (For this plot, T' = 275.)
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FIGURE 9.42: Tllustration of the importance of amplitude and phase in
a two dimensional Fourier transform. Josh is shown in the upper left and
Family in the upper right. The phase of the Fourier transform Josh using
the magnitude of the Fourier transform of Family is shown at the bottom
left. On the bottom right is the result of using the phase of Family and the
magnitude of Josh. This illustrates the phase of transform has more of an

effect on the image than the magnitude.
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9.7 Discrete Cosine Transform-Based Image
Coding

The two dimensional discrete cosine transform (DCT) is a common tool in
image compression. The two dimensional DCT [130] on an N X N array
is the straightforward generalization of the one dimensional DCT case of
(2.121) in Section 2.7.

Xeoslkr k] = 1 Clka]Clka) S0 — S0~ wlna, no]

X

cos (”(2"21;1)k1> cos (77(2"22;1%2) ; (9.130)

0<ki <N, 0Lk <N

where, for convenience, we rewrite (2.122)

273 ;i k=0
Clk] = (9.131)
1 ;  otherwise.
The inverse 2-D DCT is
alni,na] = 3 SN0 Somh Clla]Clks] Xeos[k1, ko]
X cos (%) cos (%) ; (9.132)

0§n1§N,0§n2§N

9.7.1 DCT BASIS FUNCTIONS

The 2-D DCT is used in image compression, including JPEG 22 (a.k.a. JPG)
image compression. Images are separated into 8 x 8 square blocks of pixels.
An example 8 x 8 block is shown in the gray scale image in Figure 9.43.
Each of these blocks is subjected to an N = 8 DCT using (9.130). The

basis functions for the DCT are the orthogonal basis functions

22 Joint Photographic Experts Group
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FIGURE 9.43: An 8 x 8 block of pixels in this 345 x 363 pixel is shown on
the left as black square. A zoomed version of the image is shown on the

right.

¢k1,k2 [n17n2] = COos (71'(27121]-\‘,,-1)]91) CcoS (7"(2"‘22]'\‘]‘1)%) :
OSHISN, OSTLQSN,

0<k <N, 0<ky<N.

These 64 functions are shown in Figure 9.44.

9.7.2 THE DCT IN IMAGE COMPRESSION

DCT coding is effective for image encoding. If the image across the 8 x 8
block, for example, is constant, then only one entry in the DCT is nonzero.
Here is an example of lossy image compression for gray scale images.
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FIGURE 9.44: The 64 orthogonal basis functions used in DCT image en-

coding.

Consider the 8 x 8 block from a one byte per pixel image??

9 11 58 37 26 39 188 212
13 15 69 45 23 36 185 215
50 54 87 37 38 52 196 216
X — 53 56 81 37 45 59 198 216 (9.133)
62 60 38 48 116 129 210 216
50 49 32 71 151 159 213 216
24 24 47 127 188 192 215 216

34 34 65 141 193 196 213 214

The gray level block for this matrix is shown on the left in Figure 9.45.
The typical DCT encoding process consists of the following steps.

1. Subtraction. 128 is subtracted from each of the elements in the

2 One byte=8 bits suffices to specify 2% grey levels from black (0) to white
(255).
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FIGURE 9.45: Example of DCT encoding of a gray scale image. On the
left is the original 8 x 8 block and, on the right, the result of encoding.

block in (9.133). The result is

[ —119
—115
—78
—75
—66
—78
—104
—94

2. Perform DCT

DCT(X_) =

—117
—113
—74
—72
—68
—79
—104
—94

—70
—59
—41
—47
-90
—96
—81
—63

-91
—83
-91
-91
—80
—57
-1
13

—102
—105
—-90
—-83
—12
23

60

65

-89
—92
—76
—69

31
64
68

60
57
68
70
82
85

85

84

88
88
88
88

86

(9.134)

. The DCT of X_, rounded to the nearest integer, is

[ —199
—487
153
—74

10

40

—48

64

—-177
65
143
—134
=37
46

1

33

5
—42
=77

-9
22
16

9

-15

—10
—31
-3
42

9
—17
—10
—6

—1

-2
1

_2 ]
(9.135)

3. Quantization. The image compression occurs at this, the quantiza-
tion step. A fixed quantization matrix Q is used. An example quan-
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tization matrix is

16 11 10 16 24 40 51 61
12 12 14 19 26 58 60 55
14 13 16 24 40 57 69 56
Q- 14 17 22 29 51 87 80 62 (9.136)
18 22 37 56 68 109 103 77
24 35 55 64 81 104 113 92
49 64 78 87 103 121 120 101

72 92 95 98 112 100 103 99

Each matrix element in (9.135) is divided by the corresponding ma-
trix element in the quantization matrix. The larger the element in
the quantization matrix, the more quantization and, hence, the more

information loss. If each element of Q is one, there is no quantization.

The result of quantization in our running example, rounded, is

[—12 -16 1 -1 0 0 0 0

—41 5 =3 =2 0 0 0 0

11 11 -5 0 0 0 0 0

-5 -8 0 1 0 0 0 O

D = [DOTX-)]./Q = -2 1 00 0 0 0
2 1 0 0 0 00O

-1 0 0 0 0 0 0 O

| 1 0 0 00 000

(9.137)
where the notation “./” denotes element by element matrix division.
It is this matrix in which the image block is encoded. Due, in part, to
the preponderance of zeros, the information in this matrix requires
less transmission time than that of the the original image block, X.
The cost of this property is information loss in the original image
block. The block X in (9.133) cannot be reconstructed with preci-
sion from D, but, as outlined in the following steps, can be done so

approximately.

. Coding, Transmission, Receiving and Decoding. The matrix
is encoded and transmitted. Huffman coding, for example, encodes
each number as a binary string according to their frequency of occur-
rence. The coded signal is received and decoded at the receiver end
to reconstruct the D matrix in (9.137) [130].

. Inverse quantization. At the receiver, each element of the D ma-
trix is multiplied by the corresponding element in the quantization
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matrix, Q. For our running example, this inverse quantization results
in

[ —192 —176 10 —16 0 0 0 O ]
—492 60 —42 —-38 0 0 0 O
154 143 —80 000 00

B—Q.+D— —70 —136 0 29 0 0 0 O (9.138)

18 —44 37 000 00
48 35 0 00000
—49 0 0 000 00O

| 72 0 0 00 0 0 0]

3

where the notation denotes element by element matrix multi-

plication.

6. Inverse DCT. The received matrix is subjected to an inverse DCT.
Since 128 was subtracted from each pixel in Step 1, 128 is now added
to each pixel. For our example, the result is

13 15 53 50 51 63 193 219
26 31 64 52 48 61 192 218
44 49 73 51 50 67 194 217
53 54 68 50 66 87 203 217
53 44 54 55 96 116 213 216
47 32 47 73 134 143 219 216
42 27 53 100 168 158 217 215
40 28 62 120 187 163 213 214

Y =DCT 'B=

(9.139)

This is our final decoded image block which should be close to the
original image block X in (9.133). The ratio of the absolute error as
a percent of the full pixel range of 255 is

2 2 2 5 10 9 2 3
5 6 2 3 10 10 3 1
2 25 5 5 6 1 0

gp_ 100Y-X| _|0 15 5 8 11 20 (9.140)
255 46 6 3 8 5 10
176 1 7 6 20
7 1 2 11 8 13 1 0
(2 21 8 2 13 0 0 |

The maximum error is thus 13% of the full gray scale range?*. More

important than numerical values is the perception of the decoded

24 A more commonly used measure of goodness of one byte image restoration



9. Multidimensional Signals 607

image to the eye. The matrix Y is shown in gray scale form on the
right in Figure 9.45 next to the original image block, X. Although
the reproduction is not perfect, it is close.

is the peak signal-to-noise ratio (PSNR) in (13.35) of Section 13.4.6. The higher
the PSNR, the better the match. For our example, PSNR = 25 dB.
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9.8 McClellan Transformation for Filter Design

There are a wealth of designs available for one dimensional FIR filter design
[712, 1085, 1154]. The McClellan transform [424, 1059, 1060, 1072, 1067]
allows extension and variation in these designs to higher dimensions [290,
297, 910, 1097, 1132, 1133, 1248, 1249, 1426, 1546].

The DFT of the impulse response, h[n], of an FIR filter of can be writ-

ten?®

N .
H(f)= Z h[ne=3%mIn,
n=—N

We restrict attention to zero phase filters, i.e filters where the frequency re-

sponse is real. This imposes Hermetian symmetry on the impulse response.

hln] = h*[—n].

If we further assume the impulse response is real, then the frequency re-

sponse becomes

H(f) = Y55 yhimle=327m 4 po] + SN | hinje=i2nin
SN h[—n]es2 ™ 4 hl0] + 2N hin]e~i2min

= 0]+ X0, hln] (e727Im 4 g=i2min)

= 0]+ 230 hln] cos(2nfn).

Equivalently, we can write the frequency response of the zero phase filter

as N
H(f)= Z a[n] cos(27 fn) (9.141)
n=0
where
hl0] ; n=0
vl = 2h[n] ; 1<n<N

In the McClellan transform, we dub H (f) the prototype filter. The choice of
the a[n]’s and the constraint on the size of N dictate the frequency response
of the filter.

25 This impulse response is not causal but can be easily made so by a shift. It
is used in this form to avoid unnecessarily complicated notation.
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The McClellan transform maps one dimensional filter designs into higher
dimensions. It makes use of Chebyshev polynomials of the first kind defined

in (2.84) which, for reference, we rewrite here
T, (cos ) = cos nb. (9.142)

The frequency response in (9.141) can then be written as

N

H(f) = a[n] T, (cos(2mf)) (9.143)

n=0

We now introduce the transformation function, ®(f1, f2), for the Mc-
Clellan transform. The transformation function is typically realized with
a small, e.g. 3 x 3, impulse response. The McClellan transform of the one
dimensional to two dimensional filter with frequency response, H(f1, f2),

is

N
H(f1, f2) =Y _aln] To (B(f1, f2)) - (9.144)
n=0
The transformation is therefore
cos(2mf) = ®(f1, fa)- (9.145)

A 3x3 transformation function impulse response, pictured in Figure 9.46,
1S
dlni,na) = Ad[n)d[ni] + 1B (8[ny — 1] + 8[ny + 1]) 6[no)
+%C 0[n1] (8[ne — 1] + 0[n1 + 1])
+1D (6[ny — 1)8[n2 + 1] + 6[ny + 1]6[n2 — 1])
+3E (6[n1 + 1]8[ns + 1] 4 d[ny — 1]6[ny — 1))

The transformation function follows as

D(f1, f2) = A+ Beos(2nf1) + C cos(2m f2)

+Dcos (27(f1 — f2)) + Ecos 2n(f1 + f2)) (9.146)
The choice of the parameters, {A, B,C, D, E} dictate the shape of the

transformation function. Parameters initially proposed by McClellan [1059]

are 1 1 1
A=—— B=C=—-, D=F=-. .14
S B=C=, | (9.147)
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FIGURE 9.46: The impulse response for a 3 x 3 transformation function.

Then

D(f1, fo) = % (=1 4 cos(2m f1) + cos(27 fa) + cos(27 f1) cos(27 f2)) .
(9.148)
As with the 2-D DTFT of any signal, this function is rectangularly periodic
with unit periodicity in both dimensions. The contour plot of (9.148), shown
in Figure 9.47 on the (—3, ) % (—3, 3) square, is nearly circular near the
origin and grows more and more square away from the origin. This structure
proves to be very important in the McClellan transform design of numerous

2-D filters.

-

FIGURE 9.47: Contour plot of the transformation function in (9.148).

An important characteristic of multidimensional signals is the conser-

vation of contours property. The contour plot of ¢ in Figure 9.47 is the
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same as the contour plots of ®2, e® and ®2 + ¢®. The values assigned to
the contours change, but the contour shapes remain the same. The contour
corresponding to ¢ = %, for example, will be the contour for ®2 = %. Thus,
the contours of ®(f1, f2) will generally?® be the same as for the function
g (®(f1, f2)). A key observation in the McClellan transform in (9.144) is
that the contours of the transformation function, ®(f1, f2), are the same
as the contours of the frequency response, H(f1, f2).

Thus, the key points about the McClellan transform are

1. The contours of the transformation function, ®, are the same as the
contours of the filter, H(f1, f2).

2. The values along these contours are determined solely by the coeffi-
cients, a[n].
Example 9.8.1. For proper choices of a[n] coefficients, the transformation
function, @, with the contours in Figure 9.47 can be used to design 2-D
1. low pass filters equal to one inside a specified contour and zero out-
side,
2. high pass filters with a frequency response equal to the complement

of the low pass filter,

3. band pass filters equal to one between two of the contours and zero

otherwise, and
4. band stop filters, equal to the complement of the band pass filter.
A remarkable property of the transformation function in (9.148) is
®(f1,0) = cos(27 fy). (9.149)
With attention to (9.143) and (9.141), along the f; axis, the McClellan

transform in (9.144) then becomes
H(f1,0) = 3.oaln] T (2(£1,0))
= Saloaln] Tu(cos(2nf1)
(9.150)
= Zivzo aln| cos(2mn f1)

H(f1)

26 There are couterexamples. g(®) = 1, for example, has no defined contours.
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Thus, the slice of H(f1, f2) along the f; axis is the prototype filter, H(f1).
The values of along this slice will follow the contours of the transformation
function in Figure 9.47. Hence, if we design H(f) to be a low pass filter
and use the coefficients a[n] in the McClellan transform, then, as described
above, H(f1, f2) will be a low pass filter. The same is true for high pass,
band pass and band stop filters.

An example of a low pass filter from the McClellan transform is shown
in Figure 9.48. A simple Fourier series for X (f) = II(f/«) on the interval
|f| < % is used. The corresponding Fourier series coefficients are h[n] =
a sinc(an). The 1-D prototype filter is shown in Figure 2.1 for a = % and
N =10, 25,50 and 100. The corresponding McClellan transform filters are

shown in Figure 9.48.

FIGURE 9.48: McClellan transform low pass filter design for N =10, 25,
50 and 100.

A 2-D bandpass filter designed using the McClellan transform is shown
in Figure 9.49. Cutoff frequencies are a; = 0.2 and ay = 0.4. Again, a

simple Fourier series filter with Fourier coefficients of h[n] = a5 sinc(agn)—
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aq sinc(ayn) are used. Filters corresponding to N = 10 and 25 are shown.

10 25

FIGURE 9.49: McClellan transform band pass filter design for N = 10 and
25.

The coefficients in (9.147) giving rise to the transformation function con-
tours correspond to only one case where prototype filters can be applied.

There are numerous other possibilities, many much more subtle.

Example 9.8.2. Two Dimensional Hilbert transform.
We seek a McClellan transform that generates a frequency response

H(f1,f2) = sgn(fi)sgn(fo); |f1l <35 |fol <3
1 5 (f1,f2) € quadrants I and II in the unit square
=1 ;  (f1,f2) € quadrants IT and IV in the unit square
(9.151)

We choose a transformation function corresponding to A = B = C = 0,
D =—FE = 1. From (9.146), we have
H(f1, f2) 3 cos (2 (f1 — fa)) — 5 cos 27 (f1 + f2))
= sin(27f1) sin(27 f2)

The contour plot of this transformation function is shown if Figure 9.50. It

is positive in quadrants I and III and negative in quadrants IT and IV. To
find an appropriate prototype filter, we examine the McClellan transform
which, from (9.145), is

cos(2m f) = sin(27 f1) sin(27 fat). (9.152)

On the interval [—1, 1], the cosine term is positive of |f| < J and -1 oth-
erwise. Therefore, the prototype filter desired is one for |f| < i and -1
otherwise. Using a Fourier series, let h[n] = 0 for n = 0 and 2 sinc(n/2)
otherwise. The McClellan transform using these parameters is shown in

Figure 9.51 for N = 10, 25,50 and 100.
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FIGURE 9.50: Contour plot of the 3 x 3 prototype with transformation
function ®(f1, f2) = sin(2x f1) sin(27 f2).

9.8.1 MODULAR IMPLEMENTATION OF THE MCCLELLAN
TRANSFORM

The McClellan representation in (9.144) contains Chebyshev polynomials
that obey the recurrence relation in (2.85) which, for convenience, we repeat
her.

Thni1(t) = 2tT,(t) — Tr—1(2). (9.153)

This recursion relationship can be used to characterize the sum in (9.144)
in the modular form shown in Figure 9.52. The first two terms in the
sum, Tp(®) = 1 and 71(®) = @, are multiplied, respectively, by h[0] and
2h[1] and are fed to the summing bus at the bottom. The term T5(®) =
20T, (®) — Tp(®) is formed from the the first two stages and has a tap of
2h[3]. T5(®) through T5(®) are similarly formed.

9.8.2 IMPLEMENTATION ISSUES

There are alternative methods to perform filtering. For a low pass filter,

for example, applying a two dimensional FFT to an image, multiplying
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25 .

FIGURE 9.51: Synthesis of the two dimensional Hilbert transform fre-
quency response in (9.151) using a McClellan transform for N = 10, 25, 50
and 100.

[ :

X & 20 20 2P 20 |

o] 24[1] 2h]2] 2h13] 2814 2h15]

FIGURE 9.52: Modular implementation of the McClellan transform based
on the recurrence relationship of the Chebyshev polynomials in (9.153).

be the low pass filter, and performing an inverse FFT, can also achieve
the filtering operation. For certain implementations, polynomial synthesis
of filters using transformation functions, such as the McClellan transform,

can be very sensitive to small computational perturbations [424].
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9.9 The Multidimensional Sampling Theorem

The sampling theorem in higher dimensions was first proposed by Peterson
and Middleton in 1962 [1214].

We have established in one dimension that the Shannon sampling the-
orem is the Fourier dual of a Fourier series?”. The same is true in higher
dimensions. Indeed, we can glean important insight into the multidimen-
sional sampling theorem from our development of the Fourier series in
Section 9.6.

The sampling theorem will be developed in N dimensions and illustrated
in two dimensions in Figure 9.53 and 9.54. In the left column in Figure 9.53
is pictured functions in ¢ and the right their corresponding Fourier trans-
forms are shown in the right column as a function of @. For the left column,
row (1) times row (2) equals row (3). This means that on the right column,
row (3) is the convolution of rows (1) and (2). Row (3) at the bottom of
Figure 9.53 is repeated on the top of 9.54. In the right column, row (3)
is multiplied by row (4) to obtain row (5). This means that, in the left
column, row (5) is the convolution of rows (3) and (4). Let’s look at these
operations more closely to see how the multidimensional sampling theorem
emerges.

In row (1) of Figure 9.53, a function x(#) has a Fourier transform X ()
that is zero outside a tile C. The tile shape is arbitrary. All that is required is
existence of a periodicity matrix, P, such that replication of the tile fills the
entire @ space. In row (2), in the ' space on the left, Dirac deltas are placed
periodically in accordance with the matrix Q = P~7 In the placement of
the Dirac deltas, the Q matrix acts as a periodicity matrix. We repeat the
results of the multidimensional comb lemma in (9.63) which relates this
array of Dirac deltas on the left in row (2) to its Fourier transform on the
right.

> 6(f— Qi) «» |det P| > 6(ii — Prit). (9.154)
m m

Let the function s(Z) be the product of the signal with the array of Dirac
deltas.

SO = ol Y, 00— Qi)

B . (9.155)
= Y 2(Qi)I(F - Qi)

27See Section 6.3.2.
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The function s(#) therefore is a function only of the sample points of z(£).

Its Fourier transform, using (9.154), is

S(@) |det P|X (i) * Y, 6(if — P)

= |detP|. X (@ — P

Therefore, the signal’s spectrum, X (), is replicated in the @ space on tiles
with a periodicity matrix P. This is illustrated in row (3) of Figure 9.53.
We have assumed that X (%) is zero outside of the tile. If this were not the
case, the sampling would be aliased. Thus, from S(@) we can regain the

original signal spectrum by

S(a)e (1)

X)) = 9.156
) et P| (9.156)
where
. 1 ; wec
e (@) =
0 ; otherwise

The function S(4@) is clearly periodic with periodicity matrix P. Its Fourier
series is obtained by the Fourier transform of (9.155).
S@@) =Y w(Qr)e 92T QM.

m

Thus, from (9.156),

X (@) = 3" a(Qir)e 72T QT ().

m

| det P|

Inverse Fourier transformation gives the desired expression for the multi-

dimensional sampling theorem.

o(t) = 2(Qi) fe(t'— Qi) (9.157)
where the interpolation function, fe(%), is defined by by the transform pair
1 (4)
t . 1
fell) — T3a P (9.158)

Equivalently
fe(B) = | det Q| / o—i2mi" g (9.159)
aeC
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FIGURE 9.53: Illustration of multidimensional sampling. Continued in Fig-
ure 9.54.

The Q matrix is called the sampling matriz and dictates the geometry

of the uniform sampling. We decompose Q into vector columuns.

Q= I[qla| - lgn] (9.160)

As with the periodicity matrix, each component vector is a basis vector for

sampling. An example is shown in Figure 9.55 for N = 2 with

1 4 0 6 3

241 3 6 0 4
Consider the parallelogram defined by the column vectors of Q. Visualize
replication to fill the entire space. Clearly, there is a one to one correspon-
dence of a sample to a parallelogram. Since the area of the parallelogram

is | det QJ, we conclude that the sampling density corresponding to Q is

1
SD = m = | det P| samples/unit area
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FIGURE 9.54: Illustration of restoration from multidimensional samples.
The top row, (3), is the same as the bottom row in Figure 9.53.
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FIGURE 9.55: An example of a sampling matrix, Q and its corresponding
periodicity matrix, P = Q~7T.
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The sampling geometry in Figure 9.55, for example, has a density of 24
samples per unit area.

We call the region A, over which a spectrum X (%) is not identically zero,
the spectral support. In order for x(f) to follow our definition of bandlim-
itedness, A must be totally contained within an N dimensional sphere of

finite radius.

9.9.1 THE NYQUIST DENSITY

The lowest rate at which a temporal bandlimited signal can be sampled
without aliasing is the Nyquist rate. This measure can be generalized to
higher dimensions. For a given spectral support, A, the Nyquist density is
that density resulting from maximally packed unaliased replication of the
signal’s spectrum. Equivalently, for a given spectral support, the Nyquist
density corresponds to the replication tile with minimum area.

For some spectral supports, numerous sampling geometries can achieve
the Nyquist density. An example is shown in Figure 9.56. A rectangular
spectral support is shown in the upper left of the figure. Three different
tilings are shown that achieve the Nyquist density. Periodicity vectors are

shown as bold arrows.

A .l\uz

U
|= » > U
up

[25) ‘Hz

| |

T

FIGURE 9.56: An example of a rectangular support (upper left) and three
different sets of periodicity vectors that will achieve the Nyquist density.

In other cases, there is a single sampling geometry to achieve the Nyquist

density. An example is when the support is an equalateral hexagon as shown
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in Figure 9.57.

FIGURE 9.57: The spectral support is a hexagon. Only one periodicity
vector allows sampling at the Nyquist density.. The periodicity vectors are

shown as bold arrows.

9.9.1.1 Circular and Rectangular Spectral Support

Any imaging system that uses lenses with circular pupils will generate
images the spectra of which have a circular spectral region of support if
the monochromatic illumination is either coherent or incoherent [537, 563].
Consider, then, the case where the support of an N = 2 dimensional spec-
trum is a circle of radius W. If we limit ourselves to rectangular sampling
(i.e., restrict Q to be a diagonal matrix), then the closest we can pack
circles is in Figure 9.58.

The periodicity and sampling matrices are, respectively,

P =

2w 0
0 2w

T 0

Q=14 7

where
s L
oW

The tile, C, corresponding to rectangular sampling is the square shown on
the left of Figure 9.61.
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2 U2

FIGURE 9.58: A rectangular array of circles.

A l/l2

U

FIGURE 9.59: Maximally packed circles, shown here, achieve the Nyquist

density. The hexagonal tile for this optimal periodic replication is shown
at the right of Figure 9.61.

Rectangular packed circles, however, do not achieve the Nyquist density.
This, rather, is achieved by the packing shown in Figure 9.91.
The corresponding periodicity matrix is

w -Ww
P = 9.161
l V3W  V3W 1 (9.161)
The sampling matrix for (9.161) follows as
T =T
Q=| r =1 (9.162)
NERRVE]

The tiles for the hexagonal geometries for the periodicity matrix in and the
sampling matrix in (9.162) are shown in Figure 9.60. Note the rotation of
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the hexagons. On the left hand side of Figure 9.60, the pointed ends of the
hexagons point up and down. On the right, they point left to right.

e
2T

FIGURE 9.60: An optimal sampling strategy achieving the Nyquist density
when an image’s spectral support is a circle with radius W. The hexago-
nal tiling on the right is achieved with the periodicity matrix in (9.161).
This dictates the hexagonal sampling shown on the left. The corresponding

sampling matrix is given in (9.162).

9.9.1.2 Sampling Density Comparisons.

What is the savings in sampling density of the hexagonal geometry in over
the rectangular sampling geometry? For hexagonal sampling, the (Nyquist)
sampling density is equal to the area of the hexagon shaded on the right
of Figure 9.61 which in turn, is equal to the determinant magnitude of
(9.161).

SDyyq = 2V3W?2 (9.163)

The corresponding density for rectangular sampling is clearly
SDrect = 4W2

The ratio of these densities is
SDiyq
rg = —— = 0.866
SDrect
where the subscript denotes N = 2 dimensions. Thus, use of hexagonal
sampling reduces the sampling density by 13.4% over rectangular sampling.
This result has been extended to higher dimensions for an N dimensional

hypersphere of radius W [424, 1076]. The minimum rectangular sampling
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A

FIGURE 9.61: On the left is the tile C corresponding to the circular sup-
port A when the circles are packed rectangularly as shown at the left in
Figure 9.58. On the right, maximally packed circles, as shown on the right

in Figure 9.58, require a hexagonal tile.

density is SD;c.t = (2W)¥. The Nyquist density, SD,,,4, can be evaluated

from the geometry of maximally packed spheres. The ratio

SDiyq
T = —
N SDrect

is plotted in Figure 9.62 up to eight dimensions.

1.0
Vi \
1.000 0.8

0.866 \

0.705 0.6
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0.353 0.4

0.217 \
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0.062 02 \.\.

0.0
1 2 3 4 5 6 7 8

O~NODO A WN |

FIGURE 9.62: For maximally packed spheres of radius W in N dimensions,
the table of the left is the ratio of area of the multidimensional tiles to
(2W)N = the tile area is the spheres were packed rectangularly. On the

right is a plot of these numbers.

9.9.2 GENERALIZED INTERPOLATION FUNCTIONS

In this section, we extend some of the results of Section 7.2 on generalized

interpolation functions to higher dimensions.
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9.9.2.1 Tightening the Integration Region

If the spectral support of a signal, when replicated, has regions that are
identically zero, then there exists alternate interpolation functions than
fe(t) in (9.159). Furthermore, we will later show forms of these alternate
interpolation functions, in comparison to fe( r ), can have greater immunity
to noise in the interpolation process.

In the sampling mechanics illustrated in Figure 9.54, a single spectrum is
extracted from the replicated spectra by multiplying the replicated spectra
by a function constant within a tile and zero otherwise. The choice of a
tile, however, may not be necessary if the replications leave regions that
are identically zero. Tighter integration regions may be possible.

To illustrate interpolation functions with tighter integration regions, con-
sider a spectral replication in accordance to the rotated rectangle tile on
the left of Figure 9.63. A single tile is shown in the left. The region covered
by the tile is denoted by C. Within the tile on the right is the spectral
support of the replicated spectra. It is shown shaded and is assumed to be
identically zero outside of a region A. Also shown by a dashed line is the
boundary of a region, B, that encloses the spectral support (i.e. A € B,
but excludes higher order spectra. Although not shown in Figure 9.63, the
B region can extend beyond the tile region. Multiplication of the replicated
spectra by a function equal to one inside B and zero outside will yield the

isolated spectrum. Clearly, both A and C are special cases of B.

FIGURE 9.63: Illustration of three regions in a spectral replication. B is any
region that isolates the spectral support. Special cases are the tile region,
C and the spectral support region, A.

Thus, in lieu of the multidimensional sampling theorem in (9.157 ), we
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have
w(t) =Y x(Qim)fs(f — Qi) (9.164)
where the interpolation function with a tighter integration region is
o™ (W)
#) = | det 2mEEE : 9.165
fold) = der] [ e o (9.165)

Note that, in one dimension, A = B = C at the Nyquist rate. In higher
dimensions, such an equality is not assured at the Nyquist density.

9.9.2.2 Allowing Slower Roll Off

In one dimension, we were able to allow the spectrum of the interpolation
function to be any desired function over those intervals where the signal’s
spectrum was identically zero. This allowed use of interpolation functions
whose spectra had a slower roll off (see Figure 7.2). An analogous freedom

occurs in higher dimensions. We can write, for example
w(f) = Y« (Qm) f (£ Qi) (9.166)

where

f5® = Fol®) + [ R@expli2ei i (9.167)

where R(%) is any convenient function and N denotes intersection. BN A
denotes any region, B, with the spectral support, A region excluded. Thus,

integration is over all points in B not contained in 4. Equivalently,

A (@) < | det P| T4 (@) + [ T5(1) — T 4(@)] R(D).

9.9.3 RESTORING LOST SAMPLES

In this section, we will show that an arbitrarily large but finite number of
lost samples can be regained from those remaining for certain band-limited
signals even when sampling is performed at the Nyquist density [993].

9.9.3.1 Restoration Formulae

Let M denote a set of M integer vectors corresponding to the M lost-
sample locations in an N- dimensional bandlimited signal sampled in ac-
cordance with a sampling matrix, Q. As an example, consider Figure 9.64

where the sampling matrix is
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o @ O

FIGURE 9.64: Illustration of the three lost samples in the set M =
{my,Ma,M3}. The location of the three lost samples is Qnig; k& =1,2,3.

a3 7]

A total of M = 3 lost samples are shown by hollow dots. It follows that

0 0 1
M = , ,
0 1 -2
9.9.3.1.1 Lost Sample Restoration Theorem

If ac(f) is a bandlimited signal and the sampling matrix, Q, is chosen to
ensure that there is no aliasing, then the missing samples can be regained

from solution of the M equations

seat 2(Q) [31F i) — fis(QUE — 7))
(9.168)

e Q) f5(Q(E — 7)) € M
assuming that the solution is not singular. The left-hand side of (9.168)

contains the unknown samples. The right-hand side can be found from the
known data.

Proof. We can write (9.165) as

= >+ > | #(Qi) fs(f— Qi)

ngM  neM

This expression can be evaluated at M points, and we can solve for the
sample set {x(Qf|fi € M}. Let these M points be the i = QFk, where
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ke M:
2(QE) = | >+ Y | 2(Qi)fs{Q(k - i)} ; ke M
n¢gM  neM
Rearranging gives (9.168). O

9.9.3.1.2 Restoration of a Single Lost Sample
For a single lost sample at the origin, if fz(0) # 1, then

-,

o) = [1- 7s@)] Y #(@i) fu(-Q) (9.169)

740

This follows from (9.168) for M = 1 and M containing only the origin.
Note that the signal’s interpolation can then be written directly void of
the sample at the origin.

. -1
2(f) = Y (Qi) <f3<t — Qi) + [1 - f5(0)] fs(—Qﬁ)fB@)
A#0
A Sufficient Condition for Singularity. A sufficient condition for (9.168) to

be singular is when the integration region, B, is over a tile, C.

Proof. On a tile, the functions {exp(j27u’ Qii)} form an orthogonal basis
set. From (9.157) with B = C we have

/5(Qi) = | det Q) /C exp(j2ri® Qit)dii = ol

The left-hand side of (9.168) is thus zero and the resulting set of equations

singular. O

9.9.3.2 Noise Sensitivity

Our purpose here is investigation of the lost sample restoration algorithm’s
performance when inaccurate data are used. In general, the algorithm be-
comes more unstable when (1) M increases and/or (2) the area correspond-
ing to B increases with respect to that of the area of the tile C. Indeed,
restoration is no longer possible when B = C.

The restoration algorithm in (9.168) is linear. Let &(f) denote a zero
mean stochastic process. If z(f) is uncorrelated with £(#), then the use of

{z(QR) + £(Qn)|7 & M} in (9.168) instead of {z(Qn)|7 ¢ M} will result
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in {z(Qn) + n(QR)|7 € M}, where {n(Qn)|7 € M} is the response to
{&(QR)|7 & M} alone.

sent N(QI{0[k — 7] — fa{Q(k — 7i)}
= iem 5<Qﬁ)fB{Q(E - ﬁ)}E € M.

The restoration noise, 7, depends linearly on the data noise, £&. Thus the

(9.170)

cross correlation between these two processes and the autocorrelation of n
can be determined from a given input data noise autocorrelation.

Our treatment will be limited to the case when a single sample is lost
and the data noise is white

indexwhite noise, i.e.,
E[£(QA)&" (Qm)] = £26[7i — )] (9.171)

where €2 is the data noise level (variance) and E denotes expectation. With
no loss in generality, we place the lost sample at the origin, and (9.170)
becomes
n(0) = [1— f5(0)] " &(QA) f5(—Q).
A0
Taking the square of the magnitude, expectating, and using (9.171) gives

n?(0) _
52

=[1— fs(0)] 72 |fs(—Qi)[? (9.172)
740

where the restoration noise level is then

The sum in (9.172) can be evaluated through (9.169) with x(f) = f*(—t).
Since Fp(i) is real, f*(—t) = f(t). The result is

1% (0) _ £5(0)
e 1— f5(0)

The result has a fascinating geometrical interpretation. From (9.165)

(9.173)

fs(0) = |det [ d
B
But, with an illustration in Figure 9.63,

B= / du = area of integration, B.
B
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and
C= / di = | det P| = area of a tile,.
c

Thus (9.173) can be written as

7725(26) - (g - 1)1 (9.174)

The restoration noise level is thus directly determined by the area of the

integration region for fz(f) and the area of a tile. Equation (9.174) is a
strictly increasing function of B. Thus, for minimum restoration noise level,
we choose B = A =the region of support of the signal z(t).

For Nyquist density sampling in one dimension, A = B = C. In this case
oversampling is required to restore lost samples. For higher dimensions,
the restoration capability is dependent on the region of support of the
signal’s spectrum. If the support is in the shape of a tile (e.g., rectangular,

hexagonal), then restoration is not possible at the Nyquist density.

9.9.3.2.1 Filtering

Discrete white noise has a uniform spectral density and thus significant
high-frequency energy. Once lost data have been restored, the data noise
level can be reduced by filtering the result through B assuming that B < C.
The noise level at the lost sample location remains the same. The noise level
at locations far removed from the lost-sample locations will asymptotically
be the same as that for the filtered noisy samples if no data were lost. If
£(Qn) is zero mean and stationary, then after filtering, the process ¥(Q#i) is
also stationary. If the data noise is white as in (9.171), its spectral density is
uniform in C. Thus if we filter the noise through B, the resulting normalized
noise level is 7 B
? =0 (9.175)
To minimize, we clearly would choose B = A.
For a single lost sample in discrete white noise, the ratio of the restoration

noise level to that of data far removed is, after filtering through B,

77;(26) - (1 - g)_l (9.176)

where we have used (9.174) and (9.175). To minimize, we again would
choose B = A. Note that (9.176) exceeds both one and (9.174). Indeed,
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elementary manipulation reveals

72(0) _ n?(0)
o7 =@ tL

9.9.3.2.2 Deleting Samples from Optical Images

The Nyquist sampling density for images whose spectra have circular sup-
port is achieved when the circles in the frequency domain are densely packed
as is shown on in Figure 9.91.

Note, as is shown at the right in Figure 9.61, the area of A is less than
that of C. Thus, in the absence of noise, an arbitrary number of lost image
samples can be restored from those (infinite number) remaining. For B = A,
the interpolation function here is

Falts 1) =27 den Q) jine(ir) = PUEY

We can numerically illustrate the effects of discrete white noise on restor-
ing a lost sample from an image that has a spectrum with circular support.
Suboptimal rectangular sampling is considered first, followed by the opti-
mal hexagonal case. Both cases are extended to higher dimensions.
Rectangular Sampling

If limited to rectangular sampling, the restoration noise level from (9.174)
20 _ (47
—=(—--1 ~ 3.66 (9.177)
& T

After filtering through the A circle, the ratio of the restoration noise level

follows as

to the data noise level at points far removed from the origin is

12 (0
U2

=

_ (1 . %)_1 ~ 4.66 (9.178)

where we have used (9.176) with B = A = 7W?2. The lost-sample noise is
thus 6.7 dB above the filtered data noise at infinity.

The results can easily be extended to higher dimensions. Assume that
the spectrum has support within an N- dimensional hypersphere of radius
W. The sphere area (volume) is [1664]

. odd N
Asphere (N) = % n © (9179)

=) ; even N
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10

-10

N

FIGURE 9.65: Plots of 12 /€2 (filled circles) and 72/¥2 (open circles) in dB

[10log1o(-)]- The solid lines are for minimum density rectangular sampling

and the dashed for Nyquist (hexagonal) sampling,.

For rectangular sampling, C' = (2I)". The corresponding plots of 2(0) /€2

and 72(0)/®¥2 are shown as solid lines in Figure 9.65.
A single hexagonal tile is shown on the right Figure 9.61 for minimum

density sampling. If the radius of the inscribed circle is W, the area of the

hexagon is
C =2V3W?
Thus, from (9.174) for B = A = 7W?
— —1
2
10 _ [2\/5 - 1] ~ 9.74
g [T
and, similarly, from (9.176)
2 (0)

~ 10.74

]
02 2v3
As one would expect, these values (= 10dB) are greater than those of the

corresponding rectangular sampling cases in (9.177) and (9.178).
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In higher dimensions, Nyquist sampling corresponds to densely packing
hyperspheres in the frequency domain. We use the table in Figure 9.62
in conjunction with (9.179) to generate the restoration noise level plots
in Figure 9.65 for Nyquist density sampling when the signal’s spectrum
support is a hypersphere. The plots are shown with broken lines and, as

we would expect, exceed the corresponding rectangular sampling results.

9.10 Periodic Sample Decimation and Restoration

In the previous section, we showed that if gaps exist in the replication of
spectra, then an arbitrarily large but finite number of lost samples can be
regained from those remaining. In this section, we show that under the
same circumstances, certain periodic sample decimation can be reversed
from knowledge of the remaining samples. Thus, an infinite number of lost
samples can be restored in certain scenarios. This procedure is applicable
in certain cases even at the Nyquist density. The overall sampling density
can thus be reduced to below the Nyquist density.

Fundamentally, we will distinguish between the Nyquist and minimum
sampling densities which, in one dimension, are the same. The Nyquist
density is the area of a tile when the replicated spectra are most densely
packed. The minimum sampling density, we will show, is equal to the area
of the support of a signal’s spectrum. With reference to the right side
of Figure 9.61, we showed, for example, that the Nyquist density for a
signal with a circular spectrum is, 2v/3W2. We will show that the minimum
sampling density is the area of the circle, 71?2, a sampling density reduction
of over 9%. In practice, this reduction can achieved by the decimation
procedure described in this section.

9.10.1 PRELIMINARIES

Before a discussion of the procedure to restore decimated samples, we need
to establish a formality for decimation notation. Consider sampling geom-

etry at the top of Figure 9.66 with sampling matrix

T -T

Q=17 7
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FIGURE 9.66: (Top) Samples are divided into four subgroups. (Bottom) A
tile for all the samples is the large square diamond. Each diamond contains

four subtiles. A subtile is a tile for any one sample subgroup.

As shown, the samples are divided into four groups labelled one through
four. The sampling matrix for the group of solid dots is clearly

2T -2T
2T 2T

D=

Each of the other subgroups has the same sampling matrix, but with a
different offset vector. Rather than the origin, replication is centered about

the offset vector. Using the four samples in the bold square diamond, these
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offset vectors are

) T o Jo
Qel _T ) Q62 - [ 0 ‘|
L [-r [ o
Qez = | Qeéy = o |-

Correspondingly, we define the offset matrix
0o 0 -1 -1

E=[é&1|é|es|é] = .
[e1]éx]es]éy] [1 00 11

Let’s examine the frequency domain periodicity generated by these sam-
pling geometries. The periodicity matrix for all of the samples is

w W
P=Q7T=
The large square diamonds shown at the bottom of Figure 9.66 are corre-
sponding tile. (Each contains four smaller square diamonds.) For any one

of the sample subgroups, the periodicity matrix is

w W

2 2
P,=DT=

w W

2 2

The smaller square diamonds at the bottom of Figure 9.66 outlined by
broken lines can serve as periodicity subtiles for a sample subgroup, A tile,

C, and subtile, Cp, for this example are shown in Figure 9.67.

C

/

b

FIGURE 9.67: A diamond shaped tile divided into four subtiles.
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We can generalize our observations. For a given Q, we have
D=QM
where M is a nonsingular matrix of integers. For our previous example
M - [ 2 0 ] |
0 2
The E matrix of offset vectors is obtained through examination of any
period of sample subgroups. There are
L =|detM]

subgroups and L subtiles per tile.

The spectrum of all of the samples is

s(t) = D =(Q)s(f - Qi)

© S(d) = 2(Qit) exp(—j2mii’ Qi)

n

The samples can be recovered via
z(Qi) = | det M| / S (i) exp(j2ru’ Qi)di
c

where C is any tile.

The i** sample subgroup has a spectrum of

si(f) = > x(Dii — Q&)i(i — Dii + Q&) +—

Si (1) = exp(—jZmTTQa) > nx(Dri— Qé;) exp(—j2ri! Di);
1<i<L (9.180)

A sample subgroup can be obtained from
z(Dii — Q¢;) = |det D| [ S;(@)exp (j2ri” (Dii — Q€;)) dd (9.181)
Cp

where Cp is any subtile. Clearly

S(i) = Z S5 (i) (9.182)
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9.10.2 FIRST ORDER DECIMATED SAMPLE RESTORATION

Consider unaliased replication of a spectrum in such a manner that gaps
occur. As we have seen, this can even occur at Nyquist densities. We will
show that if a subtile is totally subsumed in a gap contained within a tile,
then any sample subgroup can be expressed as a linear combination of those
sample subgroups remaining. Thus, a sample subgroup can be lost and the

signal can still be interpolated from those samples remaining.

Proof. If a subtile, Cp, lies in a gap, then S(%) is identically zero there.
Thus, for @ within the subtile we have from (9.182)

S(i) = 0 = Sp(@) + > Si(i)

i=1

or

i=1
Substituting into (9.181) and simplifying gives

L—-1
2(Dii — Qéy,) = —[det D| > [ Si(i) exp (j2rii” (Dii — Qéy)) dii
T CD

Substituting (9.180) and simplifying gives

L-1
2(DA-QéL) = — > Y x(Di—Q&)f (D(ii — 1) + Q(&; — €1,)) (9.183)
=1 m
where
£(E = —| det D| / exp(j2ri B di (9.184)
Cp

is the interpolation kernel. Equation (9.183) shows the manner by which the
L*" sample subgroup can be recovered from the remaining L — 1 subgroups.
O

Example 9.10.1. We reconsider the minimum regular rectangular sam-
pling density of N = 2 dimensional signals whose spectrum has a circular
support. The spectral replication of Figure 9.58 is redrawn in Figure 9.68
with a bold outlined tilted rectangle shown as a tile. We divide the tile into
eight identical square diamond subtiles. One of the tiles clearly falls into
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FIGURE 9.68: A tile for the replicated circles shown is the bold outlined
tilted rectangle. The rectangle can be divided into eight square diamond

subtiles one of which, shown shaded, lies within a gap among the circles.

the gap among the replications. Using the periodicity matrix in (9.160), we

find such subtiles can be generated by using

S

A sample grouping that will achieve these subtiles is shown in Figure 9.69.
The deleted samples are shown as solid dots.

The interpolation function for this example follows from (9.184) using the
square diamond in Figure 9.68 as the integration period, Cp. The result is

t t t _t Jm(t t)
f(t1,t2) = —SiHC< 14—; 2) Sinc( 14T 2) e%

This decimation geometry reduces the sampling rate to %(ZW)2 = 3.50W?
which is still higher than the Nyquist density of 2v/3W? ~ 3.46W?2.

9.10.3 SAMPLING BELOW THE NYQUIST DENSITY

If there are gaps among spectral replications at the Nyquist density, then
first order sample decimations can always be applied thereby reducing the
overall sampling density below that of Nyquist [305, 310, 1000]. We offer

two examples.
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FIGURE 9.69: The decimation shown with solid dots achieves the period-
icity subtile structure shown in Figure 9.68. Therefore, the samples at the
locations of the solid dots can be deleted and restored as a linear combina-
tion of those remaining.

9.10.3.1 The Square Doughnut

A spectral support is shown in Figure 9.70 that is zero inside the small
square and zero outside the large square.

The Nyquist density is clearly (2W)2. The large square, however, can be
divided into a three by three array of smaller squares, the center one of
which falls within an identically zero region. We may therefore decimate
every ninth sample as shown in Figure 9.71.

The decimated samples can be recovered using (9.184) with Cp as the

small square in Figure 9.70. The required interpolation function follows as

f(t1,ta) = —sinc <2Vgt1> sinc (2Vgt2)

The resulting sampling density is 8/9 that of Nyquist and, since the sam-

pling density is equal to the spectral support of the square doughnet, the

minimum sampling density has been achieved.

9.10.3.2 Sub-Nyquist Sampling of Optical Images

We return to the example of maximally packed circles as illustrated in
Figure 9.91. A tile for this replication follows from choosing midpoints at

four gaps and forming the parallelogram shown in Figure 9.72.
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Uy

U

2w

FIGURE 9.70: A “square doughnut” spectral support for which a sub-
Nyquist sampling density is possible. Indeed, we show how to achieve the

minimum sampling density.

FIGURE 9.71: If a signal has the spectral support shown in Figure 9.70,
then every ninth sample can be decimated as shown here. The composite

sampling density is the minimum sampling density and is sub-Nyquist.

The tile is divided into four congruent parallelogram subtiles. The upper
right parallelogram is divided into four smaller parallelograms. The process
is repeated one final time. A small parallelogram, shown in black, is totally

contained in a gap among the circles. Using this as a subtile, we see that
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FIGURE 9.72: The small black parallelogram subtile lies totally in the gap
among maximally packed circles. Since the subtile is 6—14th the area of the
larger parallelogram tile, the (Nyquist)sampling density can be reduced by
a factor of 2—2. A corresponding sample decimation strategy is shown in
Figure 9.73

we can reduce the overall sampling density to g that of Nyquist. A sample

decimation procedure to achieve this is shown in Figure 9.73.

9.10.3.3 Higher Order Decimation: the Papoulis-Marks-Cheung

Approach in Multidimensional Sampling.

First order decimation restoration can be straightforwardly generalized.

Higher order decimation, first called the Papoulis-Marks-Cheung (PMC)
approach by Prelee and Neuhoff [1243], can be used to establish that the
minimum sampling density for a bandlimited signal is equal to the area
of its support. In Figure 9.74, for example, we have replication of circular
support resulting from rectangular sampling.

If M < L nonoverlapping subtiles lie in a gap within one tile, then M
sample subgroups can be represented as linear combinations of the remain-
ing L — M. The analysis procedure is identical to that in the previous
section, except that one solves for the M sample subgroups’ spectra corre-

sponding to M functional equations. The analysis is similar to a multidi-
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FIGURE 9.73: A sampling decimation procedure that will achieve the sub-
tile structure shown in Figure 9.72. The solid dots represent the decimation

locations.

mensional extension of Papoulis’ generalization as presented in Section 7.3.
Details are given elsewhere [305, 309, 310].

Each large square tile is divided into 441 square subtiles. In each tile, 68
of these subtiles (shown shaded) lie in a gap. Thus, if the circular radius
is W, the sampling rate is reduced from (2W)? to 322 (2W)? = 3.38W?2,
which is below the Nyquist density of 3.46W?2. Ultimately, by increasing
the number of subtiles, the sampling density can be reduced to 3.46W2,
the area of the circular support and, for the circular spectral support, the

minimum sampling density.

9.10.4 TILE BrICK ROTATION AND FOLDING

An alternative to the PMC approach is applicable when the support of
the signal’s spectrum is a tile brick. The tile brick shape, when rotated,
translated and/or flipped, results in a plane filling tile. The signal in the
composite tile is sampled at its Nyquist density. The composite signal can
have symmetric redundancies that allow reduction of the sampling density
to the area of the tile brick.
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FIGURE 9.74: Higher order decimation can be used to illustrate that the
sampling density for a bandlimited image can be reduced to the area of its

spectral support and, therefore, the minimum sampling density.

Tile bricks composing plane filling tiles are called anisohedral tiles [603].
We find the term brick tiles more friendly.
9.10.4.1 Preliminaries

Let’s walk through a quick refreshment of notation from Section 9.9.

Let P denote a 2 x 2 periodicity matrix with periodicity vectors p; and

—

p2.

The Poisson sum formula is
"X (@ - Pit) = |det Q| Y« (Qi) /277 Q7 (9.185)
2! n

where the sampling matrix is

Q=P " =7 @&
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and 77 denotes a pair of integers.
When rotated counterclockwise about the origin by an angle of 6, the
function X (@) becomes X (R#) where the rotation matrix is

| cos(0) sin(0)
R= [— sin(6) 005(9)]

To avoid aliasing, classic sampling theory requires choice of a period-
icity matrix, P, that results in no overlap among the replicated spectra.
A tile is defined as a shape that, when replicated, fills the plane with-
out spaces. Example tiles are rectangles, parallelograms and equilateral
hexagons. A commonly used shape that does not fill the plane is the circle.
Every nonoverlapping replication of a circle results in gaps.

Another gap example is a spectrum confined to an equilateral triangle.
Each side of the triangle is of length 2W. A replication is shown in Fig-
ure 9.75. No matter what chosen method of replication, there are significant
gaps when no overlapping is prohibited. (As we will see, the equilateral tri-
angle is a tile brick.) If the triangle is of width 2IW on all three sides, the
hexagonal periodicity matrix for the replication in Figure 9.75 is

it
2 V3 VB3|
The corresponding hexagonal sampling density on the ¢ plane in samples
per unit area is therefore

|det P| =

2
@. (9.186)

The Papoulis-Marks-Cheung (PMC) approach [?] shows that nonuni-
form sampling can reduce the overall sampling density to the area of the
support of the image spectra. Thus if the support of an image’s spectrum
is identically zero outside a circle of radius W, then a sampling density of
the corresponding image is 7W?2 samples per unit area is possible.

An alternate approach to the PMC approach can apply when the im-
age spectral support is a tile brick. A tile brick is a shape whose multiple
copies can be rotated, shifted and transposed into the shape of a tile. These
versions of the original image are correspondingly added and sampled. Re-

dundancy of samples of the summed images allows the equivalent of sample
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FIGURE 9.75: The spectrum of a two dimensional signal is zero outside an
equilateral triangle. For unaliased sampling, the spectrum must be repli-
cated so there is no overlap. There exists no technique for such replication

without gaps.

decimation. The original tile brick image can be reconstructed from the
samples remaining.

Examples of tiles with point reflection symmetry are shown in Fig-
ure 9.76. Tile bricks are shaded. Rotating the tile brick 180° about the
origin completes the tile.

9.10.4.2 Two-Fold Tile Bricks With Point Reflection Symmetry

The equilateral triangle is an example of a tile brick of a parallelogram.
An equilateral triangle, shown shaded in Figure 9.77 is marked ¢ on top

FIGURE 9.76: Tiles with point reflection symmetry: hexagon, parallelo-
gram and rectangle. Tile bricks are shown shaded.
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and ¢ and r on the left and the right. The triangle is a tile brick since it
can be flipped to form the parallelogram tile outlined with a bold line. If
the image spectrum inside of the shaded triangle is X (%), then the rotated

triangle can be written as X (R) where the 180° rotation matrix is

-1 0
R = lo _11 S (9.187)

As is the case with any of the point reflection tiles, a tile is formed by a

180° rotation of the tile brick. The image spectrum inside the tile is then
Y(@) = X(@) + X(—4) (9.188)

Outside the tile Y (@) = 0.
The completed tile can now be replicated over the entire # plane with

no gaps. Fourier transforming the Poisson sum formula in (9.185) gives

>y (Qit) 6 (- Qii) «— |det P| > Y (ii — Pi)
where |det P| = 1/|det Q| and §(f) = §(1)d(t2) where §(t) is the Dirac
delta. The sum ) .Y (@ — P) is the unaliased replication over the entire
@ plane. Multiply in the frequency domain by the filter F¢ (@) = |det Q)|
inside the tile brick and zero outside. The corresponding convolution in the
t domain gives the formula for regaining the image whose spectrum is in
the tile brick.

o) = 3 u(@) fe (F- Q) (9.159)
where |
fe (£) +— Fe(q).

is the interpolation function.

9.10.4.3 Sample Redundancy

To reduce the sampling density, advantage is taken of the redundancy of
the samples of y. Since
z(—1) «— X (—1)

the inverse transform of (9.188) is

y(t) = x(t) + = (-1).
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FIGURE 9.77: The triangle is a tile brick in the parallelogram tile.

The y image is therefore formed by rotating x by 180° and adding the
images. The sum is redundant in the sense that

y(Qn) = y(—Qn). (9.190)

Because of the symmetry of y, only half the samples are therefore required
to define y() and therefore x(#).

9.10.4.3.1 FEquilateral Triangle Example

For the equilateral triangle tile brick shown shaded in Figure 9.77, the
completed spectrum tile has the support of a parallelogram with periodicity

matrix

P =

V3 V3

The corresponding sampling matrix is

1 1] w. (9.191)

1 -1
Q=P 7T= L (9.192)
N 2w, | '
Vi V3

Because of the symmetry of the samples in (9.190), only half the samples
y(Q7) need be stored. Two obvious sampling geometries are shown on
Figure 9.78. Four less obvious geometries are in Figure 9.79. Since only
half the samples are used, the sampling density is reduced by a factor of a
half to v/3W?2 which is the area of shaded triangle in Figure 9.77.
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FIGURE 9.78: Two obvious sampling geometries when y(Q#n) = y(—Qi)
where Q is given in (9.192). Left: half plane sampling. Right: vertical sam-
pling. Here and in similar subsequent figures, samples are taken in the
middle of each small shaded shape, in this case a hexagon. The origin is
colored solid black. The ¢; axis goes to the right and the ¢, axis up.

U

\%
2NN

FIGURE 9.79: Six additional sampling geometries when y(Qn) = y(—Qr)
where Q is given in (9.192). Clockwise from upper left: diagonal, spiral, pie

N/

slice, flowers, triple spiral, X geometry.
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N| =

FIGURE 9.80: The unit equilateral triangle. R(%) is equal to one inside the

triangle and zero outside.

To find the interpolation function to reconstruct x(f) from the samples
y(Qri), consider the inverse transform of the unit equilateral triangle in
Figure 9.80. The equilateral triangle function, which we call R(#), is one

inside the triangle and zero outside. Let
r(t) «— R(@).

Then with attention to the line equations in Figure 9.80, we evaluate the
inverse Fourier transform.

3 Va(i+w) .
/ / ejQTI’UQthuz e]27ru1t1 du1
up=—32 u2=\/§(i—u1)

(sinc (t1 + \/§t2> — sinc (t1 - \/§t2>}

r(f)

eI ™V3t2/2

j2mts

The signal of samples,

s(t) = y(Qi)s (- Qi) ,

n

is passed through a filter equal to |det Q| = (2v/3W?2)~! in the shaded
equilateral triangle in Figure 9.77. The inverse transform of this is the

interpolation function

_[ /2]
— 1 j‘ﬂ'th 0
fe(t) = " (2Wt) e > |det Q| R 5 . (9.193)



9. Multidimensional Signals 650

The original image is regained from the interpolation formula
2(0) = () * fe(D)
= y(Qi) fe(F— Q).

where * denotes two dimensional convolution.

9.10.4.4 Conjugate Tile Brick Sampling

Consider again the same equilateral triangle example where, instead of
(9.188), the conjugate if the tile brick signal is rotated. In lieu of (9.188),
define

Z(1) = X(@) + X*(—1) (9.194)
The function Z is now conjugately symmetric.

Z(1) = Z*(—1).
Consequently, z(t) is real [1009]. Since
x*(t) «— X*(—1)

the inverse Fourier transform of (9.194) is

2(f) = a(f) + 2™ (f) = 22w (?)
where zx(f) is the real part of z(f). There is no longer redundancy in
samples of z(f). All samples are needed.

We note, though, that in the nonconjugated rotation samples were com-
plex. Therefore each sample required two numbers, i.e. the real and imagi-
nary components. In the current example real samples are taken using the
sampling matrix Q in (9.192) and every sample is required. But since only

a single number is required for each real sample, the sampling densities for

the two equilateral triangle sampling examples are the same.??

28 An converse analysis answers a common sampling theorem question con-
cerning real signals. If a one dimensional signal is real, its Fourier transform is
conjugately symmetric. Since knowing the spectrum for positive frequencies de-
fines the negative frequencies, why not discard the negative frequency component
of the signal and sample the signal corresponding to only the positive frequen-
cies? The bandwidth will be half therefore halving the sampling rate. The lower
sampling frequency, however, results in complex samples. Two numbers for each
sample are required for each sample. The original real signal has real samples.
Thus, in terms of counting the required numbers per unit area, both sampling
densities are the same. (This was posed in Exercise 6.8 on page 405.)
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The original image x(f) is regained from samples of z(f) using
x(f) =) =(Qid) fe (i~ Qi)
it

=2 25(Qi) fe(f - Qi)

where the interpolation function fe(#) is given in (9.193).

9.10.4.5 Two-Fold tile bricks With Mirror Symmetry

Another class of tiles are those that display mirror symmetry. Five examples
of tiles with mirror symmetry are shown in Figure 9.81. If the spectrum
X (@) is totally contained in the tile brick where the us axis acts as the

mirror, the completed tile is

Y (@) = X (ur,u2) + X(—ug,uz).
The inverse Fourier transform is

y(ti,t2) = x(ty, t2) + x(—t1,t2).

Note the symmetry
y(ty, t2) = y(—t1, t2).

A sample of y taken from the right half plane is identical to the mirror
sample in the left half plane. Because of the redundancy, only one of the
samples needs to be stored. Some possible sampling geometries are shown

in Figure 9.82.

9.10.4.6 The Sampling and Restoration Steps

When file segment manipulation gives sample redundancy as we saw in the
case of tile bricks with point reflection symmetry in Section 9.10.4.2 and
the mirror symmetry in Section 9.10.4.5, the sampling procedure follows

the following steps.

1. Add the folded/rotated 2D functions in accordance to the rotation

matrices used to reconstruct the tile from the tile brick.
2. Identify the points where there are redundancies.

3. Store a complete set of nonredundant samples.
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3 b

FIGURE 9.81: Four example tiles with mirror symmetry. The tile brick for

each is shaded.

o

FIGURE 9.82: Four sampling sceneries for two-fold mirror symmetry. The

bottom right best illustrates the mirroring nature of the sampling geometry.
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To restore the original function whose spectral support is on the tile brick:
1. Use the stored nonredundant samples to fill in all the samples.

2. Pass the signal of samples through a filter with the shape of the tile
brick.
9.10.4.7 Four-Fold Symmetry Tile Bricks

The puzzle piece shown shaded in the first quadrant of Figure 9.83 is a four-
fold symmetric tile brick of a square tile. (The hexagon and the lower right
form in Figure 9.82 also display four fold symmetry.) Call the function
within this puzzle tile brick X (@). A square tile is formed b